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his 50th Year of Educational Work - ‘ :

As Well known a harmonlc mappmg is a cr1t1ca1 pomt of the energy mtegral
Therefore, from the Vlewpomt of variational caloulus it is natural fo study the
able harmonic mapping, i.e. the harmonio mappmg with ron- negatlve second
yariation.- ' I O :

Xin, Y L. L‘upmved the nonex1stence of nonconstant stable harmomo mapping
from Euclidean sphere 8 (n>>2) to any Riemannian manifold, and generahzed the
result to the case of "X 8™ (n>2, m>2). All these theorems generahzed the results
of Lells J., Sampson J. H. and Sm1th R. T.

» Noting the fact’ that S" is a l-codimensional submanifold in Buclidean spaoe
E** in this paper we study the stable harmonlc mapping from a ‘compact
submanifold with codimension p in- ‘Euclidean space’ B %o any " Riemannian
manifold. We obtaln several nonemstenoe theorems Whlch generahze the results
it ! : : : ;

1. Basic formulas Let M and N be Riemannian manifolds with dimensions n
and.-m respectlvely M is .compact without boundary And v, V' represent the

R1emannlan connections of M, N respectlvely

Suppose that- ¢: M —> N is a differentiable .mappmg, with ¢ TM—>TN as its
induced mapping, where TM, TN are the tangent bundles of M, N respectlvely As
known to all, the induced bundle £ = ¢t TN—>M possesses the induced Riemannian

connection as follows o S 5
S ‘ : - VsS=VixS, ' @.1)
where X €ETM, SEI'(E). ' '

E(¢), the energy of the mapping gb, is defined by the formula

B =t e beort, @D

where e(¢p) is the energy density, {e;} (4, j, &, ---, =1, =, n) an orthonormal basis
in M, <, >y the Riemannian metric in N and 1 the volume form of M. We follow
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the summation convention throughout this paper.
Set L L - : .
: 7($) = ﬁea-‘»'lﬁ‘*ei — P Ves, ‘ : (1.8)
¢ is called a harmonio mapping if 7(¢) =0. = Lt
For any veotor field V' along ¢, we have a I-parametrio family of mappings c;:
M—>N, ¢:(p) =expyy @V (p)) The first varzatlonal formula for the oorreponding
energy functional H(¢) is =~

i E(¢,)|,_o_—j &, o B)danl, - o (1.4)

Hence, the harmonic mapping is the critical point of the energy functional.
As known to all, the second Vamatlon of the energy functional is glven as
follows® ’ -

: g;_ E(¢t>|¢=o; — J' w, vﬁV+RN(¢*e;, V)(l)*e,)N*l, . (L.5)

where V¥ is the trace Laplacmn with respect to V and RY is the curvature operator
of V. '
' Therefore, the index form for harmom‘c mapping is

T W)= (=TT B, Vb, Wt (L)

The harmomc mapping ¢ is called- stable it I(V, V)>0 for any Vector field V

. along ¢.
00ns1der qﬁ* as $7*T'N valued 1- form dé i.e.

dp(X) =, X o aw

When mappmg ¢ is harmonlc it follows from Weltzenbock formula that ) :
: ~VsVdp+8=0, - S (1.8)

wher_e o o | . -
T | 8(v) =—R"(¢,e, ¢*v)¢*6¢+¢*(Ri0”(v)), v€TM, (1.9

. Thus » o
RN(¢>*6., b.0) b, 6¢=,— (V¥ d¢) (v) +¢*(R10”(v)) : - (@.10)

Substltutng (1.10) into (1.6), we have ‘

I(bu0, $a0) = [, <~ FaT0-- (FaT28) (0) 4, (Ri¥ (1)), rupel, (111

On the other hand, for any fixed point P, choose {e:} such that Ve;]| p—O Then
VsV dp= VeV do.

Therefore
-—V*ng,v—i— (V*ﬁ d¢) (v) = —ﬁeﬁ(ﬁ*q) + (Weﬁe,qu) ('u)
==Y V0+ Y, (Ve dp)v) — (Ve deb) (Vo)
: ’“d¢ (vw e,’U) ZV,,, (dp (VG{D)) R (1 12)
Hence T

I(¢., ¢ 'w) J.<d¢(Ve,Ve‘v) 27;,(01<;/5(Va,v)) ¢ (RIGM(W)) ¢*w>1v*1 (1 13)
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2. The main theorems Suppose that M is a p-codimensional compact subman-
ifold without boundary in Euclidean space E"*? and {ea} (e, ,8, Vs =n+l, e, n+p)
is an orthonormal basis in the normal bundle’ of M. Ohoose an orthonormal basus of
M such that V6| »=0is satisfied. ' ' ‘

Denote the second fundamental form of M by h < ’ '

h(X Y) h(X, Y)ea, h® (e,, e)=h%, €3 2.1)

Gauss-Codazzi equations are ' Co

e TY =ViV +5%(X, Ve, = (2.2

Vita=—h*(X, 6)6;+ Vi, Vo= iasbs, WiasF Wisa=0,.. (2.8)

where V' denotes the conneotion in E**? and Vl the connectlon in the norm'al bundle
of M. ' .'

~Set L={a|y: @ is a constant vector in E’"“’} If v€ L, then v=a—{a, 6.6,
where { , ) is the inner product in E***. Using (2.2) and (2.3), we have

Ve‘fv=§9"v"—h(e¢,' v) =<a, ephdye;, s (2.4)
Vo (Ve) = —<a, ephihdie;+<a, sy puashiios+<a, 6.y (Vehi)e;, = (2.5)
ﬁa (dp (Vo)) = —<a, ehihip.ei+<a, 65 Wiashiih85+<a, 6a) (Ve,h‘,)qS 6

+<a, exphi;! é.ec‘f’*ei R LN : (2 .6)
. Thus
I($3, ) = j <a 6y b6 —<a, ee>/wmahu¢*e, —a, 6 (Ve u)¢ o
3 22, ek sabi— b RIF (1)), <@, odbodwel, - (2.T)
From Gauss formula it follows that S
Ric¥ (v) =<a, oy (hikg—hihie. (2.8)

Substituting (2.8) into (2.7), we have
I, ) = [, @@ ehsbipio— (o, adbiligp.ei—<a, esmushispo
<, 0> (Vo) by~ 2a, 05T pahits, <0, e>PooDiel, 2.9)
Denote I(d.a, $u) = j F (b, daw)*l, v, wE L. Then trl= j trF+1. Because

trace is independent of the choice of orthonormal basis, we can pointwise take {e;, ea}
as the basis of L to compute tr#. Thus :

el = [ (2hsh—hihs) res, duadxel. @)

Theorem 1. Let M"—>E™? be a compact .submanfifold without boundary in
EBuclidean space E"*?. If there exists a negatwe constant B such that .
2¢h(e,, 60), (e, 695 —<h(es 6), hle, 6))<Bdy, (2.1

then there is no monconstant stable harmonic mapping from M" to any Riemannian

manifold.
Pfroo f . By (2.10), we see that

&
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| trI<BJ {buer, qS*e,)N*l 2B ($) <0,

and the equahty holds if and only if B(p) =0, i. e. qS is-a constant mapplncr :

. Theorem 2. Let M" be a closed convex hypersurface in Buclidean space E***. T f
each principal curvature of M" is: less than half the sum o f .all_principal curvatures,
tken .there is mo nonconsﬁcmt stable harmonic mappmg Jrom M" to any Riemannion
mani fold

Proof Let 2y, -, Ay be n_‘.ﬁrinclipal.cnrvatures,-and 81, ***, 6, eigenveetors of A.

Set H =i}}w..From (2.10), we obtain

trI={ @—Hi) b, $odurl=| Oh—)Nibon, dodss1<BE@),
where B is a negatlve constant, and the equahty holds if and only if B(¢)=0, i. e,
¢ is a constant mapping. - R '

. Remark. Theorem 2 obv1ously includes Xin’s result as a speclal case.

Applying Theorem 1, we obtain : L

Theorem 8. :If min -(ny, +++, ng) >2, then there is no nonconstant stable harmonic
mapping from the product of Euclidean . spheres S™ x -+ x 8™ to any Riemannian
manifold. : o

Proof .. Noting that S™ X +-- x 8% can-be imbedded canonically into. E"‘“X
Kt in this case, We may take B= 2—m1n(nl, -y ng) in (2.11).

The author Would like to thank Professor I—Iu Hesheng for her encouragement
and help o ' ’
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