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~ In 1893, Hadamard™ pointed out that for any continuous convex function f(@)
on a closed interval [a, b] (a+b) the following inequalities

(o)< fronsl@H®. o

hold. Recently, Vasi¢ and Lackovié, and Lupas generalized (1) in [4, 5] and [3]
respeotively. In fact, they used the mean value of an integral of f(z) over an
interval, whose centre is £=(pa+qb)/(p+gq), to separate f(£) and ( of (@) +
¢f(®)/(p+9), p, ¢>0. However, Vasi¢ and Lackovic®' not only required, the
convex function f(#) to be twice differentiable, but also erroneously treated the

infegral remainder of the lingar interpolation in their proof. D
We shall prove a more general result which indicates the general Jenson

jnequaliby™ can be interpolated by the mean value of a multiple integral as follows.
Theorem Let f (@) be @ continuous convews functwn on a closed imterval [a, b]

Then for any ;€ [a, b], p,>0, Q= 2 p,(§=0, 1, -, n) and a;, PB; satisfying

0<05i<,3¢<1,‘ (et B:)/2=Q/Qi1(1=1, 2, -+, m), : @
the following inequalities . ' v
(3 o)< @ @®)it< B f @)/ ®

hold, where ‘
Q= [, Bi] X [, Ba] X +++ X [ta, Bal,

IQi—(Bl 0i1) (,32 az) (Ba 06»)
b=, B3, v, T),

o(t) = zo(1—t:) + 2 @ (1—t;+1)Hti+wnHt;. | 4)

Equality occurs in the left inequality o f (8) if and only if the ; are all equal or f (a;) k
is linear on the inmterval [mln z(t), max z(®)], while egual@ty occurs in the right

'mequalzty of (8) if and only if the @; are all egual or f (@) is linear in an 'mterfval
mdudmg all the ;. .
Proof Setting
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. ) L3 ‘ n
QO=1"771, q;= (1_ti+1)].—.[ ti(j=1: RS n—l): QH=H b,
we have i} gi=1and ¢;>0(j=0,1,--,n) for 1€ Q. Thus applymg Theorem 86 of [2]
i=0"7 - : :

<2 Qﬂ';a)g ?0 q; .f (wf)
to (4), we qbtain
Fe@)< 2 A=tu) [T 6f @)+ 1T () GED), ®)

Integrating (5) with respect o ¢ over 2, a stralghtforward mmphﬁca’uon with (2)
yields c
n—1 j§ 2 " 2

[ F)a< ST L (B;-_H—a,-u-ﬁ&—“w—) 3 B-a)f @

ga] S ICNE | (GRS Ql (1-52)r@

=0 ¢=1 §—

+11 Q‘j{.‘l Fa =121 3 Pif @) /Q, ®

' which is equivalent to the right inequality of (3). | |
If all the @; are not equal and f (@) is not linear on the smallest closed interval
‘including all the #;, then by a use of Theorem 90 of [2], mequahty (5) is always

strmt and. so is 1nequahty 6).
- Next we prove the left inequality of (3). According 1:0 Theorem 112 of [2] for

e Dom/Q, [

there ex1s1:s a A such that

F@>F @ +A@—) - (a<w<b). ®
Let t€9 (4) insures %(¢) € [a, b]. Now, Settmg z=x(t) in (8) and mtegra,tmg it,
we obtain

J nf(w(t))dt> jatf<§>'+x<x'<t>-—§)1dt
EGIE RSN
Set f (@) =2 in (6) a use of (7) yields -
R RIOLERT] ngw,/czo— élal.
Oombmmg the above equally w1th 9, we obtain .
| o] S @@a=r®, o

which is the right inequality of (3).
If all the «; are not equal and f (a:) is not 11near on the smallest olosed 1nterva1 :

] ©)

containing {w(f). t€Q}, then there exists at least one endpoint in this interval at
which inequality (8) is strict. Consequently, at a certain point in Q



ON AN EXTENTION OF HADAMARD INEQUALITIES _
NO. 5 FOR CONVEX FUNCTIONS , 569

f@®))>f &) +7~(w ORIIR :
Hence, acoordmg to the contlnm’oy of f( (t)) int€Q, mequahty (10) is also striet
in this case.
Set n= 1 the. above theorem implies
Corollary. Let f(v) be a continuous convex function om [e, b]. Then for any
positive numbers p, ¢, w and v satisfying (u+0) /2= (pa+gd)/(p+q) and a<u<ov<b.
the following inequalities ' '

+gb (@) +¢f (B
() L om0

hold. Moreover, the first and second equality signs hold only if f (a;) is Zmeafr on [u, v]

and [a, b] a"espectwely
This corollary is the result of [3 4, 5] However the equah’ay case was not
mentioned by the authors.
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