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Abstract
Hadamard introduced the concept of finite parts of divergent integrals, i.e. Hadamard 

principal value, when he researched the Cauchy problems of the hyperbolic type partial 
differential equations. In this paper,the authors try to generalize this concept to the singular 
integrals on a sphere of several complex variables space Cn. The Hadamard: principal value 
of higher order singular integral

1 Г /(«)«
e>2n-i (1 — vu')n+̂

is defined and the corresponding Plemelj formula is obtained.

§ 0. Introduction

Hadamard introduced the concept of finite parts of divergent integrals, when he 
researched the Oauchy problems of the hyperbolic type partial differential equations. 
In the case of one dimension, the integral

fa (x  — u)n+1 (0 .1)

is singular, where a< u < b , n > 0. As n=0, the Oauchy principal value of this integral 
is defined as

H sL d .1
со— Vj j со -ii J

if the above limit exists. As n > 0, the integral (0.1) is divergent. For given /(ж), 
take g(<v), such that

lim f
t-wr.J a (a>~u)n+1 .

exists. Hadamard' called the limit value the finite part of this divergent integral. He 
researched the singular integral

r № da>
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and gave many important properties of the finite part. Using these results he also 
solved the Cauchy problem of hyperbolic type partial differential equations1-11.

According to Hadamard’s idea, Fox1-33 regarded the finite part of divergent 
singular integral (0.1) as a generalization of Cauchy principal value of singular 
integral, and called it Hadamard principal value. He defined the Hadamard principal 
value of the divergent integral (0.1) as follow:

p  f6 f  0*0 ■
Jo (x—u)n+1 dao= lim . /(«0

( x - u ) n+1
dco — H n

where
»—1

tfo K  s )= 0 ,  Я,(и, s ) =  2
4=0 i\

1 - (-!)" -« 1
(u—i)en~i J

It is clear, when n=  0, it is just the Cauchy principal value.
Generalize this idea to the complex plane, Hadamard principal value becomes a 

generalization of the Cauchy principal value of Cauchy type integral. Fox obtained 
the corresponding Plemelj formula and solved the boundary value problem and 
singular integral equations with the aid of these tools.

This paper generalizes the concept of Hadamard principal value to the unit ball
------the simplest and the most essential irreduoible domain. We shall give the
Hadamard principal value of following singular integral

£02n_iJ«S'=l (1_ Фад')"+ТГ

and derive the corresponding Plemelj formula by means of this principal value.
It is not hard to see, these results can be generalized to the strictly pseudoconvex 

domain Q, For the Oauohy-Fantapiee kernel
K (w , %)=Ong~noi/\d'i1l \ ' i‘ w €Q , z£bQ,

where
n(n—l)

C „ = ( - 1) 2 ( w - l ) ! ( 2 j r i ) - re,
П

g(w, *),i=i -

o>=1£(—i)*~1g}dgiA ••• Л 1ддЦ Л••• f\dgn.i=i
we can discuss the Hadamard principal value of singular integral

( f(z)O ng~^n+̂  (uAdZiA---/\dzn, w^bQ, z£bQs
JbQ

When the kernel is Henkin-Ramirez kernel or Stein-Kerzman kernel, we can give the 
corresponding Hadamard principal value according to the method of [4].

The notations in this paper are similar to the paper [4]. , ..
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§1. Some Lemmas

Lemma 1. Suppose c £  [o, we have

/ - Г  .......^ . . . . i +  rJ- (иг-0)
d9 r = 2 I m ( f t - 5 2) ,

where
n ■ О

fc=i 2&—1 ( i  4-^-<0^-1
r + log (1 — VH -or*0) — log(l + V/l+ r e _to) l

f t - 2 -jt=i 2/fc —1 (̂ 1 _  ret^ k~i

Proof It is dear that

i — ——(- log (1 — V'l -  re~‘°) -  log (1+  \ l l  — re<0) .

put z= reie, then

Substitute

Гшг—i
Jo

ftf-0
J = 2 R e |

(1—rei8)”+̂  '

d9 dz
(1 - r e ie) n+% 4 Jre‘° 2(1-2)”̂ *

1 71 1 .p . 1 .. 1
-г )  2 ft=1 (1 -й )* * ' z(l-z)%

into the above equality, we obtain

/  =  21m ( —U2) .

Lemma 2. Suppose a>0, fi> 0 , y —£  Lei
P

г ^ ч Л г г с п -!)  т / г \
ro(2n-l) ' Im(jo

xn sdx

then

where

Proof Let

lim
g-*U {— II 6>Зя-1 J a

(x—i y s / l —ж2 ) ”~2

8 J #,<7e ( 1 -« „ )* * *  . V

cre =  {м:ш?= 1, cca( l  — \ un\2) 2+4/32(Im%)3> s 3}

2j3r

(02n-
- f  ----- 2—-j.— l _ f  «{f
- l  J  o-e (1  — n+2’ o>2re-i J  vv’<£  U

d9

J L f  if*
6>2ft_l J vW>% J -

I U-Cn-o) ( l ~ reie)n+2

de

I ■(*-* . do ) 
L ^  (1 —rei9) n+

( l - r e i9) B+2

ю]
м
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By Lemma 1, I j  is equal to 
2

where

Jr

&>2 n 

2

-  ьп{( ±  л + л > -л )-  ('2 Я»+я<,-я;)},
- i  1Лгг=1 /  \fc=i ' / J

21c- _ *---------— гт~> ^ о = [_  lo g il-^ J l+ re  i0)v,
1 J *«' <u ( i + re~io) ̂  J

«/о—f lo g ( l+ \ / l+ r e  <c)^  f ------ ———5-J vw<n 21c — 1 J w'<! ^  _ reiĉ  * g-

Я 0= [  log (1 — \ / l  — reic) -у, Яо =  f log (1 + VI — rei0) v,
J VV'<£ J vv’<S

Since
1 + re-*»= 1 +  (20) - 1 ( V4,8 V  -  8a+ a2 (1 -  ra) 2 -  i  V  83 -  a3 (1 -  r3) 3 ), 

using the polar coordinate and letting 1 — r2= s2, we have

Jb

— i s / sa—ce2s4 ] } ds„

as4- s a

Put r]=sa~1) s = s /  77#. Then / й equals

' (24Г -1 )2/ ( 1 - 1 )  W r f ( t ‘ - 1)

-  tV o V  (1 -  ** ) Г  ̂  dt,
Since the absolute value of the integrand does not exceed (4/32) ~1, so

lim /fc= 0, (Ъ—1, 2, •••, w),
e-iO

By the same reason, we have
lim Im ( / 0) =  Hm Im (J'0) = 0.

H]c may be written as
e-»0 6 •—>0

2' tjM  j* [2/3 -  \/4/32 (1 -  r)ta) +  « V  (P - 1)(2& -1)Г<>-1)

- i \ / « V ( l - f 4) ] - ^  dt.
Let P=/3i2- W I ^  and Q = (4/3) -1 [a2 -  (а? - /32) P ]. Then

[2j8 —л/4/32 (1 — t#2) + a 27)a(t4 —1) — ia rjs/l — P 3 s” 2

= VH  [ + ( jc ~ ^ ) Q P ^ r 1 + 0 (v2)],

so . '

dt.

When Jc<n—-£, we have
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l im # fc= 0  0  = 1, 2, •••, w - l ) .
e-*0

On the other hand, we have

lim Im (H o) =  lira Im (Щ ) =  0„e-»0 e-»0

Now we calculate H n

w + ( " - ¥ ) QP^ + a w > r * .(2и—l)P (w —1)

It is easy to see, Au may he written as

_  - 2  4vtn~1(2fi)n 2 T̂ / f

then

U>2n-1

" СОЗп—! (2 й -1 )Г О -1 )

2 1 т ( Я „ ) - —!= А ,

Im(£ #аи-3[ySi2- W l - i 4] ^  <Й),

V T

V T l m .
u>2m- i (2 w—1) T (n —1) v  a

_  x2n-3 П 1

J о т>п~Ь тзп~
\ п~ Т ) рП “Q + O fo)]*

P" » [ p "  ^ + ( п-^..) р Г ^ 0ч+ О (^  ]

So we have

lim{ — 1 т (Я м) ----y=  a } = 0.
s->0 10>2n-i v  s j

J  (" + < ?+ j )

r ( f + « r ( n + ’̂ )

For Z2, we notice

0 —Гв̂ ') (n̂ 2 )_2J  ____ ^ . V?; . tp4$l Д ̂

SO

Г . ^  , — 2jr,
J-*  ( l _ rei9) "+;¥ .

and then lim I 2= l ,  Summing up the abovê  we have
e—>0

s ~>0 l<W2̂ _lJ<
M A u

The proof of Lemma 2 is complete.
Lemma 3.

lim 1 f Im (un) и _  2n+ 1
e-»0 C02n_i J <Г„ 0  — 4:Ш

ч№-l j 1
Re(l-w„) • 2 n - lu--lim  , , , ~ .. . »

e-»0 Ct>2n-lJa-e £|__ ̂ ft)"+2 ^

Proof
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4к-1-^
Im p » ) и

C^n-l^e (1 -V n) n̂

- f  К  Гfl-l J VV'<& l J C
r sin Odd

COan-lJ W><% L Jo (± — re ie) n+^

We calculate I г and I 2 respectively. Since
1 4^ %“Ь*1 ft

, 1 f 'p* rsmOdd r , Tr h ^ -------- v -------------------- - r  =  I 1+ I 2.
2 J 6>2n-l J w '> | J -  a? ^  _  ̂ .gie) n+ -̂

SO

23( l - 2 ) ”+̂  

ĵ -0 r e™- _  J ra—1______ 1_
J« (1 —reie) n+̂  ^ 2n~ 1 (1+re-

(1 —s)S+f  23( l - 2 ) l  2(l-«)^

W +l — ft
’) ""I fc~i- 2ft —1 ( l+ y e - *0) 1̂

- I

r \/l+ r e ~ i0 2w+l
2e~ic 4

ra- l  1

ralog l  +  V'l+re~ic 
1 — \ / l+ r e -<0 )

2w—1 ^ _ re«o) »»i 2ft- 1  ( i _ reic)

r \ / l  — reiH 2гг+1
2ei0 ralog 1 + V l- r e ’

■}
and

Where

M,

Mb

1— \ / l - r e <c

----- 2 i_ { Im  ( м я+  § Ж .+ М о - Ж ^ - Ь п  ( n ,  +  2  N b - N o - N 'o ) } .
conn- 1  L \  fc=x /  \  fc=i / J

" " 1 S p : L <  > ’- i ) ( i + « r ‘‘) - ( " - * 4

( l .i)

тг-4- l
2ft-

-Л *  ra(l  + re~u>) v (ft= l, •••, n— i ) .
1  J

Jfo-if reic\ / l  + re~i0 v,2 J w'<4

m^ 2 ^ L \  rnog 1+y + i e~l j
4 J w'<| 1— \/l-l-re~ic

2^ tL<4 (»*-!) ( l - « T (,,4)i,

f f > -  и + 1 ~2ft—~ f ra(1—reic) r(ft= l, •••, n—1),
— 1  J »«'<H

iV o = i[  re_<<V l —re<0 г?,
2  J w'<&

It is easy to prove that

re"
re" v.

1ипЖ й= 0  ( f t = l ,  •••, ft).
8->0

Since the absolute values of M0, iV0 are bounded, so
lim Jf0==lim W0=0.
e-»0 e-»0
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Clearly 

Similar to the proof of 

in Lemma 2, we can prove

lim Im ( M o )  = lim Im (N'0) — 0,
e-*0 6->0

lim J?fc= 0  (#=1, n— 1) 
6 —>0

lim Im(N^) =  0 (h= 1, n—1),
6-»0

Nn is equal to

so lim Nn—0. Hence lim Zi=0.
e-»0 e->0

Since

f® rein Odd _  1 у  r ( n +  2 y g + i f ”  j-gi(g+l)0 _  g i(g - l)0 J  (IQ

J -ЛГ (1__re<0)B+̂ g =0 Г / »  M \ r / »  I Ц J - «Г(вг + 1)г(п+|-)

= ^ (w + y)?rra„

so
lim J2
6 —>0

2?г+1 
4ni '

Summing up the above, we obtain

lim 4n—a Jo
Im(i/n) 2w+l

Since lim — fЫ- l  J <7

e-»0 COzn-l J<re — Wn)  n+rg 

U

4m

r ==l, and
e-o a>2n_iJ<7-e _  Un) n~2

B e ( l - Q  ^_  1 Im (i/n)
«an-iJae (1_адя)*+т "an-iJ*. ( 1 _ ^ )и+г

another equality of this Lemma holds.

—  f>2n-lJ<7 - f  ------- 2— Г + — fre—1 Jt* (Л _n, \  n~~Z &>2n-l J a T U>

Lemma 4.

— j‘2(1-1 J о r r « - 0 ,  - ^ f  ( * - * ,  » - l ) .h-S- 0>2n-lJ<Te Л1 _n/ \ n+lT" 2 0 - 1 (1_^„)"+̂  ' "2(,-lJ<re ( l _ ^ ) n+V

Proo/ We only need to prove the case #=1. Set un=reie, Ux~Vi, •••, Un-i=vn~i, 
we have

- U  - e - f c - r i — A - f  w { f  —  ■ * -  1 + Г — - — r la)2n-llcre (1 —г/п) ”4"2‘ С02П-1 ' ™'<3 U -(зг-С) ^  — rg*9) n+̂  (1 —re<0) ”1"2'-'

+ - i - f  . вВ е « !« Г ------ r - I i +Рй.&>2n_l J J -5Г _  rei  ̂n+s
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n—1
/ ( « )  =  2fc=l / ( o, , 0, Хъ+гуъ, •

- Ж
дхк (ft)* fc ]+  2  [/(<>,

•, <**.'+*Sfo) - /(О , 0, iyh

О, ^  •••> ®» +  «2/л)

Й*+*8Л»)

- /(О , —, О, ®*+i + ®Sh+i, —, ^ + ty»)--j^ -(#»)sfo]

+ 2  -If Ы % +  2  -iflpjfr
к = 1 <?®fc fc= l О У к

+  [ / ( 0 ,  0, ж»+«2/»)"-/(0, •••, 0, a>n) - ^ ( p n) y n] + J j L ( p n) y n

+  [ / ( 0 ,  0, хп) - f ( p n )  (в%,—1 )]  + - § £ ^ М  + f(P n ) ,

then

1 f /( « )м  _  / Q 0  ^
(02n-lJ<re (1_ЙЖ) П+.Т V s

-53«5?-1 f [ Ж  0, %+M/fc, xu+ iy №) - / ( 0 ,  0, м/й, •••, жге+'й/п)
fc= l J<re L

— ijr" (я»)®*] ( l - « n ) _(n+¥) 2  « lA  £  [ /(o , •••, 0, iyk, —, «я+гу»)

- /(О , 0, «fc+i+tyn+i, •••, 2/n+ ^ » )-- |7 -(^ » )2 /J ( l-w » )" ^ +̂ M
°Утс J

+  2 - J ^ - ( lO “ i^ i f a?fc(l-w„)_ ^ +̂  м
fc= l 0 % k  J  CTe

+  2 - # -  ( i O ^ - l  f gfe(l —«*) "̂+̂ «
fc= l О У к } < j e

+ c02»-i £  [ /(0 , 0, xn+ iy n) - f ( 0 ,  —, 0, a*,) ~  -§1^(Рп)Уп](1-йп)^п+̂ й

+ - f f - ( jft) "2i-i f 2/ts (1 -  йп) ~ (n+~̂  иuyn J(Tq

+ 0i2n~i £  [ / (o ,  0, xn) - f ( p n) - Ж - ( р п) (av-1) и

+ -^-(Pn)C02n-l £  f e - 1 )  ( l - w n) _(-n+̂  й

+f(Pn) jW -i £  ( l -w n) _ ”̂+̂  м -  As~^}.

By Lemma 2, 3, 4, 6, we obtain the equality (2.1) immediately.
Theorem 2. Suppose v is cm arbitrary point on the sphere S and f  satisfies the 

same condition as im Lemma 5, then we have

limjo^n-i f f ( u ) ( l - v u ' )  (n+̂  u - ^ = f ( v ) \  
e->0 l Jo-e(v) V S  J

= 2  (A*+A*)+-^-2-^-W%-2-^-W%+/W. (2.2)
ft= 1 4П j=  1 OUj j=i 0U]

where cre(v) =  {u:m'*= 1, aa( l — |ш '|а) а+4/32(1т(те/) ) а> е а}, JXk, Jyk are the integrals 
which are obtained by substituting f(u ) into f  (m') in the integrals I Xh, I yic, and U is the



No. 3
SINGULAR INTEGRALS IN  SEVERAL COMPLEX VARIABLES (II)------

HADAMARD PRINCIPAL VALUE ON A SPHERE 317

n x n  m atrix  such that v U —p n<

Proof Let uTJ—w. Then the left side of (2.2) is

ohn-i f /  (wU') (1 -  wn) ~ V)
J 0>

by Theorem 1, its limit is
s Гв

f ( p J T ) .

2  ( Л . + Л . )  + - | r - W )fc=1
(2.3)

as e->0. Let U '=  (atj) .  Then (v lt • ••, o>n) = (%, ann) .  and

&  дщ
8f(w U ')  __^  a f  ,  g fC ^ O

dwn Щ ди} u 8wn
From (2.3) we obtain (2.2).

We call the limit (2.2) Hadamard principal value of singular integral

-i f / ( « ) “s»—l I _ и “X
( l _ w ')n+V

<*>2re

and denote it by

P - J - f  — (и)й_ _ д limj—_— f
0 > 2 n -l 1 M“'= l (1  — w ' )  " +^  e^ °  ̂^271-1  j <re(V) (1  — Dll') ni"Z V  s  J

Since depends on cre and there are many ways to define <xe, so there are many 
ways to define the Hadamard principal value. But we can see from (2.2) that the 
Hadamard principal value are the same, it does not depend on the ohoice of cr8.

§ 3 . P le m e lj fo rm u la

Lemma 6.

lim j ------- _ iй-»ри J uu'—l n+^
xn- i  „*_ 1 - 2 »  

u ы~>
i . _i f Уп ’ 2 » + l •
bmcoaT-i ------- 22------г  u==------л----- г -ts-+P„ J nu'=l ^  _  ш ') n+2-

Proof Fix z£B . Suppose zz'= p2, there is a unitary matrix U, suoh that 217= 
ppn. Let u—wTJ\ TJ'= (cty). Then

1 ” _ _x(On =  В e Uft “  (cCfaWj И- ctjnWjj у
A 1=1 

SO

1 f (CQn-1) U _  1 L  [ wnw  ̂ f wnw
Ф2П-1J ««'=1 £j_ _  gtf) »+* 2o>2n-l L "" j »®'=1 (1 _  fJ~n ) «4  ”” J «®'=1 (1 _  pwn) n+i

_ 2 f — 4 — г}. с3 -1)

f® re~ie d9
J —'ix -j

Since

;( l - o r e <0) n̂
т  =  (2»+1)ягрг9,
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SO # , ' ' ' ' '
1 Г wnw __ 1 f re~i9d9 _  2w+l

2c02»-1 Jww’=1 ^  »+-£ 2o)2n- l  J0<VV’<1 J-яг 4%

Using the same method, we have
Г wnw Q 1 Г w
J*®'=i '  co2n_ J №i«'=i ( i _ ^ )  « 4  ’ ^

It is not hard to see, when p-> 1, anft—>1, 0(^ =  1, •••, n - 1). From (3.1), we
obtain ’ '

lim —i —f (a»-l)tf _  1 - 2  n
ts->p„ 0)<2n—l  J uU'=l —

The proof of the other equality is similar. -
Lemma 7.

l i m - J - f  BeM» , « - 0 ,
г->Рм 0>2n-l J uu'=l ^  n+f

l im—- — f_ -----— — r  u = 0  ( h = l ,  •••> и—1),
C02n-xJuu'=l (1 — гад') ”+'2‘ " ■

Proof The proof of this lemma is similar to Lemma 6.
Theorem 3. (Plemelj formula,) Suppose f  satisfies the condition in Lemma 5, then

we have
C E r - l im ) - i - f  = ■ Л м> .т .

*-*Pn (i>2n - lJ u u '= l  ( 1  — 2ад '),И"2' <*>2n-l J ий’=1 ( ±  — U n f i + J

From this theorem, we can obtain immediately the following 
Theorem 4. Suppose f  = /i + i f 2 is a complex function defined on the u/nit ball В, 

f i , f z  satisfy the conditions in Lemma 5, then

( £ - - l i m ) - l - f  -Л Щ 1 L _
*-*« C i)2 n -lJ u * = l  ( l  — j'-y /)”* '?  С02Я-1 JuW =i —

where v is an arbitrary point on the sphere S, and 

P  1 f /(«).«.
<»2п-1 J ий'=1 —

- p  i  Г .fi(u)u [P  i  |  f 2(u)u
0)2n-lJuW=l Q _ Vu ')n+?  C02n-1 J мй'=1’ (1_ -г)ад')”+'2'*
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