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§ 1. Introduction
Wo use &= (wl, ., s) 1o denote a ”V"ect'or .With‘ real cooffients and m=
(ing, v, M)y U= (I, +++, Is) and @= (ai, -, @) the vectors-with integral components.
We uise the notations z—max (1, |o|), |m|=my-m,, (m, @) =-i miw; the scalar

product of m and & and Q(x) a polynomlal of 2. We also use C(§; -, 7) to denoté
a positive constant depending on £, ++<;. 7 .only, but not always with the same: value
. Consider the problem of approxilmate solution of the equation «
with the initial condition -
| u(0, @) =p(@) =20 (m)*=,
where the Fourier coeffients C (m) sat1sfy
|0 @m) | <C/|m|*

in whlch O’ (> 0) and a(>1) are two constants.
—(20—1)(s—1)

‘We use p to denote prime number and N = [p T (Inp)  *1 ], where [z]
denotes the integral part of 4. We also use the following notations: -
1° £(3, )T denotes the set of numbers f (t ?) 1<lc<p,
2 Iff= 3 0, myemms, |

binl<

AR =‘l d ak ,»_2”6(4'"‘)’;7/", ‘ '
06, m=-3 2 f(t L Jo-eiamris,
J—- (2
3 .Drl ,‘rsz (awr a Ts TfT) L4
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where 34+ +ry=r, ri=0(1<i<s),

© 1 F=[ 1712, -
where G denotes the é—djmehsibnal unit cﬁbq,:ng,-<1 (1<'_5<s) .

Theorem 1. Suppose that Q(x)is a polynomial such that the solution of (1) satisfies
lu, ) |<c(s) |p() |.® Then for dny given p, there ewists an a=a(p) such that

e @

1)
B=lut, ) —I'v(t, @)7|<Cc(a, 8)p =T (Inp) %t
Where v(t, )T denotes the solution of the system of the ordinary diflerential equation

‘ T
ﬂ%ﬁt_w)_=Q(Dip,0,-.-,o, oo, -Dg',...’o’l)/v(t} w)T (3)

with nétial condition S
v(0, ) =Dj,.. .p(x)T

This gives a modification of a result due to PaGemsrxii B. C.™ which will be
' o (@+1)(s—1)

obtained, if the right hand side of (2) is replaced by Oc(a, s)p 2 (Inp) 2
If p and a(p) in Theorem 1 are changed by F,., and (1, £,) respectively for

the case =2, where F,= 1 /(»1+\/;?. )n —(%)n )’, (n=1; 2, +-+) denote the

s\ 2
Fibonacei sequence, then the right hand side -of (2) may be improved slightly by

—a(2a—1) 3a—1 :

Cc(@F, *1 (In8F,)"T, , ! AR -
The vectoro @ is called a good. lattice point modulo p by Hlawka, E. or an ‘optimal
coefficient modulo p by Kopo6os, H. M. and a table of good lattice points is eontained

in many books for the purpose of practical use, for example the book of Hua Loo
Keng and Wang Yuan™ o ' ‘

“§2 ’Se&;éral lemmas

Lemma 1. For any given p, there emists @ such that any non-zero solution 1 of the

congruence ' o

- (@, 1)=0 (mod p) _ .

satisfies : ' ’ o E '
[>e@p/(mpy=2, oy

and

(a,)=0(mod p) ”l “ *

<ol pempen, )

where 3! denotes a sum with an exception 1=0, (Of; BaXB_aJmB, H. C. ta1).
Lemma 2. Supposs that 12 >3 and that 1<M<|1]/8". Then
‘ E -1 l ‘ V o —é

. Im%ﬂ “l—{—m““<c<‘x’ U “ll .

(Cf. Wang Yuan [4]). o S

¥) For example, Q(x) is a positive definite quadratic form. °
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In the following, the vector @ is taken such that (4) and (5) are satisfied.

Lemma 8. We have -
r (62156(1,.1:)) T__ 2 - g2wilm, au).
) (a.l-%?sf)ymod ») '
In particular, a
T ( 62«.‘(1,:)) T ezm(l.x)
for |U|<N and p>c¢(s).
Proof

I (621:1(1.2:))1' 2 ' 1 ‘ e‘ZM(a l)k/p6—2m(a ME/DG2TE (M) — 2 e2wt(m.a:)
Imi<¥ p = iml<N
(a,1=m)=0(mod p)
The Lemma is proved. .
Lemma 4. Suppose that ¢(a) — g2mitm) fwhe're [[mﬂ <N. Then R= 0
Pfroof Suppose that

u(t, &) =u (t) e"’”(""")

and :
2 (t w) T _ ) (t) <621n(m :c)) T

" where u(0) =(0) =1. Substituting into (1) and (8), we have

oy

at — g (t) g2xim,@) Qu u(t)Q(2amm) 2% i(m,2)

nd :
) v’ (%) (e”“'""?)’w(t)Q(zanm) (emitma)T

by Lemma 8. Hence
w'.(t) = u ®Q (2av'1',m)

() = 'v(t)Q(2mm)

Since u(f) and v() satisfy the same ordinary dlﬁ'erentlal equatmn with the same

and

initial value, therefore u(t)=wv(t) and the Lemma follows.
Lemma 5. Let ‘
pa(@) = 3 O(m)e=m,
Then '

—a(2a—1) 403(s—1)

ITp:s(®)"|<Oc(a, )p **~* (np) =
Proof It follws from Lemma $ that ‘

l[l"%(a;)T"ﬂ I 2 o(l)p(ezxs<z.z>)r|?dw

>

2 0(1) e?wi(m » )

de= >
Gs nmll<N( >N lml<N

a,l-m)=0(mod p)
Let I—m=n. Then _

1 2
| Tga(@)*|?<C* 2 <(d.n)20(m°d1’) H"l+m““‘)

= oM )’.

Iy>N
(a,1-m)=0(mod p)

=02

' @ a , 1 ’
nmuzéz» (aym)S0(mod p)( [m] | ﬁ:m—m" ) 'I]Zl””“ (a,l)E%mod » [ {+m|**
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Since . ' ¢

=l

|m||n+m]

and we may suppose that p>o(s), by Lemmas 1 and 2 we hive
” T¢2(w) “2<O'20(a s) N2a —20; (111 p) 200(s—1)

—2a (20— 1) do(s—1)

- <C%(a, 8)p 1 (Inp) =T

<2

The Lemma is proved.
Lemma 6. If (0, a:)T— (T pa (a:)T)T then

—oi( u—1) 202(s—1)

TG #)T|<Oc(a, 9p. =t (Inp) =T,
Proof For any given I, we shall prove that the congruence o
e 5 ari (@, l-m)=0(modp) . . . (®
has at most 1 solutlon m satlsfymg o -

mi<y.
\In fact, if there are two dlﬁ’erent Vectors m and m’ satlsfymg (6), then m—m #0

(a m— m’) =0 (mod p)
and .
]I m—m' I <oy

which leads to a contradiction with Lemma 1. Hence by Lemmg}' 8, we have

I (62m(l z))T 0 or e?m(m a:)
where |m|<N. Consequéntly, it'follows from Lémma 4 that the solutlon u(t a:) of
the partial differential equatlon ‘ ‘

{ ) Q( 8:1;1 o oxf )
u(0, w) T%(w)T _
and I'» (t w)" are 1dent10a1 Where /v(t w)" is the solutlon of the ordlnary dlfferen-

tial equation

dt
v(0, @)7= (Tfpz(w)T)T |
Hence by Lemma 5, we have .
[T, )7 = [v(, w)ll<c(8)llu(0 ) !I<G(S) Hl’sva(w) ll

—aa—1):" e 2me(s=1)

<Cc(a, )p *“* (np) =1

{ M ~Qloy-n; o+ D)o, x)T';

The Lemma is proved.
§ 8. The proof of Theorem 1.
¢ () =1 () +pa (),

where R . |
p1(x) = D) O (m)e*™im "
ml<N o ]



by Lemma 4 .and that .

The Theorem Ts proved.
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and
pa(®) = 3> O(m)e™™m=,
Let u, (¢, a:) and us (¢, @) denote the solutlons of the equation (D). with the initial
conditions u; (0, &) =@, () and u3(0, &) =@, () respectively. Further lot v1(¢, )T
and v, (¢, )7 be the solutions of the equation (3) with the initial conditions v1(0, )7
=Dg,...op1 (2)7 and 5(0, w)" DE .. opa (w)T respectively, Then :

and
V1 (tl w) = V1 (t: w) T+ Va (t; w) T-

|l (2, @) —Tvu(t, 2)7[=0

Tt follows that

—o(200—1) 2a3(s—1)

|70, #)7|<Oc(a, 9 =7 (lnp) =
by Lemma 5. Since ‘ v . o
luat, ® <10, 2)[=({, ma@) l“‘dw)1/2<0(nm%v =)

201 - a(20—1) 202(s—1)

v <0’0(a S)N o (lnp) = <0’G(a S)p et (hlfp) =y,

we.have RS :
Jug, w>—,rm<t,,wufuﬁ—nu1<t @) +ua (s, @) —I'0: (G, wiT T, ‘@Tﬂ”
<8(|us (¢, ®) — I'vs(t, w)Tn+uu2(t w)|l2 + | Iva(E, 2)7[%)

—2a(2a—1) 411’(9—1)

<O’90(a s)pT(hp) Al
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u(0, ) =p(x)
B3 IR o (2, ) W5 s, Ak Q(x) k% th % Q(x) 5 o(x) B FEELLER, 1L
FAEMTH v, x) BIE u(t, x) KiREMHT.
a a(2a—1)
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