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Abstract
This paper deals with the following mixed problem for Quasilinear hyperbolic equations
Luy=o St - S oy te aw Tt L+ 3100, 1, u) S oG, 1, W) =FCe, ),
ueh=o~<r(w),
—%’g—s— i =@,

us| =y (2, t);
The M order uniformly valid asymptotic sclutions are obtained and there errors are
estimated.

In this paper we investigate the mixed initial-boundary value problem for a
hyperbolic partial differential equation as follows

Lame S~ 3 ay(a, )50+ 00) G4 330uto, 1, w)Dto(a, ¢, w)
=f(w; t): ‘ . ' (1)
e ima= @), )
s
S IO} ®
us{F=x<w; t), (4)

where s is a positive and small parameter; (w, {)E€Q and G=0x[0,T] is a
cylindrical domain; F is the lateral surface of Gy w= (w1, s, **+, @,). Let all the
coefficients and all the data ay, b, ¢, f, @, ¥, x be sutficiently smooth with respect to
all the arguments. Suppose the coefficients of the equation satisfy (i) ay=ax; (=

1,
n) and él a,,§¢§,>yi £2 VE= (&4, ++, &) ER", where >0 is a given real number;
&= §=1

(i1) bo(t)=a>0, where « is a given real number. Suppose further that all the initial
data are M +1-order compatible with the boundary condition. ‘
Let the formal arymptotic solution be

N N
Uy = WN -+ VN-= E g™, +n-20 S'H'i‘l)m (5)
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where Wy is the external solution and Vy is boundary layer correcting term. we have

v _bt(W,i-t, WN>=:§;)S_‘6H;‘" R

where by=b;(x, £, w,),; b¢1=gg(a¢, ¢, wo)wy and

By = 3b¢

(a; A wo)w,,+5¢,,(w B, Wo, Wy, ***, Wp-1)e
The similar expension
¢z, ¢, Wr) ———.,g)s’c,
can be also obtained. _
By comparing the coefﬁclents for the Zero- order power of 8, we 0btam a problem
for aw, as follows '

arwo . Py e .\ Bwp B :
b)) 2 %y 0, b, ) Dk, 1, ) =16 D, ©)

'w0|t=o=¢(w), . ' (M)
w0 @
In the same way, by comparing the coefficients for ¥, the equation satisfied by wy is
the following
bo(t) awN 2 Qy; A Lt +2 b; (m t ’b()o) awN
$,5=1 aivia
8fwo 80
+[j~21 aus (m t o) o a (w t ’ll)o)]’wN .
__ Py ( ow . Qny D . Ovns)
] + PN—1 @, t, W, T "I’?N—l) ot ) ot 360, ] s 8(17; p)

. (9)
where Py_; is a known function which caxi be. deﬁéi;mined by induction. The boundary
condition and initial data for wy will ‘be. determined with the boundary layer
eorrecting: terms later. It is eary to see thab except wy each wy satisfies only a second-
order linear equation, but w, satisfies a second-order quasilinear equation.

The boundary layer correcting terms must be consfructed near =0, since in
general w, doesn’t satisfy the second initial condition.

We consider # as a double variable ¢= (%, #) near t=(, where {=¢, = M)

- and M(¢), a function to be chosen later on, satisfies M(0) =0; M(£)>0, t>0.
- Substituting (5) info (1), we geb |

0 VN _ 4 32VN 9VN
L (Wx+ VN) =LWy+s 3 T 5'32:]1 Qg 25,0

n . i d(Wu+Vy) 2 ‘ Wy
O e LAk~

+b (t)

4o, t, Wat V) —oo, t, W)L~
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Moreover, we have

bi(w, t, Wy+Vy )M bi(w, t, WN) 8WN

2(N24-N) ’ 16> SLIN V.14
= i, - i N
E §5¢9+( = Sbﬁ), om °
where |
5-i1""v (w ’wo)’vo ag;? |
— 5 8w1 626¢ 8bi a’wO.
ba=ge (& )% s +( s "’°+ ) K

bo=bi(w, ¢, ?00) '

b= ﬁéj‘(w ’wo} ('wi + ’Uo) )

EQ—- -——-—-((l} t ’wo><’w2+’01)+ 1 ab‘ ('w +'vo)2

In the same way we obtam

o(o, t, Wat V) ~c(, ¢, Wa)= ﬁ;NsZu

where
c(w)t,wo)%" | - i
62'—— aa’lj ’Uj_+ 2 wlbo '
Therefore _ : :
_ B b o\, &
LWy+V)={o[s28t Zvo [0, Lot 2 )+ 2
Wa+Vx) [ +8 [ o at> Btf’]*
) NEDE P
-1 < LY DL
521 Qi aél?, +bo(t) ( Mt + ) E é b” > o, }VN
n_ 2NN - NN V : '
L3 f5,i+ S sfcj+f+0<s”)
=1 §=1 =1 . - o
. 2(N2LN) .
=g [Ko+8 Kyt Koy omea ]Vt ;;Ei: &D;+f
f}—O(eN).; ’
where '

Df-=¢_§i‘; by+es,
For convenience, we still use # 1o denote . Then we obtain

KO=M,2_§_+ bo(£) M, -i,

_ 9 _ < &
Ki 2Mt atat+ at 2—1 - 3@3 +bo<t) +2 b¢<{l) t ’b()o)

8 tﬂ +2 bu
Generally speaking, for ea,ch I<2N?4 2N +1-

Kp=
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K= 31111 2 2
=1 3,

Lot Kqvo=0 and M;=bo(2), i. e. M(t) =J: bo(£)d#, wo have

vo=Po(w, t)e~ = Py(s, t)e—% Jupucous .
Since by(t)=>a>0, v, is the boundary layer correcting term with Py(w, £) to be
determined. v, is determined from K¢v;= — K49o—D;. To avoid the long-time term,
the following second-order linear equation must be satisfied by P,

LPr=bo L+ 31 0y Bl -SibuGo, 4, wo) S
3b0<t> abg aWO ac —
+( Bl -3 2w, 4, wo) ZL 420, 4, wn) ) Po=0

and the initial condmon for Py will be clearified later Henoe '

vy=Pi(a, t)e,
where Py will also be determined later and vy is also a boundary layer correcting term
Vg is determined from the equation Kvg= — K191 — K 09— D,. In the same reason, P
satisfies the following equation

2 7
LoPy= [3 Py +2 204 (@, t, wo)w: 9P, +(E o0, (z, t, wo) 8@0;:

o2 a'ue a =1 a
+2 a b‘ (w ’LUO)’LUl g,wo + gu% (w: t} ’wo) )Po]Egm(m’ t).

The initial condmon for Py(w, t) is to be determined. Hence v, satisfies

K(ﬂ)g—- —2 gubt aall:;) Po %50 —2t~g (m t)@_ﬂt

and

| Vg="Ta+a=Pa(w, t)e~* + Paa(w, t)e %,
where Py(s, £) is a function to be determined and = Pas(w, £)e~%, a special solution
for above nonhomegeneou equation, is completely defined.

Generally, 2,4 satisfies
1+1

Kovp1= —2 K ¢’Uz+1-¢—Dz+1—- [ZaP,— g1+, 1(517 75)]0 t+2 gz+1,¢(w t)‘f“

where ¢;.1,;(@, t) (=1, 2, «+., I+1) are known functions obtained by induction. To
avoid the long-time ferm, we set

LoPr1=g11,1(w, ).
The initial condition is to be determined too. Thus P, can be solved, and then we
obtain

. L .
v (w, t) =v+u=P/a, t)e"’—l—z Py(w, t)e™

~Pya, 1o —1 [ votrat +2Pu(w e —Lf b(t)dt.

Now we deduce the conditions stisfied by w; and v;. Since .
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wlo=p(@), S| <o), wlr=1(a, 1),

we obtain

'wolt=0=¢(w>: 'w1|t=0= "'volt=o, oo, ’wz\r+1|t=o= —’let=o,

’wo]F=%(‘” t), w1|F=_WOIF, wN+1|F=“’vN]F,
Po(a, 0) =] o) ~ 220, )]

Py(a, 0)=(2%2+ 3(,;‘;") —-gzp,,(m v,

Thus, we can obtain ), 9, by induction. From now on, we shall concentrate our

=0

attengion on the estimation for the remainder,

M+1 M
Set Uy=Wyri+Vau= 2 s’wj-l‘jZ gtty, it ig eagy to seo thab
=0 .

LUy=f+0(e") =f+6"* (2, £), Uglo=0p(),
| —p@)+e* (@), Tulr=i(a, 1),
where fi(w, $) =0(1), h(x) =0(1). Let u,=Ux-+ R, then

o°R *R
Ls(Um+R> s(UM>+8 ¥ i,%l Qyj 2500, —ee - o(t)

+3 b;(UM+R> 2 BTt B) ~b(U)] Ly
+ [c(Uy+R) —G(UM)] =f(=, 1),

Hence

9: Ux (R> & 53 ats ¢j2=1 Qg 5 aw a 0(t> +2 b‘(UM+ R)

+§;[b¢(UM+R) ~b(Uy)] aag:’f +[e(Uyg+R) —e(Uy)]= _8M+1f1’

oR
ot | ¢
Lot R*=R+s¥*'th(s), Uy+R*=Uy+ R. Then
Fops(R") =8"*'fa(a, )=g(w, 1), F,, u;:(O) =0,
and R* satisfies the homogeneous initial and boundary conditions. Let

U={u u€ W@, ula, 0)=0, 2(a, 0)=0, uls=0},

5

Then F is a nonlinear mapping from M to B. Let F,yx(u)=L(u)+N(u), where
L(u) is the linearlized mapping. Then '

2 o
LW =s T4 - 3 a Lo tbo() GBI o

+3 2 Uy s L2 <U;fl>u,

=1

B(s, ) |1=0=0, .—_—swh@, R|p=0,

B={v; v€ Ls(@), |v]|= IIQ)"2}-

oy
Jul=ula+ | 52,
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86,- ﬁi_&_ 620 #* 9 =4 82?7‘ % .0 a9
B w) 7, u—l—-————aug (Uy+oou)w —I—% 2 (Uy+bw)?,

Owing fo the estimation of solutions of the mixed problem for hyperbolic eQuaﬁong‘QJ,
we have [u|,<c|f[2, where ¢y is a constant independent of 5. . |

Hence L is an one-to-one mappmg from M to B and its eontmuous inverse exigls.

’I‘hus We have .
L] e<os]va.

For F, p3(u) = L(u) + N (w) =g,set L(u) =0, then v+N (L) =g, i. e.
0=g—N (L) =T(v). |
For the nonlinear part of F, it is easy 10 see that
|V (ug) — IV () | a<m ) | 2tz —wa s,
where m(p) =csp, ¢z is independent of s and |u| «<p.

1 1 S
S50 and de_l__lotlng lgel = 20; P for p<p, We consider ball
Qp(cp)={»|v€EB, liv||2<cfﬂo}-

T @ e<<e®e,
|7 (v2) =T (v2) [2a= | N (Ifi(%)) -N (L‘l('vz)) I <M(p) IL 1(@2> I- 1<v1>|

‘\m(P)CIH’v2 ’1)1”2\-—"’02 ’l)1||2 ' !

By choosing po=

If 0 € Q5(c7", p), then

Therefore, T’ is a contraction’ mapping from Q3'(cip) to itself. By the fixed point
theorem, we conclude that there exists a unique element v* in Qz(¢™*p) such that
V' =T(") =g—N (L"),
By taking R* such that L(R") =", it is easy to see that R* satisfies
© LRY+N(R) =y, IR*ls<c1(lw*H2—0(sM“)
Since R=R*— s"**h(a), we obtain | R| -—-0(&”*1) Finally, we hav
Theorem Let the coefficients of (1) Gy b, ¢ and the deta f, o, v,l: X be sufficiently

smooth functions with respect to all the wrguments Suppose that ay = ay, w;,§;§,>72} &,

by (t) =a>0 for some positive constant numbers y and o and the initial datw are m-+1-
order compatible with the boundwrry condition. Thefn the mawed problem for quaszlfmeaq'

hyperbolic equations admits « umque solution u, fO’l" which: the follow'mg asymptotic
M+l
expension holds 1= 2 g'w; + 2 s“’lfv;-i—R where ‘wy .15 obtained by the mixed problem

(6) ~ (8) for quwszlzneafr equwtwns w; by linear equwtwn (9) and co'rfrespond?/ng initial
and boundary conditions, and v; 4s the boundwry layer cowectmg tefrm Furthemore the
fremander estimation |R|,=0(e'+Y)-ds satisfied.
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