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Abstract

Hadamard mtroduced the concept of finite parts of divergent integrals. i.e. Hadamard
principal value, when he researched the Cauchy problems of the hyperbohc type partlal
differential equations. In this paper,the authors try to generalize this concept to the singular
integrals on a sphere of several complex variables space C». The Hadamard: pr1n01pa1 value -
of higher order singular integral . ‘ :

1 f (u)zl

A (,02,,_1 uu=1 (1 v%l>n+—§

1s deﬁned and the correspondmg PlemelJ formula is obtamed

§ 0 Introductlon

Hadamard introduced the concept of ﬁmte parts of divergent integrals, when he »

researched the Cauchy problems of the hyperbolic” type. partlal differential equa,tlons
In the case of one dimension, the mtegra,l - - -

(w ’bb) WFL

is singular, where a<u<b n>0 As n= 0, the Cauchy prmcupal value of this integral
is defined as

tim{ [ L@ o [ L) a5
e-0* - B—Y ute T—U
if the above limit exists. As n>>0; the ‘integral’ (0.1) is divergent. For given f(z),

take g(w), such that
hmj f (@) —g (w) dw

( x— >n+1 )
exists. Hadamard’ called the limit value the finite part of this divergent mtegral He

IS

researched the singular integral
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and gave many important properties of the finite part. Using these results he also
solved the Cauchy problem of hyperbolic type partial differential equations™,

According to Hadamard’s idea, Fox'™ regarded the finite part of divergent
singular integral (0.1) as a generalization of Oauchy principal value of singular
integral, and called it Hadamard principal value. He defined the Hadamard principal
value of the divergent integral (0.1) as follow:

U—~e { b
P [t domtim{[” L e[ e o o))

where

HO('M 8)=0 H (u 8)=’§f(”(u){1 ( 1)n—£}.

=0 4! (u—1)e""

It is clear When n=0, ib is Just the Cauchy pr1nc1pal value.

‘Generalize this idea to the complex plane, Hadamard prmmpal value becomes a
generalization of the Qauchy principal value of Cauchy type integral. Fox obtained
the corresponding Plemelj formula and solved the boundary value problem and
singular integral equations with. the aid of these tools.

This paper generalizes the concept of Hadamard principal value to the unit ball
——the simplegt and the most essential irreducible domain. We shall give the
Hadamard principal value of following singular integral

_Lf __fu
Oan-1)uW=1 (1 _g7/\"t3
and derive the corresponding Plemelj formula by means of this principal value.

It is not hard to see, these results can be generalized to the sirictly pseudoconvex
domain Q. For the Oauchy-Fantapiee kernel
' K (w, 2) =Chg "o Ndey \++ Ndz,, wEQ, 2€DQ,

' where | . B

O' ( 1) (n D 1(2wi) ™,
9(’?0, Q 2) =§(z¢ —w;) gi(w, z) )

w=3Y(~1)-2g2gs\+++ N Bgi] A+ Nog,
We can dlscuss the Hadamard pr1n01pa1 Value of smgular mtegral
I f(2)0,.g ~(»+3) o ANd# N\ Ndz,, wEDQ, 209,

‘When the kernel is Henkin-Ramirez kerneél or Stein-Kerzman kernel, we can give the
corresponding Hadamard principal value according to the method of[4].
The notations in this paper are similar to the paper{4].
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§ 1. Some Lemmas

Lemmal. SupposecE [0, -”2-"'-] we have

J =J-o dg - +J‘W-0 do - 2Im<Bl —B2)’
"0 (1—ret)™E de (1—gonyd
where ,
B= gt +log (1 — NITF7re @)~ log (1 + /T F1e7),

i=1 2k—1 (1-—}—_9”6"""’)7‘._%

En] 5 1 +10g(1 NI Zre™® fre‘“)—-log(1+ NI1—re),
k=1 ]0 1 (1 ,reic>

Proof Tt is olear that

J=239JW—°_JQ____.

°© (L)

put 2=re', then
Y . T
O (A—pgo)tr  OJee gy’

Substitute
1 2 1 1
n+— Z k+-— + R 1.
2(1—2) k=1 (1 z} 2(1-2)%
into the above equality, we obtain

J=2Im(B;~By),

Lemma 2. Suppose a>0, 80, 7=—a,§‘ Let

2n+ \/_( 1) 2w
Ay=— —2:;1;(271, 7IE) (L (o— ,Wai/l a;) )

then

1 u 4, ).
| th?{wzn 1«[03 (1—u, )"“f'l‘ \/?};—1’
where .
= {wu’ =1, a®(1—~ |u,]?) 24482 (Imu,)?> s,
Proof Let - ' ‘

\/82—a2(1—§”2>2
28r ?

¢=2arc sin

1 u , 1 | (0 . df [T df
—~ —T = BT | IR semees miLl Mo
on~1 J Ca (1 — 'u-,.) 5 Wan—1J W<y (n—c) (1 - freie) 5 Je (1__ ,rew>”+2 .

+——]'~*I _ SQJ"W —-——g—e————=11+12.-
Vs )

Wap 1, - (1 . ,reio) ”+'21,-
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By Lemma 1, I, is equal to |
2 to( S0 20-2) - ($ 74 7,

@ap—1
where , .
2 » | - e o
Jp= I —J =_I - log(1—~I+re )0,
B 270 1 v <f (1 @ q,.e—ic )7“‘— 0 o< g( )
9 e
- ~tic —_ .. o _
Jo fvﬁ'«f’i 10g (1 + \/1 e )/)), Hk 2F—1 J i< (1 _ reic)“‘
" H0_=J g log(l N1—re fv HO—-I 10g(1+v1 frew »,
Since

1remio =14 (26) " (VAP =P T (=)~ in —a”(l 7Ty,
using the polar coordinate and letting 1 —r2=s?, we have

4t

k- L' (n—1)Jo
— i —as ]} (2 2>ds,
Put n=2ga™, s=~/7t. Then J;,. equals o

Jy= e 0 {1+ (26) -1[\/432(1—@) g

(;1;': "'1521,18()72 1) 97"-1 r 73284 A/45° (1 pre) +.a2'rf @—1)

— i (A—F) :5**)]"@_2> dt,
Since the absolute value of the mtegra,nd does 1ot exceed (4,82) -1 80
lm(c)le——O (h=1, 2, -, n), |

By the same reason, we have
lim Im(Jo) ———.lixg'Im(J{)) =0,

e=0

H; may be written as

@h—1)1 (n— 1)

N AT (k—z)dt | S

Let P=pg*—ian/IT—t%, and Q= (48) 1[a = (o ~,82)t4] 'I‘hen
(28— NAF A=) TP E—1) — tom/ T8 E

HE 4 (-g)er Eroen],

drm1(28)2 77’;;1] {323 — \/4,33(1 nti') -l-fiéz"f]ﬁ(t‘1 1)

=r)72

80

- 4751@—1(2,8) 2 ”_k__;l_. 1 g k__é_ . _l_— - k-% . N -1 .
= DT ", jot 3.[P ' +<]‘7 _‘2>QP 4 "7?“0-(7*'5,’9] - di

When b<n— é, we have
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No. 3

lim Hy=0 (b=1, 2, «-, n—1),

e~0

On the other hand, we have ,
11m Im(H,) -llmIm(H ) =0,

Now we calculate H,
-1/ o0\""% 2im
H,= (33—«&%—1) 7 2Jot2n— [P : +(”"“)QP%§”+O<”2)] dt,

Tt is easy to see, A, may be written as

-2 a2 \/"' s (o) -
4= Wan-1 (a;n 1)F(n 1) (Jot?ﬁ 3[@# don/ 1T —1%] dﬁ>,

then

2 1 .
Im(H, A,
CU2n---:l. m( ) A &

- ni 1 —tQM[ —~—) P Q+0(n) ]dt
w21f1 2 n%l) 1(“2(5> 1) \/ —'eIn J 2

So we have

g0

1 { Tm(H,) —— ,,}=0,
e Wan~1 m( '\/;8 |

For I,, we notice

80

== (1 —rg%) "3 .

and then lim I,=1. Summing up the a,bove wo have ‘
€0 ] ] . L - S

llm{ - .
e~0 LWay--1/oe <1 u)n—l———» '\/—8— L%

The proof of Lemma 2 is complete.

Lemma 3. Coe e
lim —t J Im('u,,,)u _ 2n+.1, |
e-0 C!)gn._j_ oe (1 ,u )’H"‘ . dng
Bim 1 { Re(l fu,,) — 2n—-1 |
60 a1 1)

7 (1 Y, )”+"'
Proof - .
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1 Im (v,)
Wop—1J oe (1 . ’I'/-”) n+—é—
. S . . . .
_ 2 I ) {I-mj 7 sin fdf 1}'0-!— 1 ' @J‘”’ rsinfdf =L+,
Wap-1 ) v9<§ ¢ (1 _ q*e“’) b Wap-1J v J-w (1 _ q,eia) ety

We calculate I and I, respectively. Since
1 2 1—
n+l=2 n4- k,ﬁ"’ 1 ot n ,
PAA—2)"2 k=l (1—2)"7  A(1-2)Z  2(1-2)2

80
J"“” 7 sin 6df ={r2——1 1 Dutl—pk r?
o (1_”@9)%% 2n—1 (1_‘_,,.6—;0)”—% =1, 2k—1 (1+'r6"°)k—?1'
ra/l+re®  2n+1 4 1+\/1+fi'e"‘?}
T e g e 1—A/1+re®
__{fr”—l 1 L Sinti—k r?
2n—1 (1*-'7‘6“)”_%— ,k=1 2]0"‘1 (1__7.eic)k"%
_rNI=ré®  2m+1 1—!—\/1—4-*6“‘}
. 26" 7T e 1—a/1—ré @1
. and _
7, =2 {Im(M +n2_1M,,+Mo—-M{))—Im (. + 5] N,,—NO—N:,)}
Waop—1 " k=l " k=1 *
- Where
1 I a_ ~i0y~(3) o
M= G ) g D (A re) T e,
— —_ 1 ll
M= PR (1) OB G o, ),
V'<y . .
M0=-%-j _ reoN/Ttre ™,
v'<g

2n+1 1+a/T4re ™ -
My= J' 1o
R B N
1

_ 9 1Y (1 — watey =)
2n—1 4(1;17'<§ (T 1) (1 re ) Y

N,

- (L) .
N= 2k o) D =1, o, no),
2k—1 o<
No-—-—!z'—J o re® 1—ré"v,
W<y .

4
It is easy to prove that

Ny= 2n+1J‘  pilog 14 /IT=re® 2
V<

lim My =0 (b=1, -, n),
Since the absolute values of M 5, N o@ré b‘o'unded,' CR

e~0 8-~0
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Clearly
11m _Im (My) = 11m Im (NG) =0,
Similar to the proof of
lim H k—-O (=1, n—1)

-0

in Lemma 2, we can prove
| lizgn Im(N,)=0 (k=1, ¢, n—1),
N, is equal to

@n— "S%ﬁ’"lﬁ =1 (28— N IBF =) TP =) ~ BT A= 1 8 as

(2n "1)11(,253 f) x/?ﬁt”‘“—l[ﬁtﬂ—ia\/ht* +O(n)]’("'%’) dt,

so lim N,=0. Hence lim Z,=0,

e~0 3"*9
Since
- 1
Jw r sin 6df - _1_ i r <?Z+ D) +q) Tq+1r’ [gka+20 — gita~10] g
T-re)E B pginr(erl) O

S0

Summing up the above, we obfain

i 1{ Im () 2n+1‘
60 Wap—1Jog (1___',,:('”)”'5"2 4"%

Since lim 1 u
e~0 og_1J o (] ru )”_?

1 j Re(1— u,.) 1 j‘ u . 9 j‘ Im (uy,)

Wan—1J e (1 by )n+—2- C02n—1 g (1_&.”)"_% Wen-1 /oe (1—?7”)’”.% ’

=1, and

another equality of this Lemma holds.

Lemma 4.
1 j RG(Uk> 1 d=0’ 1 j Im(’MR) 1 72:0 <k=1} ...) n—-'.).
Way—1 J oe (1 —u )’H"“ Wan—1J ae (1 —_—y )"+? : )

Pfroof We only need to prove the case b=1. Set Uy= 16", Up=1, ***, Upey="Vp_y,
weo have

1 J Rew, 1 I Rew;{rv dg 1+r-c do 1}
Way1Joe (1__,71“)%7 Wop—1 J W< —(=m=0) (1__Mio)ﬂ+g ° (l—re“’ )”""2'

+ 1 J . sRe'vl’ér ——,——d'g———-=11+12.
’vv’>u

Wop—1 - (1 — q,."'eis) ﬂ"“%
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It is eagy to see

I1=w‘:_1 {(ijﬁ‘fo ) (é Hy+ Ho~— H')}
where

I T B =8

J,,_mj e B0 (L re) ™05,

To={ __, (Rov) Tog (1—TFre™) 4,
V< )

=J B G(Rewi)log(1+\/1+re‘i°)é,

vv'<a-

. .

H"=——2lo2 1'[ _ (Refvi) (1—a~e’°) (5 v,

o—j , (Rov,)log (1~ T=70") Y,

=j _ ,(Rewy)log(L++~1L—re* »,
'UU’<a

Using the spherical polar coordinate and putting v= (@1, @2, ***, Ban-2), WO have

T 2 J’«/s'a'—‘x‘ =2 J‘Wcos¢ Smsn 4 ¢1d¢1j sin®"3 g, dipg -+ FW Ipary =0
2k—1Jo (1+q,e—ic)7°—g ‘ R Je 7T
(b= 1 EOR
- Similarly Jo=Jh=H,=H,=H},=0, s0 11_0 Acoordmgly, 12_0 It follows that
1 ¢ Rou, 4=0,

0)2",_1 T (1_?ln)n+% ’

We can prove the another equality of this Lemma by the same method.
Lemma 5. Suppose f (u1, -+, ) =F (@1+8ys, -+, But+a) is @ real function defined
on the unit ball B= {u:wn'<<1}. If A

af T4 , af iy B (== oo
—%—ELIPOG“ 2y, ELlpBa (.7 1; s n);

then
(1) The integrals

Iw,‘—wzn—:tj [f(o o, 0, wyt+iayy, o0, Gyiy,) —F(0, <, 0, i?lk}' oo Wy FU0Yn)
_ oy ~(md)
5 @pmk](l w) "M g,

ka'_—-wEJ-;I_ [,f 0, ++, 0, 2y, %+1+'bil/k+1: vy Tt iys)

=F(O, ) O, Tuatilhrs, -, tigs) - i(p)yk]<1 w) ("D,
Lozt [505 0 @) =7@, - 0, =L ) | A=) D

oL (o) =) P

I=witsf £, 50, oyrig) =F©, -, 0, 6~
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ewist, where p,.— (0 , 0, 1) la 1, e, m—1, _ _‘
(i) Let zE B. Replacmg (1 'u,,)—<"+7) by (1 zu’) ~(+3) in tne above integrals,
denote these new mtegrrals by I, (2), Iy (@), Im,, (2), Iy, (2) rrespectwely Then

2r0n

The concept of K limib was mtroduced by A. Koranyf"’]. Let
Do) ={ma<t, v =1, |10 | <g (=), a1},
If | o
lim f(z) =M,

" em0,#€ Da®)
holds for all &>1, we say thab f has the K limit A at the point v.
Proof It is clear that

f(O 0 wk—l_q’yk; ety wn""@i}) __f(O; 8% 0; ’i’yk) °* wﬂ+iyﬂ) __ga):_k' (pﬂ)wk
<K|1-— ,,,I?‘“"“’ o
where K is a constant By Lemma 5.4.8 of [6], when zEDa( p,,), wy’ =1, then

|t— zu’[>——|1 Unl,

Let g4(z, u) be the integrand of I, R then.
e, )| < 1=,

So im g, (7, w) is 1ntegrable on ww’ =1, i. e. Iy, exzsts and

0

llmj s gk(z u)u ‘[ llmgk(z u)u

2= Dn, -—1 ¥ Dn

. z-—>,,

It follows that (K 11m) I, (2)= I,,,, The proofs of other parts of thls lemma are

gimilar.

§ 2. Hadamard principal ,Vah,lé -.

Now we can prove- the following - .
Theorem 1. - If, with I,., Iy, deﬁned by Lemma 5, f sat'z,sﬁes the same cond@tzorns
in Lemma B, then we have . .

P—'»nol{ w:;_;j (1]_0_(2;‘"”? f\(/%-:‘;) Aﬂ}

= 2 (I¢k+Iﬂk) + = 2 au

- Proof f can bp ertten_ as.

L en
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f(u) = 2 l:f(o O: wk+®.y7h °*t mﬂ»+éyﬂ) —f(O; M) 0) i’yk) ";: a;”+q;y”) )
n—1 - ' ’
-—a_a;(pn)mk]—kkg.‘{[f(o) tety O; iyk) °*y wﬂ""'iy”)
. . of ;
—f(0, =+, 0, Bppat Wy, ***, Guti4n) — P (Pﬂ)?/k_]
+ 3 2L et F L (o
=1 Oy
eos ) — eos ___if__
+[f<o, 0, awtig) =f O, ++, 0, ) ~E2L(myun [+ 2L

+[ 70, +, 0, @) —f (o) =L 20) @—1) |+ 2L (0) @o—1) +£ (),
Oy . Owmy

(Pn> Yn

then - _
1 f@u_ _ f(pw)
J Ve

@100 (17, mt

=n§w2n_ J [f(O, , 0, @+, ==, Datiyn) —F(0, o=+, 0, dgp, -+, Wpt4sp)
~ZL (ma] @) P it Roats [ [£0, -, 0, o, -, atig)
2L (g =) P E
+ 8L (peita | a1-u) P
=l—y%(pﬂ) W1 I . =) ) g
ozt [ [F -, 0, autign) —£ (O, -, 0, @) - gi
+ ;Zi (Pa) @31 L R CERTA N
.+w;,s_1j [£0, -+, 0, &) =7 (p) - 2 () @) [t =)D 4
a% (pn)wsz ,, @=1) A=y~ 4

. oy
+f(p) o [ @)™ i - 4,57
By Lemma 2, 8, 4, .5, we obtain the equality (2.1) immediately.

—_f(O) ) 0; (b‘1,;+1+iyk+1, ) yﬂ+7./yﬁ) -

(pvn J(L =) 5

Theorem 2. Suppose v is an arbitrary point on the sphere S and f satisfies the
same condition as in Lemma B, then we have :

tim{oits | 7@ <1—ma'>“<”*%> i f}
=3 Ui+ B Wu-B L i), @

=
where o5(v) = {w:un’=1, o®(1— |vu'| 2)2+4,82 (Im(vw))?*>6%, Jo,, Jy, are the integrals

which are obtained by substituting f (w) into f(wu’) in the integrals I,,, ’I,,,‘, and U is the
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n X n matrie such that vU=mp,,
Proof Let uU=w, Then the left side of (2.2) is

wita| F@0) (1—w)~ D =2 £ (o),
by Theorem 1, its limit is

3 et To) + e L) 7y - AT 7y 45 (0T 29)

(]

as e—0. Let U’ = (ay;). Then (fvi, oo, fv,,) = (01, ***, Ous). a0d
of i) _3n of , of@wl) _ 3 _Jf_
oWy, ‘%‘—‘1 ou; ow,, :iz u
From (2.8) we obtain (2.2).

We call the limit (2.2) Hadamard principal value of singular 1ntegra1
ol j _fwu

upp' =1 (1 — q)u’) ”+§

and denote it by A ,
P.__l_—j _f@u -hm{ 1 j f @ f(’v)}

Wag—1 J ui'=1 NNFE 60 L Wag—1 J oa(0) /] ”+'2' \/ P
(1—ou) L —ou)

Since 4, depends on o, and there are many ways to define ¢, so there are many

ways to define the Hadamard principal value. But we can see from (2.2) thab the
Hadamard principal value are the same, it does not depend on the choice of O

§ 3. Plemelj formula

Lemma 6.
limw;,hif_ Bl g 1;2’?’,
20y ul'=1 (1 — zu’) ity 7
l]m Q)E;}__lj ——-——?/L———f d_—_ _ 2n+1 ’l;'
N nr=1 (] _ m‘bl) ntg 4n

Proof Fix 2€ B. Suppose 22'=p?, there 1s a unitary matnx U, such that 2U=
opn. Lot u=wl’, U’ = (&) . Then o

Tp=Rou,= —%‘E (“in’wi + ‘—x:in"'—ai) ’

80
1 j (—Du 1 {am J WyW o J waw
Wan—1J uiw=1 (1 -~Z’L_b’) ”"’115‘ 20541 wip'=1 (1 — P’lj)n> ""“% wiv'=1 (1 — prfun) _"'% _
.-—2j - -————w:—;:f}. ' (3'1)
Since : ' o

r _.__.______.___i ___ (2n+1)aqu‘9
=% (1~ ore®) wty
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S0 .

1 j Wl 1 j : r redf  _ 2n+1
) o,
2602%_1 w'=1 (1 p'w ) n+—2- 2602,,_. 0<vt'<i J-w (1 p,),.ez(i)”“"g 4n

Using the same method, we have
J Wy _o _1 j Wy

wH'=1 (1 pz?) )”"‘%‘ 7 wan—y Jwwr=1 (1 p"b—l} ) ”’+31?

Tt is nob hard to see, when p—> 1, a—> 1, ogn—> O(k 1, ﬁ—-l) . From (8.1), we
obtain 3 a e ' '
lim 1 ‘[ (@, l)u _ 1_“_2"'. |
et Wan—1 J uir=1 (1 —2u") g 4n

The proof of the other equahty is s1m11ar.

Lemma 7. .
Him -1 J ___1_{9__%6___ %=0,
20, 201 utl'=1 (1 wl)n+—-
lim 1J' _._.I_IE_Q.I.”‘_._u() (701’)7, 1)
20, Wap—1

. u=1 (1- zu’)”+7
Proof The proof of this lemma is similar to Lemma 6.
Theorem 3. (Plemelj formula) Suppose f sat'z,sﬁesthe condition in Lemma B, then

we have - ' .
X K Timm) 1 J‘ _fu ___p 1 f f (u)u
2op, Wop -y J uir=1 (1 w/)n+—2— Wap—1 J ui'=1 (1 ,u )n+-2-

From this theorem, we can obtain immediately the following
Theorem 4. Suppose f=f1+4 2 18 @ complew function defined on the unit ball B,

f1, fa satisfy the conditions in Lemma B, then

(K —Tim)—L J fai _p 1 j @)

2o (A)2”_1 w'=1 (1 zul)n+—2—. a)2n_,1 ul-—-]_ (1 lvu/)n+—2-

where v is an arbitrary point on the sphere S, and
P 1- I f (u)u ,
Qa1 J=L (1 — ) "+? _ :
_p_1 J @i p i [ falidi_

Wan—1 J uir=1 (1_,vuf)"+% | Omey W= (1 w/)“g
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