Chin. Ann. of Math.
3:.(4) 1982

ON THE STATIC SOLUTIONS OF MASSIVE
| YANG-MILLS EQUATIONS

.- Hu Hesnene . (H. S, Hv)

~(Institute of Mathematics, Fudan University)

: Dedlcated to Professor Su Bu-chin.on the Occasion of his 80th Birthday and
his 50th Year of Educational Work '

§‘1_. Introduction -

Usually, a pure Yang-Mills field over Minkowski spacetime R is considered

as a field of massless particles. Its action integral is™ -
B e e o S ¢
Here Sau 18 ‘vthe_ sti'ength of gaiuge field _‘w-ithqa compacé gauge group G and . ( -, )
denotes the cartan’s inner product of the Lie algebi'a g of G. However, ‘many par-
ticles in nature are not massless and hence it 1s a problem of general interest to consider

the massive Yang- Mills fields. It has been proved in [2] and [3], from different points
of v1ew that the followmg gauge invariant functional

Ln=[[ = w1 =~ (s, b i @
may be donsidered as the action mtegral of the masswe Yang M111s ﬁeld I—Iere b, is
the gauge potenhal o, is deﬁned by o

: w},“‘U—la;,U T ®
and U isa G- Valued function which is a section of the product bundle R"’1 /\G _
One may think that the choice of U is a choice of gauge and that the gauge isa
reference’ system of measuring: the generahzed phase of a gauge field. ‘Let U bo the
variational variables as well as b, P ‘the Euler equations of the aotion integral (1) and (2)
are the massless Yang-Mills equations and massive Yang -Mills equations respectlvely -
We mentioned that the massive Yang-Mills field is also attractive for its relation-
ship with harmoniec mdpi)iﬁg The funetional (2) is-nothing else than the coupling
of the pureYang-Mills functional and the following actlon mtegral of the harmomo
maps from R {o the gauge group G - '
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There are guite a lot of papers devoted to the solutions to Yang-Mills equations.
One problem of considerable interest is whether there exists any statio solution to
the Yang-Mills equations such that it has finite energy and no singularities. Recently
the following facts concefning the nonexistence of the global solutions are discovered.
' (a) If n+5, the pure- Yang-Mills equations on an n-dimensional spacetime Rt *—2
do not admit any static solution which has (i) finite energy (ii) no singularities and
(iii) the field strength approaching to zero sufficiently fast at infinity. (Deser, S.%%)

Thus, for n=4, i. e. on the real spacetime, there does not exist such solution. For
n=>5, solutions do exist®™, since the instantons in 4- dimensional Eueclidean space
may be regarded as statio solutions in 5-dimensional spacetime.

(b) In an n-dimensional spacetime with n+4, the massive Yang-Mills equations
with real mass do not admit any static’ solution which has (i) finite energy (ii) no
s1ngu1ar1tles and (iii) the field strength and potentlal approaching to zero suﬁi(nently
fast at infinity” (Hu, H. 8. ©¥7) - ' v

Comparing these two results, we discovered that there is a “discontinuity” as m
—0 in 5-dimensional spacetime, i. e. for n= B and m+0, no such solution, but when
m=0 such solutions do exist. Deser S. and Isham C. J. in a recent paper™ wrote
that-this is ‘the first explicit example which make us recognize that there exists a
classical “discontinuity”. In their paper, the results are extended to the gauge field
with “soft” mass, i. e. Yang—MJ_lls nggs Klbble field. For n=>5, the “dlscontmulty”
holds in general.

In the present paper, we will show that in the results(a)and (b) not only condition
(iii)can be removed, but also the finite energy condition (it) can be weakened. In other
words, when the ‘total energy within the sphere of radius r approaches to 1nﬁn1ty
quite slowly as r—>oo, the above nonexistence theorem holds true also. In the proof
we use a certain technique used in™® with some improvement. Since finite energy
and infinite energy is essentially. different in physms this -new disecovery may be of -
interest in physws o . :

. The method of proving the main theorem of the present paper is utlhzable for
more general case. For example in the case of the Yang-Mills- -Higgs-Kibble field, the
results for “soft” mass is. 1mproved snmlarly.

§2. Mass1ve Yang-MllIs fields
By choosmg the Lorentz gauge, the gauge invariant functlonal becomes

L[ {3 G P+ )% O, p=0,1, ey n-1), )
Here the field strength is ‘ ’ -
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and the metric of spacetime is ' '
. ds® =, do* da* = —da® +da® -+« +da” ™, ' - (D
The massive Yang -Mills equation become - o o s . _)
Jamme=0, - .. - ®
o 7] b}'l“ i . . . (9)
Here o . '
“fahlu ’7 (fa?-'u'l' (b, fal.]) o (10)

moreover, it is mterestmg to note that (9) is a consequence of (8), so we only need
1o consider equation (8). ‘

We always assume the gauge group G is.a compact group. Under the Lorentz
gauge the energy monentum tensor

aB'— (faﬂ, fﬁ) 4 7]aﬁ<fp,v, flw) +m” (ba, ba) - -—’ﬂag (b;\,, b ) (11)

and we have the conservation law o '

T ' o

t o, @
Especially, the energy density is : v
Too=2[ (for Jo) +5 (fuy m] £ (0o, B0+ B, B)

. ('1, ji=1,2, ——1) , Con e 13)

and
T«;——T To*——@% 3) (fos: fOi)‘*‘ (5—n) (fu, )
+ (3= ) (b, %) +m* (b, Do), | 9

Tor a static gauge field, b, is independent of a°
" The total energy of the field is ‘

jR T oo, o (15)

where R*? is a°= const In the previous Works one often assumé that the total energy
1s finite, now the condition is weakened o

Too -1 '
drip<<oo, . .(16
| Jagr {6
where (r) is a positive, im'bddnded continuous function of r satisfying
g ——=00 (R>0 17
[; sy =ee ®>0). €

If Y (r) =1, the energy is finite. But the energy may be 1nﬁn1te for example, in the
case v,b(q”)_ 0(10g r) (as r—>co). Hence when (16) holds true, the total enegy may be
either finite or infinite. In this paper the iengrgy" is called “slowly divergent energy”’

if jTood"-1m= co and (16) holds.
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§38. Nonexistence of the static solution

In the following we glve the- preclse statement and the proof of the main Jsheorem
concerning the massive Yang-Mills equatlons '

~ Theorem. In an n-dimensional spacetime RY"* with n+4, the compact group
Yang-Mills field with real mass does not possess any non-trivial static solution 'wh'wh 8
free of singularities and has finite or “slowly divergent” energy.

P/roof From the expression (10) for J, and. the static condition b,,0=0, we have

(6o, Jo) = (bo, foit) = (bo, foi) u— (Bo,s, foi) + (o, [bs, foil)
.= (bo, foi),i—(bo,i, for) — ([Bs, bol, f. 05) ’

= (bo, fo),i+ (foi, foi). ‘ o (18)
Consider the integral o _ L _
o;J"” o(r) drf . Go—mbo, bydrtm, o @9)
where || = {(a')2++--+ (a") 2}2 and w(r) will be defined later. Using (18) we have :
0- f o(dr[ K-t f o(r)dr f B, o) —dS (20
where : Gl
K=- (fm: fm) —m (bo, bo) <0, ' (21)

The equality in (21) holds if and only if fo;=bo=0: If K does not equal zero 1den-
tically, then there emsts a constant R>O and a positive constant g suoh that

. I, [ R Kd”"1w<—8 (Bi<B),. , (22)
Choose o f :
0’ T<-R’- i . .
w(r) = Ak €<T<RJ., SEPRILTRESICENE (23) |
. 0, ’)">R1, .

where 1ﬁ(_4r) is. positive unbounded, continuous functon of r satisfying = = .

< dr —oo »
JR W* . (24)
Then, from (21), we have R
O (modr . (m dr : o
O{—sJR Ar . +[7 T {(bo, o) (on, Fod}as .
_e(™_dr (bo, bo)+(f 01, f0i) n— ’
R Moy RJ’ i<, o e, (25)

‘Choose R; sufﬁclently large it is eas11y seen that the right side should be negativé.
"Thzs is a contradlctzon Consequently, we should have K= 0 1dent10a11y, i. e.
Thus, we have ) ' |
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and (12) is reduced to '

T‘——<5 n)(fu,fn)+———(3 ICE N Coen

: '_ Tij,i_=0._‘v Lo ‘.(28)'
Cons1der the mtegral :

=j o(r) drj e @T) '_—j w(r) drj  Tud™e, (29)
It is easily seen that there emsts a constant 4 such that .

lT,,l<AToo o | (30)
Moreover, from (27); we have L *
(a) If n=b, then T';<<0

and the equality holds only when b;;'O.v

(b) - If n<8, then T;=>0"
and the equality holds only When b;=0. .y
; In either case, if T';%0, we have T;<<0 (or T;;>0) in some reglon Hence there

" exist two constant R>0 and &>0 such that

L T ta<s (or >&) (B>R). | (31)

Choosing the same w () as in(28), for the case (a), we have

°<"_"'J:T¢Q<%+AI f("") ds dr, " (82)
By the assumption that the energy is finite or. “slowly divergent”, we can choose R,
sufficiently large, and it is easﬂy seen that the right side of equation (82) should be
negatlve This gives a eontradlctlon again. Consequently, we should have
y _ T,:=0, "
For the case (b), the s1tua’c10n is quite similar. Consequently
( i ) whenn#38, 4, 5, we haVe f,,—O b;=0;.
(11 ) when n=>5, we haveb 0, hence f,,—O
(m) ‘when n= -3, from the field equatlon (8) and f,,—O we have B;=0.
In other words, when n#4, the solutlon should be a trivial one. Thus the Theorem
is proved completely ' :
‘Remarks. ‘ ,
1. For the massless ¢ase m=0. Deser’s Theorem is also improved similarly.
12. COonsider the Yang Mills-Higgs- Kibble field: (the gauge field W1Juh “soft” mass)

| I-[(—§ Pl — 20— 2V, 8V-V @), @3

where ¢ is a scalar invariant and V(gb) is the potential. By using the same method,

 the result of[9] ¢an be improved and extended to the case of “slowly divergent” energy
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and the classical “dlscon‘bmulty” holds also for n=>5.

In the following section, we shall speclahze that the condltlon for the energy in
our theorem cannot be omitted, because for any dimensional spacetime in massive
and massless Yang-Mills field we can find static reguiar solutions with energy diverges
sufficiently fast. In the meanwhile we obtam all the static solutions of striotly spher-
ically symmetric gauge field. - '

§ 4. Static qolutlons of strictly spherlcally
symmetric gauge field

'Sﬁppose the gauge potential of stricty spherically symmetrio. statio gauge fields
are in the canonical form™"! .
bi(@) =p(r)w;, .bo=0c(r), (34)
where ¢(r), o(r) are g-valued furicfions, depending only on . In order to solve the
massive Yang-Mills equé,t;ions, we substitute.(34) in (9) and we have '

C g/ (r) +(n—1)p(r) =0, . (35)
Hence we obtain e o
t . ,_
| P =2 (36)
The requn‘ement of regularity at the origin 1mphes that ¢(r)=0. From (8) we
obtaln »
do ('r) — 1 o-(rr) =0 . (€19)
or _ A ,
| o = do 0 0
g += p ™ o =0, _ } (38)
Let R . : s .
=R = R-? . - n—3
mr=R, o=R%B) (p=23°). C
‘We obtain ' - | :
" q D P SR o
¢'+L (1+ Rz)q_o, : (o)

this is the modified Begse1 equa,tibn.‘m.'lt is known that this.eqﬁation admits the
“followingy solutiohs_which are everywhere regular. . . .

| g=0I,(B), R €N
where ¢o is an element of g, I,(R) is the Bessel function with purely. imaginary
argument. Hence the equation (8) posses the following everywhere regular solutions

’ _n—3 .
. bi=0, bo=qo(mr) T I,(mr), . (42)
Since when r—>oo o o
I(mr) ~—C a (43)
Q@amr)? ‘

: the energy of such solutions is infinite and is not “slowly divergent”,
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From the above discussion we conclude that for any n, the condition of energy
in the theorem cannot be omitted. That is to say, the massive Yang-Mills equation
admits infinite many static regular solution Whose energy i 1nﬁn1te and divergent
suﬂiclenty fast.

At the concluswn of the present paper we give two open problems.

1. Inthecasen=4,does there exist a static regular solution of massive (or massless
i. e. pure) Yang-Mills equation with finite energy or “slowly divergent” energy?

2. Are there static solutions of the massless Yang-Mills equations in R**' with
bo#0? This problem arises due to the fact that the 1nstant0ns of R* are static solu-
tions in R*** with bo=0and the solutions in R*+ with bo#0 may be consnler as Some
solutions of a certain coupled Yang M1lls equatmns in 4- dlmensmnal Euchdean space
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