Chin. Ann of Math.
8 (4 1982

LOCAL ISOMETRIC IMBEDDING CF RIEMANNIAN
MANIFOLDS M" INTO A SPACE OF CONSTANT
CURVATURE S$*+!

Ba1 ZrENGeUo (PA CHEN-KUO)
(Hangchow University)

Dedicated to Prdfessor Su Bu=-chin on the Occasion of his 80th Birthday and
his 50th Year of Educational Work

‘1. The problem of isometrically imbedding an n-dimensional Riemannian mani-
fold M* into Euclidean space E”“’ has received considerable attention. This proble_m,
on which a series of results have been obtained both locally and globally, s still being
studied now, thus as different sets of the necessary and sufficient conditions have been
studied. These conditions are intrinsic and expressible by the Riemannian tensor of
M. For example, Allendoerfer, C. B.; obtained the conditions for an Einstein space of

“class one,™ Jaak Vilms obtained the conditions for a Riemannian space of class one,

and so on. The enverloping space E"** they discussed is Euclidean and the conditions
obtained take different forms as the different mothods they used. These conditions are
100 complicated for applications. The purpose of this paper is to find a set of necessary
and sufficient intrinsic conditions for the Riemannian manifold M* being a hyper-
surface of a space of constant curvature,and give some applications of these conditions.
Since it is a problem of local imbedding, the fdlldwing disoussions are given on a
coordinate neighborhodd at a given point. Throughout this paper, the term:Rieman-
nian manifold or Riemannian space. is understood to be a Riemannian manifold with
a real fundamental quadratic form
¢=gapdy*dy®, g=det|gy| *0,

as the basis of the metrie, either positive definite or not, that is, the element of length
ds of the space is defined by o

08— egsdif i (o= 1), L
Besides a set of necessary and suffiicient conditions of this, mamfold we descrlbe roughly
the main results of this paper as follows: If any R1emann1an manifold M" can be
isometrically imbedded into two spaces S™* of constant curvature, it can be isometri-
cally imbedded into space 8™ of any constant’ curVature and” M™ must be a

conformally flat space of class one. Conversely, if conformally. flat M" can be
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isometrically imbedded in one S™*! of constant curvature, it can be 1sometrlca11y
1mbedded into an.S*? of any constant curvature; Thls Glass of ‘spaces ‘involves" the
spaces of constant curvature ag its speclal class. In this sense, the former is an extensmn
of the latter. we give in the end of this paper the chara,cterlstm Riemannian curvature
form of this class of spaces.

2. The Gauss equations for a hypersurface M "of a space 8™t D of constant cur-
vature Ko is given by o .
Riu=0(bab—~bubsw) + Ko (gug— gugns), (1)
where e=+1, 9 the Rlemannlan metrlc of M ", Ripa the Riemannian eurvature
tensor. If we put i SRR

Tij=Riju— K o(gungn - Guldie), - ‘ )
the equatlon @ becomes N - | \
Ttakl—e(bmb;z ,zbm) (6— +1) o N G)
After a comphcate calculatlon we find from (3) the followmg 1dent1ty ' _ | _ V
‘ 2 bab; (qup) = Th'll (qup) ki + Tuoz (T mp) 2] + T (qup) i . ' B (4)
where b (qT,,,,,) h mdlcates the sum of three terms obtamed one by one by a cycllcally

q = p) and so on. If the 1dent1ty 4) is multlphed by g"qg"" and
m P q

summed for k q, p, Ic and put S

permutatlon of (

| T-Rin(-DEK, BN )
T’—R’—l—(n 1)K08¢, Tw Ria'l‘(n 1)K095i, | 6
‘ Tsz— i — K o(aﬂg,z—&gm) ‘ (7)

We hav’e

20,7 .—laﬂT) (T,ZT,,,. T,,,T,m+TMTm,,+T,qum— TTETS). (8

If 'we put -

Pin=Til =TTt Toll by + T3 Tlon— 5 ThaTh,  (9)
the equation (8) becomes ‘ o Yo
2b,-;b¢p< T%—é-aar)=ep,-,,.,,. . )

and consequently we have
P s P st = bilbrs (2b¢pT1’ bimT) (25in” bul'),
By means ‘of (10), thls equatlon is reduclble to ' o . }
(2P iphkT P (mhkT) bzzbrs —3P .'ll'imP rfike ce : _ . (11)
Lemmal If ' R o
' H;mk—amam—'%k% (h i, .7: k= 1 n) . (12

1) Both S»*1 and M» are Rlemanman spaces in. the sense as stated in §1 that is, their fundamental
quadratic forms may be indefinite.
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and _
Hiisi+ Hyj+ Hiag=0 L , (13)
and iof the rank r of the matriz (Hugp) is =38, we have az=ay. Lo

" Proof From (12) and (18) it follows that T U

) ani (@ — @) + g (@5 — ay;) + (e —an) =0, o (14)
Since the rank of the matrix (ai,-)‘ is equal to that of (Hugm), that is, equal to r, we
suppose, without loss of generality, that det|a;;| %<0 (¢, j=1, +--, r), such that a set of
a¥ can be defined by the following eguations S

‘ . da=0] (h, 5, j=1, )., . :
Firstly, if we take h i, 4, lc 1, 'r, in the equatlon (14) and contractmg it by
a", we get ' o '
(r—2) (am @) =0,
Sinee r>3, it follows that ag=aw (4, k= 1,‘, ).
Secondly, take in (14) A, 4, k=1, o,y =01, e, m we have.
@i (“ii — ai;) + ahi(aki‘" am)_ =0,
Contracting it by a” ) L
" 5 (r=1 (ak, a,k) =0,
and consequently . -
@i = Qi (k=1, e, 7, j=fr—l—1, e, ),
Finally, take in (14) k, j=r+1, -, n h, 5=1, -, r, we find
ai=ay (k, j=r+1, -, n),
Hence
ay=an (M 1, o, m) q.e. d.

The fo]lowmg lemma is due to Prof. Hu Hes heng 2

Lemma 2. If a Riemannian manifold M" admits isometric imbedding into a space
8™+ of constant curvature Ko and 'z,f the mnk of the matric (T'ija) 8 =>4, the O’odazz@
eguamon s the algebmw aonsequence of the Gauss equat@on
" 'Now we state the following : :

Theorem 1. Let the rank of the: mairic. (Ti,m) of .a Riemannian manifold M* is
=4, T 0, M" admits local isometric immedding into S™** of constant curvature Ko fz,f
and only if the following equations hold and are non trivial L :

(2Pum Tt — Prel') T avoa = Poono Poars— P oanulooe, (15)
fora, b, ¢, d=1, «-, m, and for a certain set ofh k. ‘

In order to prove this theorem, we state and prove the followmg

Lemma 8. If ¢ Riemannian manifold M" admiits isometric imbedding into a space
8™+ of -constant curvature, and if ihe rank of the matriz i) s =8, T+0, there
ewists at least a set of h, Ic such, that . h »

2P;,,,;,ka P;,mT #0 (16)
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If for any &, &
2P nonwl & —\P hkhkT=0_, ‘
we have from (11) ; o
. P"um": O. ) (17)
From (10) it follows that
. ; 1
bf,(T,’;,— 58T ) =0 | (18)
1
bﬂbwT,’;, - 7 bjlbimT = 0, )
By means of this equation and the Gauss equation (8) we obtain
Tl — 3 TT i =0
or
Tkmf[’ﬁ, —% TTiiml= O-
Contracting it by g%, '
(T3~ 278} )Tm=0. 9y

Let the rank of the matrix (T%,) be r. By the theory of linear algebra there exists
at a point P of M" a coordinate system in which the matrix (T%m) takes the following

form

In this coordinate system (19) may be written as

P Tu= 5795 JTam=0 (G, b, m=1, =, vy 1=1, -, )
Since det|Ty;| %0 (4, j=1, «=-, ), a set of 7™ can be defined by

o Tlmi m"=51€;

Contracting (20) by 7™
. : g 1
9’l< Ty—5Tgs ) =0,

and contracting again by 7%,

=T TT® (p, =1, =, 1)

Therefore

1

T = g°T = gL pg = 5 TT”“T,; .= 12”_ T.

@0

Gy
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Since T'+0, we have r=2. Then ,
T2=6"Tm ~O (m>3)
From (18) we find : '

' bim=0 (m3-,n,'b1 ‘m).
It means that the rank of the matrix (b;;) is <<2. But 11; is known that the rank of the
matrix (Twz) is equal to that of (b), and consequently the rank of (Thi) is <2
This is a contradiction. Therefore there is at least a set of A, & satisfying (16)..

q. e. d.

We proceed to prove the Theorem 1.

Under the conditions stated in Lemma 8, it is seen that each equahty of (15) is
non trival. Bit the equalities (15) are the consequence of the conditions (11) and (3)
which are the necessary conditions for M" to admit Tocal 1s0metr10 imbedding into
S, and therefore (15) are also the necessdry condltlons ' _

‘We now prove that (15) are the sufficient conditions.’ Aceordmg 1:0 (16), we can -
take 6=1 or —1 such that

13(2Phphk11£-PhkhkT),>0,,
Define

— P o
bﬂ—‘\./ 6P lt—PuaiT) * = .(22)
From (22) and (15) we have .
C o Thege=6(basba— barbis) (e==x1), S (23)

Sinee T, satisfies the conditions (13), and the rank of the matrix (Twi) is =4,
by Lemma 1 we have b;=by;, and cons equently the equations(23)can be taken as the
Gauss equations of a hypersurface of §*** of constant curvature Ko. - ‘ '

‘ By Lemma 2, the Codazzi equations of this hypersurface are algebraic conseguence
of the Gauss equations. That is, M"™ admits local isometric lmbeddmg into a space Sr+t
of constant curvature K. : '-’ i qoe.d.

When K,=0, we denote the correspondmg ngk by Qui- As a oonsequence of
Theorem 1 we have :

Corollary 1. Let the metric rank of a Riemannian mamfold V™, 4. e., the mnk of
the matric (Rugm) 48 =4, R+0, a necessary and sufficient condition for V" to be of class
one s as follows . cten DT :
(ZQMJhk-R% - Qhkhk -R) Rabcd = Qtwthbdhk - Qadﬁkachk; (24)
where a, b, ¢, d=1, =, n and h, k s a set of indices such that the equality is mon
trivial. .

Corollary 2. If @ Riemannian mamfold M* admits isometric mbeddmg into @
space 8™+ of constant curvature Ko, then E -
Pjye=Pigw, " - (25)

PoacaP rsan=Praav Proca, (26)
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2Tﬂlp< Tm - “1— Ta ) Jlim deJm; ’ ‘ o (27)

2P ahchb abch 2P ;0 T2 — P prm A8 o (28)

Proof From (11) we have-(22), and since b;=b;; we obtain (2 (25). Interchangmg
theindices j and r, 7 and s in ((11), we obtain (26). Substracting the equations (10)
from the equation obtained by interchanging in (10) the indicés ¢ and J, making use
of (3), we get the equation (27). From (11) it follows that : el

2P ahcd( T [ iT&h ) rQsp=P rsabP qpcd“' rpabP dscde o (29)

From (26) it is seen that the right-hand member of (29) is 1nvarlant by 1nterchang1ng
the mdlces a and 6, b and d and consequently the equation: (28) is easily obtained.
- 3 We glve some appllcatlons of Theorem 1 After a direct computatlon we ﬁnd

Pitin=Quin+ (n— 1) (n 2) K3 -0 im+ (n— -1 K ofimB, z+ (n —8) Kogugim,  -(30)

; 22’;;@( Tp'—lTal ) 2lelpR RRJilm+ (n 1) (n 2) KO (gﬂgm .qugJM)

+[R (!]jzg’im —GimGu) —2 (gleim —gnij)'

~ (n~1) (n—2) Ryun] Ko, . (31)
Substltutmg (80) and (81), into (27) we have '

2-R,'hlpR RRNm = Qﬂlim —Qiljm + (n 1) (n 2) K OOUW: (32>
where , Y Fgen sl e

’ Omnz— -Rijml ™ ——' (.9 ilem +gimBu— 9 ;sz. - gm. al)

) m (g zmg 1= g :lg Jm) [T T (33)
is. the conformal curvature tensor:of M*. o TSR
- Theorem 2. - If a Riemannian: manifold M* (n>4) admits isometric: tmbedding
into two (n-+1)-dimensional spaces of constant curvatures Ko'and K, ‘respectively, and
Ko#+K,;, M"is conformallyﬂat _ RERSEIRVES - .
Since (82) is satisfied by K oand K, Ko#K,, and n>>4, we have eonsequently
O’;,,,,,—O and M" is conformally flat. g
4. When. a _Rlemannlan mariifold M* is of eonstant curvature a, we have
: SRS , "B =a(gnigu— gugu) , S TR (CEHN
In thls case (30) becomes S
Ty Pijm= (n—l) (“‘—2) (G K o) gmgcm, ‘ (35)
and from' (2), we have ' : s
' Tiu= (G K 0) (gmgn‘-gagm) '
_Substltutmg these equations into (15), we find that either the Tleft-hand member or
the right-hand member of (15) is equal to SR :

: (n—1)?(n—2)? (a—Ko)*g% (yaagba—gaaybo)
whlch can not vanish identically for n>4, and ¢— Ko%0.
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When a— K 00, it is seen that the rank of the matrix (T,,m) is equal to that of

the matrix (g,,) and consequently the rank is =4. Since in this case
PRI T=—n(n—1) (e—Ko) #0,

we obtam by Theorem:1 the following - - '

Theorem 8. Any Riemannian manifold M™ (n=>4) of constant curvature a admits
isometric imbedding into a space S™** of any constant curvature Ko(#a).

“From (11), we have:(22) and consequently .- HERE

6 (2P 8 — P T) >0 (6= :’cl) ;

ig a mecessary condition that M" admits isometric imbedding into Snt, When M* is

of constant curvature ¢ and S"+1 of constant curvature K,, this condition becomes
. l

N\

K - e@PyuTt— PuwT ) —e(n 1)2 (n—2)2¢%,(a— K o)®>0,

Moreover, if the. fundamental quadrati¢ form Gasdy®dyf of S*1is positivé definite,
that is, e=1, from this condition it follows that ¢ — K. o>0 and we have the following
known result: : _ _ ;

Any R@emanman manfbfold Mn (n>4) of constant curvature a does not admit some-
tric/imbedding into a space 8™ of constant curvature Ko, if Ko>a and the fundamental
quadratic form of S+ 4s positive definite. : ge

'5. Substituting (2) and (30) into (15) we 6 find that (15) isan algebralo equation
in K, of the following form - e : U
K e (n—1)*(n—2) gnkC’amKo '"=\0. R (36)

From Theorem -2, if M™ (n>4) admits isometric imbedding into two (n+1)-
dirhensional spaces of constant curvature, M* is conformally flat, i. e., OCwu=0, and
(86) is a quadratio equation in Ko, we have the following result:. .

AIf @ Riemannian ‘manifold. M* admits isometric. imbedding into thfree (n+ 1)-
dfomerwwnal s;paaes of different constant cwrmtures, and ’bf the rank of the matfrfm

(Rum a(gmg,z—gugm)) o
is >4 Ri-nln— 1)a#=0 where a is @ constant, then, M admits isometric imbedding into
a space of constant ourvature a, and M* is of class one and conformally ﬂat

6. From the foregoing results, a Riemannian manifold which is not conformally
fat 'does not admit isometric imbedding into. two. spaces S*** of different constant
curvatures, and any M” of constant curvature admits isometric imbedding into a space

8"+ of any constant curvature. It arises a questlon does there exist a conformally flat

M" which is not ef constant ourvature but admits isometrio 1mbedd_mg into two spaces
of dlﬁ’erent constant curvature? The answer is affirmative. In fact, We can prove that
if a conformally flat M* admits isometrio 1mbedd_1ng into a space 87+t of constant
curvature, it admits. also isometric imbedding into a space S**% of any constant
curvature. In other words, this M" is of clags one. Conversely, any conformally flat
M~ of class one admits isometrio 1mbeddmg into a ‘space. S+t of any constant curva-
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ture. According to Theorem 3, any Riemannian manifold M" (n=>4) of constant

ourvature admits isometric imbedding into a space S"** of any constant curvature.

And any M" of constant curvature is conformally flat and of class one. So that the

- conformally flat M of class one may be seen as an extension of the spaces of constant

curvature.
‘We proceed. to estabhsh this coneclusion.

It is well known that the mamfold M (n>4) is conformally flat if and only if

' kal“o or by (33)
Ry = !]udjk'l‘gmdu Guda— .%zdm;
o g
= g B 2(n—1) (n— 2)wk
It is easy to show that (38) is-algebraically oonsequence of (37)

' Where

If we put : ‘

A=gidy;, di = g'dy, Dtngpkdmdm = df dk:i; D= !)'”Du .

and contract (38) by ¢, we obtain :

‘ SRS R=2(n—1)4, Rj=Adgp+ (n— 2) dm

From (87) we have
: Rlu=gudi +8dy —dkgit — Okd

and
R Ry = ARijy+ (n—2) (dudy, — dydy + 9wDu—93Dy),

R%lmRZ]cij =4 (dimdli - dildmi) +20;Dim+ 20imDyi— 29uDp;— 2gm,~Du,
.RflqR?pm = 2g,-le,' -+ 2!]7‘»an - 2dﬂd — (n 4:) d;ldmj - g,-m.Dﬂ
~9iDim— A(guBiin~+dugim) — —Dgugim.
Smce Qjiim= P jtim | v,=0, Wo-have from (9)
leim = leRi/m - RipRg im + RhiR:Ln‘j + Rglngpm - % R%Zngéj .
Substituting (40)—(44) into (45), we find | |
Qalzm =4 g;zym. + (n 3) 4 (galdm +gzm ﬂ)

+ (n— 1) 9imDp— (n— 3)g:lpm+ ('”‘"'2) (n 3) dﬂldim Dg,zgm..

Substituting (46) into (80) and put. . )

' MEdw-—T!]m - My —-D"‘g i
We_ obtain o B ' ‘k
 Paa (1) (1-2) a3 | (1) gt <n+.15gimx,z o

+20=D fyg) -2 Kot (1=2) (0= 8) Ay

+ (0 —1) gimt— (n—8) Gaftim + 2 (= 1271 (n=3) 4 (githim + GimMiz)

4n3

+ (n— 2)( —-g-)gm.%z ;

B CLY)

(38)

(39)

- (40)

(1)
(42)
(43)

(44)

(45)

(46)

(47

(48
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Multiplying (48) by ¢'™ and summing for ¢, m, we have :
9" Pim=n(n—1) (n—2) gaK3+ (nha+44g;) (n—1) (n—2) Ko

(=1 pa+2(n—1) (0—8) Mg+ (v—2) (L2 £-D)gu. (49)

~ Multiplying (48) by ¢"and summing for 4, 1 we obtain

gﬂPilim=”<n_1> (n—2) gmK 3+ [n(n_—'3)}\..-,,.+4(n—1) 4gin] (n—2) Ko
—12(1=8) pun-+2(n—1) (0 =8) Lhan (0= 2)(4" 3 ;p_ D)g.-,,,, (50)

Moreover, we have
g”g"”P,l,m— n?(n—1) (n—2) K§+4n (n 1) (n—2) 4K, _
+m—2)[(4n—8)A£2—nD], - (B1)
From (26) it follows that 7
R . P ;ﬂqu abém—P abqu jhm_o
Multiplying by ¢*¢*® and summing’ for p, ¢, @, b, by means of (48) (51) we find
(9°*P1pa) (9 Pavim) — (9*9"*Pavpa) Pstim
= —n(n\ 3) {[nd— (n—2)2D]hin+ (n—1) [n(n—2) Ko
+2(n—8) Al pum Pt n(n—1) (n -8) {In(n—2) Ko
+2(n—1)4] N — 0ftiim} o =0, (52)
Therefore there exists a function p which is independent of the indices ¢ and m such
that -
o . Pa=phi. (63)
‘When Ajp=dj;— ﬁ— gn=0, M" is a space of constant curvature, as follows: easily from

(88). In this case w;=0 and the equation (53) or (52) reduces to an identity. In the .
general case, substituting (58) into (52), we have

‘p—iAp-i- L [e- (n— 2> -0, (54)

(53) and (54) are the necessary conditions for a conformally flat M" which admits
isometrio imbedding into a space S*+1 of constant curvature. The equation obtained by
eliminating p from (53) and (54)depends only upon the metric tensor gi; and hence
is an intrinsic necessary condition. ‘

Ehmmatmg s and D from (53), (54) and (48), we obtain

Pun=2=2l (-1t [ (1= Kot 20D 2 ]}

o : {<n—2>mm = <n—z>Ko+2—<”T§?—4+p]g‘m}; o)
By means of (2), (B5)—(7) and. (55), we have
2Pyt~ Pl = =22 (-2 Ko+2(4—p)}

: f{(n_z)th-l- Z:;

[a-2 Kt 2= 410]0u}" . 0)
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In deriving (86) we have used the following relations.
. -D dud 7\'1.17\' +_“'?\‘zm+ 2 gim, ) . : } (57)
et gomay
L A= (p——) Nk S e (o ) Gime-
Substltutmg (565), (56) and (2): into (15), we obtain ; . - .
— (0 —2) {Ritim— Ko (9591m— Gimgi) H (n—2) K o+2 (A P)}
= (n 2) (7‘%7‘47» B xjmhli)

+ -2 (-, +—2—("—1ld p]<gmx,;+gmm—gux,m—g,mxu)

[(n“z)KO'*‘MA‘P] (gﬂglm_g:imgli>- RGN
By means of (33), (34) and Cjn=0 the equation (58) or (15) becomes'
2(n—2) (4—p) Rjyim = (n—2)® (Aymhss— Agihim)

1 .'
[_2@7)_ 4= p] (g;mgh 91‘9”")

+ (n—2) [M 4- P](gamhu‘i-gu im—gﬂ?“lm Jimhi). (59)
Eliminating g,,,,?»l,—l— gl,h,m— Githim— Gy from (59) and the following - equatlon
Bijtim = Gimhai + Giiim — G siham — .9!m7w+—<95m!]u 95igm) » 87)
which- is equivalent to. (87), We can write (59) as follows * /

(n=2)(2 4=p )Rutm= (1= 2)* (g~ A

2 *1 o -f.‘...;"
[ (n'n : A -P J < 2 4~ P)(gamgu !]ﬂgzm) (59"

By means of (47) and (54) we can also write (59) either in the form
(4=2) (o= ) B = (0=2)* G —dinh) + (o= " Gstia~igi) (5"

or -

Rim= o= 2% ()o; ot <R"“ 9w -(R”'i P ’“) - <:R" n = P0s) .<R“ %'pgli) ’ R (59/")

or . .
(n—2) (p— 2A) Rﬂm—R,,R,m R,mRu-l-P(P —24) (yj.gzm .qamgli) (59"

In other words, when Cj,=0 the condition'" (15) is 1ndependent of K,; we have

‘ Theorem 4. If a conformally flat M™ (n>4) edmits “isometric imbedding into
space Sn+i of constant curvature and if the rank of the mairiz (R,,m-a(gmgﬂ—gug,k)) s
=>4, R+n(n—1)a+0, where a is a constant, then M™ admits dlso isometric 'z,mbeddmg
into the space S™* of constant cwrvature a. This is a chamctemstzc property of the
conformally flat manifold. :

' By means of the foregoing resilts, we have also the following
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Theorem 5. If the rank of the matriz (Timw) is >4 and T +0, then (37) and
(59'") are the characteristic inirinsic conditions for a conformally flat Rismannian

manifold M* ('n,>4:) to admit isometric zmbeddmg into a space S“+1 of constant curvature
K. e ‘ : R T aY _ :

It is remarka,ble that the condltlons (37) and (59”) are mdependent of K 0

Tt is easily seen that the condition (54) is algebraically consequence of (37) and
®9"). '

From (B4), it follows that

Corollary 1. A necessary condition that -a conformally flat Riemannian space
M*(n=>4) is of class one is that - - ‘
PRI S R SR SRR R 'nD>A”," b T R LT (60)
From (58) we obtain RR N RN AR N
Corollary 2. A necessafry cond@twn that a conformally ﬂat M n (n>4) is of class one
is that : : L Pl . _

R lfiz =0 (61)
Aim C i |
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