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(CLASS OF UNIVALENT FUNCTIONS
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§ 1. Introductioﬁ and Nofatiohs’

Let By denote the olass of all of fhe-functiogs f (2), analytio and univalent in
the unit disk |{| <1, such that (0) =0 and f({s)f(La) #1 for any {s and {yin [{| <1.
These are the functions of the so-called Bieberbach or Bieberbach-Eilenberg olass. Let
@4 denote the class of all of the functions f({), a,nalytie and univalent in the unit
disk |{| <1, such that f(0) =0 and f(Z1)f(§2) + —1 for any {1 and Zg in {§[<1 these -
are the functions of the so-called Grunsky elass. : , (

In this paper, by applying the area pr1nc1p1e of Tao—Shmg Shahm we obtamed
another necessary and sufficient condition, and proved some distortion theorems for
these classes, partieula,rly exponentiated Golusin 'iﬁequalities and Fitz Gerald
mequahtles ,

For the convenience of assertion, we 1ntroduce some notatlons Let £({) be the
analytic and univalent function in|{| <1 and f(O) 0. We define two functions of
¢ and z in the unit disk by = '

_ f (C, z) =f (0) (f (C) —f (z))CZ/ (C z)f (l)f (Z)
and by
F(C, z2)=Inf(¢, ), o
taking- the smgle -valued branch of the funection ‘which Vamshes at {=0. Sinoce
f()is univalent in the disk, these functions are regular in the unit dlsk a,nd henoce
the following expansion is valid in the unit disk

P& D= 3 dulm

Similarly, if f&€ B;, we deﬁne
qﬁ(C, 2) = ~1- f (C)f (Z)

and -

¢(C, 2) = lnfp(C Z)— E C'mnC 2",

Manuscupt recived Dec. 8, 1980
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taking the single-valued branch of the function which vanishes at {=0. Letl.f‘ €y,
we define

Y@, H=1+FOF @)

and }
T, 2)=IY(, 2 =,_;ME=16W.C"'Z“

which vanishes at {=0,
Moreover, we define also

D, = Sdml™  Ca(D)= i’omcm B, = iemcm,
-D(p)<c}— de n(C>;

and

K@ H=-l@-13), KO - 3§Za‘iq K, 7,

where p-and ¢ are arbitrary nonnegative integers.

§ 2. On The Bleberbach Function

Theorem 1. Let fE€ Bi, {w,,} {m,,}, {y,.}and{y,,} be wrbfbtra/ry sequences of complem

numbers such that '

x=3 [‘év,.lﬂ/n<oo, Cx= 3 [l |Yn<oo,

n=1 . - om=1 - IR . ] .

' ' ' (2.1)
Y=23 |ga|/n<oo,  Y'= 3} |y|?/n<oo,

Then we have N -

+ ’ 2 (dmnfvm‘i‘ Gmnym>w

% ( mn®m dmnym) @,

m,n=1

2
4] 3 Ottt ||+ [ 3 Auntint Costim) ¥ _,
(X+Y) (X'+Y7). . o (2.2)
" Here the equalety holds if and if for any positive fmtegeq" n, :

2 (Oﬂ‘ nTm + dﬂmym) 7\‘11-%/ ’)’l

mE—l (dmnmm + Omnym> = Mz%/ n,
- B ~ (2.3)
mgl (Con®m~+ Gmnlym) = Aaa¥/m, [
2 (dmmmm‘i" Omnym) = }‘422?;;/ n,
Where Mi;(4, j=1, 2) are constants such that
(A2 2+ 17\‘12|2>X2+ (| Aaz ]2+ Mzalg)yz (Y—l-X) (Y’-I-X’) (2.49)
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Proof By[l], since f€ By, for any{,}and{y,}with
X=3 [a|*/n<os, Y= 3} |ga]¥n<on
we have

) ; , ) ; . ,
2 n{ 2_]1 (Gmnwm'*'dmnym) | + I 21 (dmnmm"*‘omnyw-a) <X+Y, (25) .

n=1

Here the equality holds if and only if the area of the complement of the union of
the image f(|{|<1)and the image 1/f(|{|<1)vanishes.

By Cauchy inequality and using(2.5), we get

the left-hand side 0f(2.2) '

<@+7) 3 0(| 3} ot doutin) +| ! Gt Ot [

<SX'+Y)(X+Y), ' - (2.6)
‘ By the necessary and sufficient condition for which "t‘he equality holds of Cauchy
inequality, it follows that the equality holds for the first inequdlity of (2.6) if and
only if(2.8)is valid. In this case, the left-hand side 0f(2.2)equals to
(12 |2 P |%) (X7)34 (| Aan |2+ | Aaa | %) (B, |
Since the necessary and sufficient condition for which the equality holds _for
second inequality of (2.6), is that the area coniplementary to the union of image
f(1¢|<1) and image 1/f (1Z]<1) vanishes, it follows that (2.4) is valid. This
completes the proof. :
Corollary 1. Let fEB;, sequences{m,,} and {a,} sat@sfy the condition (2. 1) We have

oo

2 v
2,—:1 B, 2 _Om,,wmw,, <X ‘X N (2._7_)_
where X = i |@g|2/m, X 2 |@y|2/n. The equwlzty holds if and only if for all n>1
: n=1
‘ Omnwm et }“ wn
{ i/, (2.8)
Crinm = Agwn/n :

where Ay and Ag are constanis such that . »
0] | Aa] 2= X /X7, : O (2.9)
. Theorem 2. Let fE By, p, q be any nonnegative integers, and let Ly, =+, {wy i, ++,
Ly be two systems of dq,stmgwbsked points én IZ[ <1. Then for any nonzero complem
numbers {1,} and {'r),,} (,u, 1, N v=1, ---, N’), we have
1)

D,y + o0 ['}

4|3 %:mo;w(cu) +2 0@ |

2 77#"7 K(p'p)(Cm Cv) + 2 nva(q"D(C ,) i ‘ T (‘2"107)‘..

the eqmlmty holds @f and only @f the area of the complement oj' the umion of @mwge
F (L] <1)and image 1/£.(|{| <1)to be vanishes, - : S
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2) N N , o , 2 ¥y ‘ i g
3 Snareoq, 0] +| 3 Snmeroe, )
<l£1‘§1 7 ,,)’)K(p, ﬁ)(zln Zv) + E 7],,,’)7,,K(q’ D (C CL), (2 i 11)

The equdllty holds only if

papp AP0 6=l SR, T,
S | : (2.12)
2} 2 L (RO Y Z N K9P (L 5,

where A; and Ay are constants such that . .
CaltEnl - R K@@, [ B ke, £) - (2.18)

. . To prove these; we set
. v

2 M 375 an Cﬂ_n(n 1) (n p+1)2 nﬂcn—b: n=p,

~tn =BT U =n(n=1)- =g+ DFL, gon.
It is obviously that - l ' ’ :
X = 2 lwnls/" = 2 WMWDK(p'p)(Cu [ <°°

=Y = 2 EAVZSS Z nnK(q'q’(Cu,'~)<°°

Therefore, (2.10)follows from 1nequa11ty (2.5) and the equahty holds if and only if
the area of the complement of the union of image f(|Z| <1) and image 1/f(|{]<1) -
0 be vanishes. From(2.7), (2.8) and (2.9), we get the second part of the theorem at
once. This completes the proof.
ThlS theorem has several corollaries.
- Qorollary 1. Let f€ Bl, {¢.} and {Z,,} be the two systems of df&stmgmshed points in
the unit disk L] <1, p=1, «=-, N;v=1, «: N, then we have

S S LG

5 g o 1
. EF””’“(J”(@) FOY T —c;>2) B TFCOFE)?
2 (L= L) 72 2 0, (=002, 2.14)

Here the equallty ‘holds only 1f )

VB PEIPE L N B
2 S T )~ Dt
yz F QL B ol
2 ”“”"<(1 f(Zu)f(Cv))) ”n,%”“"”“ Lulo) ™,

where My, ha are constants such that

Dnalt alo= 3020020 / 8 -,
Corolla.ry 2. Suppose f € By, { is any pomt in the unit disk, then we have
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£ C}l +36|f’(l)/(1 ~fOH[*<86(1— ICI")“. o @B
where {f, {}= (f”(C)/f’(C))’ - (f”(&)/f’(C))2 denotes the Schwarz dertvative of

the functwn f at {. the equality holds only of f satisfies the follo'wmg equation
{f, O =6Mm(f(O)*/M0—f (C)”), ,
where )»1, 7\:2 are constants such that
|22+ a2 =1,
‘We know from [8] that

” " " 2
0, 0= (mn TH=ES)) - (’}8 V-2
Set N'=N=1, y=m=~6, L= C Cl—z in above corollary and let z—{, we obtain
this corollary at once. :
Theorem 8. Suppose f 8 fregulmﬂ in the unét disk, f (O) =0, f/(0) 0, Then the
necessary and sufficient cond'btq,_on‘ for f€E€ B1 is that

1 ([ | fOfE 1 (|_rore
H GFO—F@F G- ot ” | T-rerer |

— g e Co At (2.16)
holds forr any C in the unit disk. ' :
Moreover, if f € Bi, the equality of (2.16) holds ’I/f and only if the area of the
complent of the union of the image f (|{| <1)and the image 1/ (|{] <1) vanishes.
Now we prove the necess1ty Assume f € By. Sinee

]nf(c Z)—— 2 dmncmz = 2.D,,<C)Z,
lnsv(l 2)= Z Ol = EC’ (Z)z

taking the dlﬂ’erenhatlon on both sides of these last expressmns for z, and {, then we
get '

_FOFG L
GFO—T®) (; = S, <€>é 4

FOFG Sy oy
A—FOF@)" E“O"@z'

Therefore, by virtue of
N . o 1 . _ . O, 7 i n, ﬁé’n . . . C N
= ” 22" do, = s N (2.17)
T 1/(n+1), w'=n, o ‘
for n, n =1, 2, «, we obtam that the left-hand. side of (2 16) equals to
EW(ID @© 2+ 16D 1.
Applying Theorem 2, we can conolude that the 1nequa11ty is true.

v Now we show the sufficiency of the condition (2. 16) Agsuming condition (2. 16) :
to be satisfied, we first show that f’({) doesn’t vanishing |{|<1.. Otherwise, ‘there
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exists at least a point o in || <1. 'suohvtha‘u J'(Lo) #0. It follows from (2.16) that
[ 1to-slde = Lo,

: i<l
But this is 1mpossub1e beoause for any suﬁﬁclently small posmve number we have

1 H lo—=Co| —%z/_ ﬂ |Co—2|~*do,> 1

lzl<1 lz—EoIGn

Letting »—0 in the last 1nequa,1i1:y, we get
L U [tomel doeo,

) lzl<1

8o f/({) #0 for anyZ in [¢| <1, o :

Secondly we show the univalence of £({) in IZ|<1 If it isn’t true, then thore
‘oxist at least {o and 2, in the unit disk such that :

F&o) =50, ' (Lo) %0, F(20) *0
Therefore in some neighborhood. at; %0, We haye
J (@) =f o)+’ (20) (2—20) +0(|z zol”)
In view of this last expression, for any sufficiently small posmve number "7; we
conclude that ~ :
1 ” (O AO N T
w ) TFO-F@® T
1 "Lo) (f () +0(|2—2]?)) - 1 |2 '
>+ I [ S - e oo
where ¢ is a nonzero constant Letting 7—>+-0, from the last inequality and (2.16),
we get (1 |Zolg) ~2> oo, This is also impossible. Hence f (Z) is unlvalent in
: i<t 0
anally, we show f({1)f({a) #1 for any {; and {, in |{|<1. To do thls we
assume that there are {o and 2o in the umt disk such ‘that f(Co) f(2)=1. Then it
follows fromw (2.16) that
G ST
AN <1i}§23§<<c3>>2 Bl |
But this is impossible, as proved above. Thus we complete the proof of the sufficiency.
'l‘herefore the assertion of the theorem is true. :

Remark For B1eberbaoh-Ellenberg class By, we know the inequalities (2.5) are
also the sufficient conditions, but that sufficient conditions is teo difficult to check.
The condition (2.16) is easier 1o check than (2.5). On the other hand, Theorem 2
really ig the generlization of Bazilevic theorem too.

- . Theorem 4. Let f€ By, both {{,} (=1, -+, N) and {{ } (»=1, N’) be the
d/bstmgmshed pomis in [L] <1, and T be any nonnegative integer. Then we have -

do‘,,
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B B @ ] + |3 @, )|
< 3 min (K @ T S A C B, (2.18)

for amy nonzero complex numbers{n,}and {n,}.
To prove thls we W111 ;proceed, as in (2, 3]. We now set

o o (w) = n,, B Wn() = ‘C”'
for all n>1 then the 1eft hand side of(2.18) equals to

L= |8 3( 3ty [ +[2 z(mz ammm@)wnw))

;:.—111-1<m,n—
By Cauchy mequallty once more, We got

e |5 3 00) 2 B St
2 R(Ehn ) 2(Eh er)]
(2 Ef.[ 1 = Ew (Fl) )XIs, G

1 n :l—1 nj
wheére "7 e
'’

-3 G Eéflﬁmwwmﬂ”)’

Simy -

N

2 sbe 22 :If.!:l Om;mwm,(v)

my ; mgv=1

+3- S |3

Usmg the followmg Shah inequalities enoe more

Bt (- zt)zu
it follows that - A
Iy =Z].:Ii 2 “42 ’”l(LZ dmmz(

+(12

'<H2”i2 (

=1y o om A

o ST il ) )aam, on

,1.' M-y V=1

n(Z3 B T Ot ) ) |

VM- = 1.7—

3 glﬁqm,n,wm,@m,(v)

Do e
zozm,,,(zn 2, ))| "+ | 3 O (S L ()
g () || |

14

2 2 2 ].—.[ Omjﬂammd (1)) wﬂz (V)

C | my mz-1v=1 j=1

<ﬁ > 2“1(

j=2"ny; n5 1

)

1

<II 2

§=1 ny
Therefore we obtaln the left hand s1de of (2 18) :

(2 zn—— znm,,,m)} (-t

@ nz §=1 M; |p=1j=1 ny m J=1 Ny

zﬁ%@

v=1j=1

).

Since
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S-S

ny  mg =1 My

= u ,i?‘c‘l 97147)9 (K(Zm Cy) )'; e

Sleno] = 3 (310w 707)

n=1 N

* and similarly

>3+ - 3 AEE B,

we get (2.18) at once, when substltutmg these two relatlons into the last mequah ty.

2 II mn, (v)

r=1

This completes the proof.

From this-theorem, we obtam 1mmed1ately the following,

Corollary 1. Let fEBy, 1l be amy nonnegative real number, and {¢.} (,UJ 1 - N)
be an aq"b'btmry system of distinguished points m[ 4 | <1. We hawe

E Wunu(F(Zm ¥ ))l + 2 "Yu'ﬂv(é(Cm Zv)
2 I'+].%
(Ewm@m» ,=_%" (2.19)

for any complew constanis {n,}. * .
In particular, when 1=1, inequality (2.19) reduces to the mequa,hty (3. 5) of [1]..

Corollary 2. Letf E Bi, P be ‘any complew number, and {{M} (w=1, <, N) be
distingwished points. Then fo'r cmy complea; nwmbefrs{m} we have

13 Zman(f G 0)7[ <, B~ 02, (2.20)
‘ 2 "7/4"7? <¢(Zm Zv)) ’ 2 77,44"111(1 C/&Cv) Ipl o ‘:‘<"2 21)

Proof - By virtue of Tayler expansmn of exponentlal fenetion and uSmg(2 19) ,
it follows that

| ‘zlmh;‘cﬂzﬂ;z»’)ﬂ i,ij "'

(F & )|

Liplt & @, L)'=, 2, i1 L),

S1m11ar1y, we get(2 21) T
Theorem 6. Let fE€ Bl, l be nonnegatwe fmtegeq", and, both {C of (=1, 2; -« N)
and {{,} (v 1, 2, «+, N) be wrbztmry systems of -distinguished pomi‘s fml Z| <1 Then

2 277/4"7D<]nf(€m L )_(¢(Zm v))s)l R
< Z 77M770(K<Zm Zv))l 2 WMWV(K(CM: Cv))l D (2.22)

holds for any nonzero constants{m}and{'r/,,} e=1, -1, - D ‘
In pwrrtwulw, _fwh@lel -1, thq,s theorem reduce to -the corrrespandmg znequalfoty of
1. h i : ;

Proof We ﬁrst see that the left-hand side of (2 .22) equals to
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N . oo . \,‘ N\
1=| 3 2 (3, ot 0w T03)
Byv=1 m,n=1 ,

By means of the same method as in above Theorem 4, using-Cauchy ,_i.n'e'quality
again and again and applying the following Shah inequality

Zn

n=1

| m=1

3\ ot 0mn) [ <3 1alm,

we can obtain

1< 3 nan (K (L Ly > ’/hmu(K(Cm )

This completes the proof. ,
Gorollary 1 Suppose f E By, &= 1 1 and p-be cmy complem number, then

2 "'hﬂiv(f(Cm C )(¢(C/u Zv)) )p ”-El'ﬁu"h(l_:'gug?) .m (2 23)

for any nonzero complew constants {n.}.
Theorem 6. Let f € By, 1be-any nonnegatfbo)e integer. a/nd {Zu} (uw=1, ++, N) be a

system of distinguished. points 'ml |<1 Let P.(®) denate the n——th Fabeq" polynommls
generated by the functwn f, e=1, 1 and

Q=P D) =T,
(0= PL(F(D) +2nys, m(f(C)/C)*'—2EwC” e

Then fo'r any monzero complew constants {n,‘} we' hwue

i—g (|Zmorwn | +\2mk <cn>| / |
éla&,‘}yum<|f<cm 019/ 1101 (224)
| ‘2 S +em@ [ /o SR
<, B min WL DY G LY 11D, e 25),

" Here the equwlmes hold if and only zf the areq of the complement of the union of zmage
FUtl<1)and 1/f(|§|<1)fuanzshes g'=1, 5—1,"; - B
Pa*oof Using the propertles of the Faber polyn0m1als we get ‘

"'9(5) (C) n 2 dng'”+ SU

:_‘hn(@ =n E Ong

Therefore, applymg(2 10)of Theorem: 2(here we choose p=gq= O), we obtain
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D nnK G W+ B AAE G, T

Hyv=1

> Sin(| Sy Smtt )+ 2 (3 Omtim)|

+§n po[we) +§Jm(2dm,.c'm)[ )
-3(| & e @)+ (@) +' Sndn @)+ Zrtg? @ [1) /o

—2eRe{ B na P 0+ F7n0C, O
+ D AF o O+ Rniie @, '}

el 2 nﬂni’K(CIH Cv) - 2 mﬂvi (Zﬂ) Z,):

‘Where{gu}a,nd{z }both are the systems of the dlstmgulshed points 1n| 4 <1 {m}and
{m,} both are any complex constants.
'We know that if A(L, 2)=A(z, {), thenm :

Bo{ 3 nind(@ ) = 3 naRelA(,, z,»
and K (C, z) =K@ 2 ((,, 2). Therefore it follows from the above 1nequa11ty that

ﬂ 2 ﬂﬂg@)(CM) +E Mha + ' 2 Nultn (Cy,) +2 nyg(‘)(c’ }/

N
“vzl"?uﬂv]n(lf(Zm Zv)l /ll C;L»l)'
NI
3 mI @ ©1/11-081+ F Snidtmle ., 1
N N _ o .
+3 Saale, D% e (2.26)
Particularly, if we set 7,=0(u=1, - N’) it follows (2 24) from (2 26); if we set
N'=N, ny=¢'n,, {,={, for u=1, +-, N, it follows from (2.26) that (2.25) is valid.

This completes the proof. :
Theorem 7. Let fE By, 1 be nonmgatwe integer -and {{,} (p, 1, -+, N) be the

n=

_distfmgm_shed points in|{| <1. Let El..am,mn,,>0 Sor any complexs numbers {{,} (w=1,
. : p . . . My V= . -
*+, N)and e=1, —1. Then we have

3 e [ LG exp{2 i <g<s><zu>g<s><cv>+h CRTD}

N

<#§_]1a oMl |f/'
é ol If(Cu)f(Cp)

B, v=

“(2.27)

v

-exp{ L3t <g<s><cn> AR S
IO E =f
=

=Y

N

2=w'rin

where{n,} (u= 1 , N)are any nonzero constants.

<

(2.28)

7%%
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Proof Set SR . o
| a®=In(|f Cu L) 1%/ 11-LL 1, |
=g 3 6 ) T L) BTN/
and o, =a3), —a<2> for w, »=1, +--, N, . : :
Evidently the matrix (a(z) is positive somi-definite. Applying Theorem 6, it

i‘ollows that the matrixes (af)) and (a(3’) for w, v=1, +-+, N are both positive semi-
definite. So from [4, p. 314 Lemma, 1] we have '

3 0xp(a) (oxp @) ~ D >0

for any nbnzero gimul baneously complex numberé{n,,} ‘Na;mely

2 auﬂ"?u”ivlf (" Cv) [#/]|1= Lulo|t=> 2 mmfhw exp{a(z)

Substl’su’vmg "he[ FC)/Eul® for m, in the last mequalltles we obtain at once the
inequalities (2.27). Slmﬂarly, just as we have proved above we ocan verify the
~ inequalities (2.28). Thus we complet_e the proof.

§ 3. On The Grunsky Functlons

S1m11ar1y, by virtue of the basio mequahty for fEG‘l from [1], we can prove
the following results,

Theorem 1. Suppose f € G4, p, ¢ are any non-negative integers and {L.} (n=1, -,
N), {{}(w=1,-, N) are both the systems of the distinguished poinis in 1¢| <1. Then
for any nozero simultaneously complex constants{n,}and{n.}, we have | '

1) ‘

o’ N — _ __‘ N’ N —_— : N '
= \ EInME;”’ L) + 2D (CL) 1D (L) + 2P (G
n=1 w= n= . v=

< 2, K"’"”(Cu L) + E K 4P (L, ), (8.1)
"Where the equahty holds if and only if the area of the complent of the union of

F¢l<D)and 1/£(|Z| <L)vanishes;
2)

S Sl FO 0L 1)

28

(K. T - 3, n;n'wa(cm z») (3.2)
of which equality holds only if for n=1, 2,

2 (dmn 277/1 aZ,qC +9mn2 77# agiq ’m>=&§ Nu % Z; (3°3)

m=1

A being constant such that
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N —
l7»l£’=MZ=‘,1ﬂLn’vK(f"‘-"(C}, A / 2 KO0, L),
Corollary 1. Let fEG,, {z,;} (p=1, N) and {cy} (,, 1 «ie, N) be both the
systems of the dfbsmngmshed points in || <1 then,

(L )|+ [ 3 mmwzm

/2 .
(2, s K (G z,,> x ) K (s >) 3.4
In particular, while N’=N, §,L C, n,, ’7/“ it reduces 1o the 1nequa11tles (4. 1) of
[11. ‘ g ~

Corollary 2. Under the assumption of wb_ovej()orollary 1, we have

5 ¥ FEIF@ 1 Y, Ty |
|2 2 GFT=FEDT @= ) |2, 2 (1+f(Cu)f(Z))”'

3 L
<(Zna -t S ana- zg»-ﬂ) S RN CE)
' Th@s strenthens the correspondmg fresults of [4].. ' D

- Corollary 8. Let f€ Gy, then for any point L in the wnit disk we lmfue
Hf G1+61F O 12/ A+]F (D) H2<6(1— ICIQ)‘”. (3.6)

This was proved by Beresniewiez-Rajoa, olga™,
Theorem 2. Suppose £ (L) is regular in the unit dzsk f (O) O and f’ 0) #O then
the necessary and.- suﬁicwent condition for fE@Qy is that

_1_ FfFOff 1 |2 FOFE 12\
| ” (lgas ORI (1‘+'f(Z)f(Z)>_”| >=d‘-’z
| —lep e e

for any point Z in IZI <1. Moreowr, if fE€ Gi, then the equality of (3.7) holds if and
only if the area of the complement of the union of f(|{|<1)and 1/f(| Z l <1) vanishes.

Theorem 8. Let fEGH, 1 be any non-negamw 'mtegerr, and{¢,} (/u, 1,0, W), {U}
= 1 «es, N")be any distinguished pomts m[Cl <1. Then we have
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for any. comples numbeq”s{n,,} and {m} . :
Corollary. Letf€ Gi, P be: any complem fn,umber and let {t ,,} (,u, 1 oo, V) e any
dzsmnguzsbed points fmlf,'l <1, then we have

3 (G Lr|< Enaa-t,  eo
[ e, vr|< Sana-tom @

for any nonzero complex numbers {r,},
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Theorem 4. Let fEQy, e=1, —1, p be any complex number and 1 bé any mon-
negative integer. Let {{.} (/u,=1 eer, N)-and {{;} (v=1, +--, N') be any distingwished
points in | Cj <1. Then we have :

(2 S (@ 8 W W | |
< 3 (K G TV, S K C T (3.11)
| 3 P QG LI L)V |< Bma-Lly ™ (3.12)

- for any complex numbers {n,} and {n,,}
Theorem 5. Let fEG:, =1 =1, >0 and (a,,,) for w, v=1, +=+, N be positive
semii- deﬁmte Hermite matrio. Let - P,,(t) be the n—th Faber polyfnommls genemted by

Sunction f 3 and

5O =P Q) ~ e,
B =Pa(=F () +2%, W(FQ/D =27l

for n=1. Then we have
N
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where {{} (w=1, +--, N) are any distinguished points in |{| <1, {m.} (w=1, -, N>
are any comples numbers.
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