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Abstract
This paper deals with the following mixed problem for Quasilinear hyperbolic equations

«* I M> =$>(«),
-ж - Ф (х' •' >■ o ,

8ue
dt *«0 --ф(х),

Ue\ir =  X(.X, t) ,
The M  order uniformly valid asymptotic solutions are obtained and there errors are 

estimated.

In this paper we investigate the mixed initial-boundary value problem for a 

hyperbolio partial differential equation as follows

т _
8t2

- A  f  ,v  0 4
S  «м(®, 0 -5 a "  «=1 OXiOXj m  a *-+§».(«, <, <,«.)0Wo

- / ( ® ,  0 ,  G)
«•l*-o=-fl»(®), (2)

<«i|p"z(®, 0, (4)
where s is a positive and small parameter; <)€(? and G = Q x  [0, T] is a 

cylindrical domain; F  is the lateral surface of 6?; <в= (®i, ж2, ж»). Let all the
coefficients and all the data bi} c, f ,  q>, ф, % be sufficiently smooth with respect to 

all the arguments. Suppose the coefficients of the equation satisfy (i) ay= % ( i= l ,  •••,

ri) and 2  i t , V£-(£i, — , in) £ R n, where 7> 0 is a given real number;l,j=l i=l
(ii) bo(t)P‘a>0, where a is a given real number. Suppose further that all the initial 
data are M + 1-order compatible with the boundary condition.

Let the formal arymptotio solution be

Un^ W n + Vn^  2  6пЩ, +  2  Sn+\ ,  (6)л=0 n=0
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where Wn is the external solution and Vn is boundary layer correcting term, we have

~ . . ....... ........ '...................................... . . . . .  . ' ....................

, дЪ
where b{0= (x, t, w0) , ba = ~-r(.x, t, w0)wt and . .

d h
Ь1п=~Ш ~(Х> w °> W l> Wn- t ) '

The similar expension

e(ao, t, W N) = S
1=0

can be also obtained.
By comparing the coefficients for the zero-order power of s, we obtain a problem 

for wo as follows 

dwob0(t) 2  «»- й г + 2 »o) - ^+c( * ,  t, m.) - / ( * ,  t), (6)i,j= l ОщОЩ 3=1 OCOjdt

Wo|t=o =  ? > 0 ), (7)

Wo\f=%(oo, t). (8)
In the same way, by comparing the coefficients for sN, the equation satisfied by wN is 
the following

6o(f) 8wn -  ^  -  8*Wn b^ x /t, w0) 8Wn

+

dt 4,^i y dxidxj 1 jii 
4

dooA
чсЦ 0Ъл. f ±  \ I / , v

-5=1 дм6 8ue
Wn

— ~ + PN-l (%, t, W0, WN-1, dw0 
8t ’

8wk
dt

-i dwo 8wN- i \
’ dx, ’ дх, r

(9)

where PN—i is a known function which can be determined by induction. The boundary 
condition and initial data for wN will be determined with the boundary layer 
correcting terms later . It is eary to see that except w0 eaoh wN satisfies only a second- 
order linear equation, but w0 satisfies a second-order quasilinear equation.

The boundary layer correcting terms must be constructed near t = 0, since in  

general w0 doesn’t satisfy the second initial condition.

We consider t as a double variable t — (t, t) near t =  Q, where t =  t, t - M(t)

and M (t), a function to be chosen later on, satisfies M(Q) =0; M (t) > 0 , £>0. 

Substituting (5) into (1), we get

Г TUT ITТ \ T UT l „ toVN 'sb „ toV N , *. / Л &V NLt<W*+Vx)-L.W„+6 -w ~-

+[±U*, i. W s+ r s)a^ + r^ - ±  b,(v, t, W.) f = . ]

+  [c(x, t, W n'W k) ~c(x, t, Wn)1 .
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Moreover, we have

b,(®, t, Ws + r „ )  a<'w ”g ^ r ’') - 6 . 0 ,  «,
2(№Ч-Д0

i1
where

•'a-

5 i2:

т+ю  _  /ОТ+i)a _ \  ЯТ/2  *««+( s  <л« )-?*-,i=i \  *=o /  5a>*

а 5 'г ( » ,  t, ^ o K - ^ r ,

(  0>,2

5ме
a&4

(a;, *, «*)«o ^

5 V
dwx , /  5254

5м?
. 554 \  дщWlVo+ - ~ v 1 '

du„ d'Xi

liQ-biip, t, Wo),

8a“ - | —-(«, ** Wo) (wi +  v0),

У{2 =

duL

&u„.
■ (cc, t, w0)(w 2 + Vt) + 1 Д

2 5 m. (Wi +  Vq) 2.

In  the same way we obtain
. 2ffa+ff _

c(cc, t, WutVVn) ~c{co, t, Wn) — S  8<СЪ
4=1

where

cp
5e

Ca:

5ме
5c

■(®, w0> o ,

8ue
■Vl- 52c

5m? WiVo.

Therefore

ДС1Г . + Г , ) £ + ^ [ « . 5̂
52

5a

/о
-  s 5 , 5 \  ^

0 ,-5o.C0 f s ■''Л?# ~», j=i d%idxj V  dt dt
n 2(ff*+ff) 2AT*+tf _

+ 2  2  8 ^ « +  S  6 ^ + ^ + 0 (s ^ )
г=1 #=i

_  o -l

i~l
2(N*+N)

s~1lK o + 8 K 1+ ~ ‘ +  e2J™ +1 K 2N42N̂  VN +  S  e3' A + /
i=i

+ 0 ( s * ) ,

where
/» _ 

-Цг =  2  +
i=i

For convenience, we still use £ to denote t. Then we obtain

К° = М<-^+ b«V)M>

К 1 - * М> -Ё з + М» 4 г -  S  * п & - + ъ » ©  4 - + 2 М » . <,d td t d t -1)3=1 oXiCXj d t i - i  o<Gi

К . V i V -5 i2 ' й / 17*-1, 5ж4 
Generally speaking, for each 1<ДШ2Л 2JV+1
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«=1 OOCi

Let K oVo=0 and Mt = b 0(t), i. e. M(t )  =  f b0(t)dt, we have
J о

*,0=PoO, *)е-1=Р0(сс, ,
Since b0 ( t ) > « > 0 ,  v0 is the boundary layer correcting term with P 0(x, t) to be 
determined. vt  is determined from JSTô i— — K iVq—Di . To avoid the long-time term, 
the following second-order linear equation must be satisfied by Po

2Po=bo(i) dPo , A  n aaPo
dt i} dXidfy 4=1 0%l

+ / j m o • 2 - # 4 » ,  *, ®b) a r °
do (a?, 2, w0))Po=0dt "  dw8 ' ' dx{ due

and the initial condition for P 0 will be clearified later. Hence
<Di=Pi(x,

where P i w ill also be determined later and Vi is also a boundary layer correcting term 

v2 is determined from the equation K 0Vo= —KiVi — K 2v0—Pa- In. the same reason, P i 
satisfies the following equation 

raaP0i f 2P i= L 8ta
А  Й , /  , \ dPо dbi / , \ dwi■(«, t, W0)-due dxt

The initial condition for Pi(x, t) is to be determined. Hence щ satisfies

-24

and

a special solution
0ae 0a+0a=Pa(®, Oe-* +  Paa(®, 2)e_2*, 

where P 2(®, 2) is a funotion to be determined and Va =  Paa(®, 0 e" 
for above nonhomegeneou equation, is completely defined.

Generally, Vi+1 satisfies
i+i _  » !+l

K o V i + i=  — ^ K i V i + i - i  — D i+ i—  \S ^ a P % ~  <71+1,1 (&, i)]e“f+ 2  f f i+ i . i i00,  t ) e U,4=1 4=2
where <74+1 ,4(0, 2, •••, 2+1) are known functions obtained by induction. To

avoid the long-time term, we set

J^aPj-S'j+i. i C®, 0 .
The initial condition is to be determined too. Thus Pi can be solved, and then we 

obtain

Vl {x, t) =Vi + Vt = Pi(x, <>“* +  2  P«(®, 0 e_<?4=2

— Pi{x, t)e eJ° +  2 Р и (® , *)е4=2
Now we deduce the conditions stisfied by and -г4. Since
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we obtain

«blf-o-pC »), f=o ~«K®), ue\P=%(x, 0 ,

Wo 11=0 — ф  (® )  ,  W l |( = o =  — ^0 | *=0, % + l  I f=0 *= — V n  ! t= 0 j

Wo I F = x(.a', t), Wi|j>— — Vo\p, •••, Wff+i|jf=> —

Po(®, 0) 6o(0) ф(р)
dWp
dt (о, ®)],

°4 ^ +^ ) L - S iP“̂
Thus, we can obtain wi, щ by induction. From now on, we shall concentrate our 
attension on the estimation for the remainder.

M+\ M
Set Um= W m+i +  Vm=  S  sm Vj, it  is easy to see that

1=0 j =  0

L J J u - f + O i s ^ ^ f + e ^ M a ; ,  t), Ua \t=0=<p(x),
dUu

dt t= 0
-0(®) +  вж+1А(®), T7u\*-x(*, t),

where fi(oo, t ) —0 {  1), h(cc)=0(1). Let us=XJm+ B , then

Ls(JJm^~R) = L e(JJM) +  8 e*B
dt2

A  d3B  . 7 ,,V
S  “л—л-----НОоСО

dB_
d t

+ ± b < (I7 * + B )-g £ + S № i(C T if+ jB )-» .(!? * )]<=1 <=1
+  [о (1 7 я + 2 г )-о (1 ;„ )]- /(® , о .

Hence
d2# аа2г а д

^ . п.( й ) = 8  - g ^ + W O  - ^ + 2  № + * )
ai?

+ ± а ( а 1Г+ я )-ь .< 17»> ] - ^ s -<=i a®<

a# < tr ,VM ' a®<

[« (tfr b B ) - с ( В Д ]  -  - 8 “+%,

■B(®> 0 I *=o— o, dB
dt t= 0

=  - s M+1A(®),

Let B *= B + sM*4h(<i>), U*m+B*=TJm + B. Then

* ) - * ( » ,  0 , ^ . . m (0) - 0,
and 22* satisfies the homogeneous initial and boundary conditions. Let 

M = \u .,u £W l(G ), w(®, 0 )= 0 , ~ ( ® ,  0 ) - 0 ,  m|p= o| ,

|mL =  M 2+ du
dco +  8 a^

ж
Then F  is a nonlinear mapping from M  to B. Let FSiU*(u) =L(u) + N (u), where 

L(u) is the linearlized mapping. Then
&u &u du I ’CT T / Т Г *  \ du
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N(u) u- - Ц -  m +Qoou)u*+ ± Л  (Uu+eiU)u \dus i=i oUgCi 8ue ч~ да ' “s~'&re
Owing to the estimation of solutions of the mixed problem for hyperbolic equations1-33, 
we have | и [ 8<Ci\\f 12, where c* is a constant independent of e . .
Hence L is an one-to-one mapping from M to В and its continuous inverse exists. 
Thus, We have

For FetU*(u) = L(u) + N (и) =  y,set L(u) =  v, then v+ N (L ~ 4) = g, i. e.
v =  g —N (L~4) =- T (v) .

For the nonlinear part of F, it is easy to see that
IN  («*) -  N (u2) || 2< m  (p) | щ -  u2 18. 

where m(p) =c2p, c2 is independent of s and |%|8< p .

By choosing po= 1 — 1—-----and denoting [y2|| =  —— p, for p < p 0, we consider ball&CiCq JCi

Quic^p) =  {v \v  £ £ ,  ИVII2<С1гр } .
If v (£Qb(ci*a, p), then

||T O ) IU<cr1p,
IIг ( « l ) - r w  ||2=  \ N ( L - * M ) - N ( L - \ v2))  ||< m (p ) [L ^ to j-L ^ Q o j  |8

< m  (p) ci I v2— vx 12'^у  I v2 -  Vi 12.

Therefore, Г  is a contraction mapping from Qb1 (сГ1р) to itself. By the fixed point 
theorem, we conclude that there exists a unique element v* in  й в(с-1р) such that

By taking R* such that L{R*) = ro*, it is easy to see that R* satisfies 

L(BT)+N(JBr)^g, | # | 8< С 1 |И а =  0 (8 * +1) .
Since R —.R*—sM+1th(x)„ we obtain 11218 =  0  (s u+1) . Finally, we hav

Theorem. Let the coefficients of (1) ay, bi} c and the deta f ,  q>, ф, % be sufficiently

smooth fmotions with respect to all the arguments. Suppose that a{} =  %, if,

bo(f)&*<x>0 for some positive constant numbers у  and a and the initial data are m + 1- 
order compatible with the boundary condition. Then the m}xed problem for quasilinear 
hyperbolic equations admits a unique solution uB for which■ the following asymptotic

1 ir _ . .
expension holds u$= 2]' вЧа* +  2  si+1vi+R , where Wo is obtained by the mixed problem

4=0 4=0
(6) (8) for quasilinear equations, wt by linear equation (9) and corresponding initial
and boundary conditions, and Vj is the boundary layer correcting term. Furthemore, the 
remander estimation (й ( е= 0 (ел/+1) is satisfied.

References
C i] Gao Buxi, Singular perturbations of general boundary value problems for ‘higher order quasilinear 

elliptic equations, Fuckm Journal (Natural Science), 4 (1980), 411—421 (in Chinese).
£ 2 ]  Jiang Furu, Selected works of the Mathematics Department of Fudah University, 52. (1962)


