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Abstract

In  this paper, the authors investigate the first boundary value problem fo r equations of 

the form

ы - Ж - £ г ( а“(-а' *'
with , aij(u, x, Ь)££з>0.
A n existence theorem of solution in B V l t l (QT) is proved. The principal condition is that’S
there exists 5 > 0  such th a t fo r  any (x, t)  £ Qt, |w|

m
a%s(u, x, Ы & - 8  2  (< (г г ,ж , t ) id s>0.

8tissl , ,

O' du
dx,

d f(u , x, Q  
dxt --g(u, x, 0

§ 1. Introduction

In  a recent paper™, we have studied the global solutions of the first boundary 
value problem for the quasilinear equation of the form

£м“ 1 г - 1 г И “' *' x■ *’ t} а л )
with aij=aH and

ai}(u, a>, t)$£j>0, \Ju(£R, (x, t) £ Qt, £ - (& , b ,  •••, £«) 6 Rm, 
where Qv=iQx (0, T) and QczRm is a bounded region with an appropriately smooth 
boundary 2, The boundary value condition and the initial value condition are

m|sx[o,t] =  0 (1-2)
and

Ч*=о=Ы®) (1.3)
respectively. Under certain conditions, in[l], the solvability was established in BV (QT), 
a class of all integrable functions whose generalized. derivatives are measures with 
bounded variations.

In  this paper, we shall show that the conditions described in[l] for the existence 
of solutions may be weakened; But. with the weaker condition whioh will be stated in
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Theorem 1, we can only obtain the solutions in a more wide class of functions, denoted 
by BVi,i (Qt) (see [2]), each element v(x, t) of which is integrable on QT and satisfies

Ц |'у(я, t+At)—v(x, t) \dxdt<sK \A t\^l
Qt

^\v(x+ A x, t ) —v(cd, t) (<&ссЙ<.ЕГ|Ав|
Qt

for some constant K . Here we set v = 0 for (x, t) £ QT. Clearly BV (Qf) a B V ы  (QT).

The generalized derivatives of any function in BVi, % (Qr) with respect to xi{i=1, 2,*-«,’v
m) are measures with bounded variations, but in general, the generalized derivative 
with respect to t is not.

We shall assume that ai3(u, x, t), f ( u ,  x, t) and g(u, x, t) are appropriately 
smooth for u£R , (<e, and gu, f XlU are bounded, and Uo(x) is appropriately
smooth for In  addition, certain compatibility conditions will be assumed, namely, 
щ (x) itself and its first and second order derivatives vanish on 2 and

/Ц 0 , x, 0) +0(0, x, 0) =0.
Let

t ) £ 2 x  [0, T], aij(0, x, t)щщ=0},
S2 =  {(», t ) £ 2 x  [0, T], ai3(0, x, £)щп}>0, 

where n=  (%, •••, nm) denotes the inner unit normal on 2. We shall assume that
# tn § 2= 0 5

this means that
^  =  ̂ X [ 0 ,  T ], S2=22x  [0, T] 

with 2± U 22= 2, 2i П Sa=0.
As in[l], the existence of global generalized solutions will be proved by means of 

the method of parabolic regularization. Thus we shall consider the regularized equations

= g(uS) x, t), ( e > 0) (1.4)
with the conditions (1.2) and (1.3) and need to establish some estimates on the family 
Ы  of solutions of these problems.lt is well-known that under the conditions stated 
above, for any s> 0 , the problem (1.4), (1.2), (1.3) has a unique appropriately 
smooth solution.

§ 2. Definition of generalized solutions

Definition, A bounded function u £ B V i, i (Qt) w said to be the generalized solution

of the first boundary value 'problem (1.1), (1.2), (1.8), i f  the following conditions are 
fulfilled'.
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1°) There exist functions gl£ L a(Qf) ( i—1, 2, •••>, m) such that for т у  <р£Со (Qt)

^cpgidxdt— — Rl3(u> я, t)decdt — (w, a, t)dxdt(i=1, 2, ••*, m),
e.r e, '  qx (2.1)

where R i} (и, со, £) =  [ nls(S, x>, t)dS
Jo

2°) There exists a subset E0d  [0, T] with zero measure such that for t E [0, T~\\Eq, 
as a function of x, и is defined almost everywhere cm Q and

lim \u(x, t) — щ (х)\dx=0'
£*->() J Qt €[0>T)\Eo

3°) и satisfies

sgn(M -*)[ry(w, ^ 9 * -^ -

+ (/(**, a, x, a>, t) +g)q>i]^dxdt

-fsgn &JJ|j B(P:
dt rl)(u, x, t)gs (/*(«, x, t)-f(Je , x, t)) dtps

dx{

+  (Л(А, я, t)+g)<p^dxdt- | o sgn(yu-  Jc) (Ai3 (yu, x, t)

— AiS (Jc, x, t) ) Щ dcr СЙ+ j  j^sgn x,

— AiS (‘yu, x, i) _ * ■ ] „  dar dt^O, (2 . 2)

where Ai3(u, x, t) = \ a i3(S, x, t)dS, (pi, <Ph(z G2(Qt), pi>0, <pi | 2X[0, Г] — (p21 2X[0, T],

supp (pi, supp <p2dQy. (0, T )t
By integrating by parts, (2.1) may be rewritten as

JJ^ r i/O /d ^ J  <prli(u, x, t)-J ~  dxjdt (i— 1, 2, • ••, m), (2.3)
Qt

where ri}(u, x, t) denotes the composite mean value of riS(u, x, t) and u(x, t). (2.3) 

means that for almost all t E [0, T], ri3(u, x, i ) ~ ~  is equivalent to g*. Furthermore
O X t

duwe can show that for almost all i E [0, T], aiS(u, x, t) ~ — is equivalent to ri}(u, x,OCOi
t)9}

a11 (u, x, t) du
dxt (2.4)

Obviously, a generalized solution in the sense of Definition 1 in[l] is also a gener­
alized solution in the sense of the above definition.

In  a similar way as in [1], we can prove that (2.2) is equivalent to the total of 
the following two conditions: 

a) и satisfies
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)({Qt
u—h | 8cpi sgn (u—h) r y (u, x, t)g' dcpi

8t ~&~ ч~ " 'l '  dxt

+ ( f(u , X, t ) - f ( k ,  X, t ) ) ~ ^ - - ( f X(Qe, t)+g)<pi]dxdt

+sgn x, t)gs- ^ - ( f ( u ,  x, t) - f ( k ,  x,

+ ( fifh , x, t)+g)(p2^dxdt>0. (2 . 6)

(2 .6)

b) For almost all [0, T]
Aij(yu} x, t)n,in} — 0, a. e. on 2,

this means that
yu=0, a. e. on S2

and for almost all points of Si such that уифО, one has
ai}(S, x, t) tij == 0, \ /S £ I  (0, yu),

where I  (a, 0) denotes the closed interval with endpoints a and /3.

§ 3. Estimates of solutions of regularized problems

Let ue be the solutions of regularized problems (1,4), (1.2), (1.3).
The first estimate we need follows from the maximum principle

\us\<M  (3.1)
for some constant M  independent of 8.

Lemma 1. The solutions us of regularized problems (1.4), (1.2), (1 .3) satisfy

•Ш
8us
dn da dS -H aiS(0, x, t) щщ

о J s

8ue
dn dadS^O t+ oS  | gradws | L'(B)dS, 

Jo

where constants 0%, C2 are independent of s and grad u= (uXl, иХг, •••, uxf ) .
Proof "Without loss of generality, we may assume that щ(х) н=0. Let % be the 

solution of the prollem

8v i 8

where

8t 8x(
'Уа. 1̂  =  0,

. 1 i=0 — 0,

f= f(x ,, t) f ( u e, x, t)+g(uS) X, t), 

1 10, i f /< 0 ,  1 10, i f /> 0 .

8Xi
>

Then by maximum principle, we have Vi’X )  in QT, and hence 8̂v i > 0o
2.

Similarly, for the solution v2 of the problem
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8 v 2

dt d<Ci
2̂ U= 0,

. V2 | t=o—0,

-(а”(ие, x, 0 - | ~ - ) - e ^ 2= / ‘

we have -^r2-dn >0

Since u—Vx — va is a solution of the problem 
8u ■ d (ai3\u s, a, t ) ~ ^ - ) ~ sAu=f>dt dXi
«U =o,

l w|*=o=0
by uniqueness, u8 — Vx—v2.

Integrating the equation satisfied by Vx we obtain

Similarly

sU ^ A xda+ U * af>n'n< *>*».
Therefore

Ш -£ -1*гЛ+П ,л *
* t dv

8us
8n d<xdS

dv2. —dcrdS + f f а}3щщ —̂■■dcrdS + e I I -~-dcrdSоJs on Jojs 8n J o 8n

+  1

8n

- f  f  ацщщ do dr =  f  f  ( f ++f~)dxdS— f (vx(x, t) + v 2(x, t))dx 
J 0 J 2  OKI J 0 J Q J Q '

< 0 1+ 0 faj'o | gradwe | mo->dS.

Theorem  1. Suppose Sx[\S2=0 and al}{0, x, t) can be extended to a neighborhood 
of Sx such that in this neighborhood

a»(0, я, Ш э> Ъ ,  V |  G  Rm.
Suppose there exists a constant 8> 0  such that for (x, t) EQr and \u\ < lff

2  («*&)*>0, v ie # » .s.j=l
Then the solutoins us of regularized problems (1.4), (1.2), (1.8) satisfy

|gradw61 b,(fl)

^ \ u e(x, t+Ai) —us(x, t) \dx<,K\At[s, for t, i+At£ [0, T ]#

Here grad u= (uXl, uXi, •••, uxf) and the constants Mx and К  are independent of e.
R em ark. Notice that (3.3) does not involve the derivative of aij with respect to 

t. Hence it is always fulfilled, for example, if ai3(u, x, t) = ац (и, t).
Proof Differentiate (1.4) with respect to x$ and sum up for S  from 1 up to m

(3.2)

(3.3)

(3.4)

(3.5)
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after multiplying the resulting formula by uXs The integration over Qt

yields

| y , ( | g r a d « | ) c f e - j oZ ,( | g r a d w ,|  ) < f e - e | *  ^ « S

“ L . L '^ r  la'Su'-w''‘ + 'h>'m

By integrating by parts, we obtain

( Igradu \ ) d m - ^ I n{ \gradщ (m) I) + £  _[д 5 и* dmdS

+  lofe® W dg,% 9 wW 4 * A d# + j 0j fl° * X  88£s% v UxpXldxdS

-  j o j o( - ~ • alj )u Xj(\grad и | sgn, | grad u \ - I n) dm dS

-  J  о j  Q e‘» 4 * , ( I grad и | sgn, | grad u\ - 1v) dm dS

“  j 0 j 0( - ^ T - / « )  ( I grad u I sgn o I grad u \ - I n)dmdS

Л  • ^ 3-nido‘d8+{t f a V ^  ntdadS Jo Js  ami J ojs dm}

• £ W  1пщ da dS + £  £  fulrfii dadS

+ s | 

+  1

+ j oj ^ A
sgn,lgrad« | ^  

I grad и I

As in the proof of Theorem 1 in [1], from (3.3) we may deduce

f fJo Jfl
d22„

8£s dip
>  — /3 ( f  J  grad м | daj d/S

dmdS -f- j j at%j e*i„
O JQ sis di9 uXp3t{dmdS

(3.6)

о Jo
for some constant /3.

Using Lemma 1, in a similar way as in the proof of Theorem 1 in [1], we can

estimate the five surface integrate in (3.6) by f |gradw|bi(0)d$. Thus, letting r/-»0,
Jo

from (3.6) we can obtain

f | grad M|da?<(73+(74f f |gradw| (m, S)\dm dS,
Jo Jo J a

whence the estimate (3.4) follows.
It is remarkable that under the weaker condition (3.3), in general, we can not



No. 3
SOME GENERAL RESULTS ON THE FIRST BOUNDARY VALUE PROBLEM

FOR QUASILINEAR DEGENRAIE PARABOLIC EQUATIONS 325

obtain the estimate of 8u or 8u
8t L\Q) 8t what we can obtain is the estimate (3.6),

To prove this, we shall apply the following lemma.
Lem m a SP3. Suppose u(x, t) is measurable on Qt, \ u ( x ,  t) | and

J(u, Ax) =  |u(x+Ax, t ) —u(x, t) |гк<ад(|/Ы )Jo
( F o r  x + A x ^ Q ,  w e set u  =  0 ) .  I f  f o r  t ,  t + A t £  [ 0 ,  T ] ,  a n d  a n y  ф ( х )  £ 0 % ( Q )  

j  j ^ i / » ( a j )  ( w ( s b ,  t + A t )  ~ u ( x ,  t ) ) d x  < 0 1 A t  | m a x ^ |  i / f  0 е )  I  + 1 ^ 0 ° )  I  +  ) « ,

(3.7)

(3.8)

(3.9)

then f o r t ,  t + A t £ \ Q ,  T}

f  \u(x, t+ A t) —u(x, t)  |efe< min (h +oi(h )  -f \
JO 0<ft<Ao ' hi /

Here co(h) is a continuous increasing function whioh is defined for 0<Л<Л0 such 
that <w(0) =0.

Now from the equation (1.4) which satisfied by ue, we have

( ф (х)[и е(х, t+A t) —us(x, t ^ d x —i  f ф (%)-^ s dvdx 
Jo  JoJt  8t

-  1 Г  L  ^ w  ■ & ) + 8 + + doe dm

г /
J. J > (eH‘ 8x j

due \
dXi / docdr

et+M

4
Using the estimate (3.4) we obtain

^ф (х)[ие(х, t+ A t)-u e(x, t)~\dx < 0 21At| тох(^\ф\+ |«/reQt 

Clearly (3.4) implies

ue(x+Ax, t) —uB(x, t) \dx<.Mi\Ax\,

where Mi=mox(M, Mf). Here we set ue=0 for x+Ax^Q. Thus u3 satisfies (3.7) with 
(o(h) — M±h. According to Lemma 2, for t, t+At£  [0, T~\,

( |u^(x, t+At) —ue(x, t) |cfc<Oi min \л+Й^ь+Щ }- =*K\At\*
J 0 0<h<ho L Л J

Thus the proof of Theorem 1 is completed.
Using Theorem 1, as in [1], we can obtain

8us 
m дх̂ * л < Ж а -Ят

(3.10)

for some constant M2 not depending on s.
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§ 4. Existence of generalized solutions

On the basis of estimates (3.1), (3.4), (3 .6), (3.10); we can prove
Theorem 2 .  Suppose the conditions of Theorem 1 are fulfilled. Then the first 

boundary mine problem (1.1), (1.2), (1.3) has a generalized solution which is a limit 
point in L1 (Qf), of the family {w6} of solutions of regularized problems (1.4), (1.2),

(1 .8). . v •: .
Proof By Kolmogoroff's theorem, there exists a subsequence {wSn} of {us}, con­

verging both in L1 (Qt) and in (QT) to some function u. Clearly |м |.<Ж  and for 
almost all t £  [0, 21]

f \и(ею, t+At) — и{ею, t) [doD^KlAt^,
Jo

| ^ | м(о5+4ж, i ) —u(a>, t) \dx<sMi\A®\, 

in particular, u£B V i,i (Qr)«IT
Estimat (3.10) implies the weak compactness of \ r li(uSn, со, \ in L2(QT) „

For simplicity of notation, we assume that j  rli (uSn, сю, t) -^r~j itself weakly converges 

in L2(QT) and denote the limit function by gl(ж, t). Then for any cp£G%(QT) 

^pgHmdt — \\m ^prii(uBn,ce ,t)^^-dm dt

dim - J L  Rl}{ue„, ce, t )d x d t~ ^ рЩ, (и, сю, t)dxdt

%, сю, t)dxdt

Qt

Qt Qt

■ lim f f Ri} (ue„, so, t)da> dt — 
ew-+oJ J uQDj

Qt

= — J j ’/jjr- m> t)dcodt—̂ p R lJ,(и, сю, t)dcodt(i=1, 2, •••, m),
Qt  3 Qt

Thus и satisfies the condition 1°) in the definition of genevalized solutions.
It is easy to prove that и satisfies the condition 2°) in the definition of generalized 

solutions.
In  order to prove that и satisfies the condition 3°), let (pi^02(QT) , cpf>0, supply 

a Q x  (0, T), multiply (1.4) by tpi sgn„(w8—k) and integrate over QT. By integrating 
by parts, we obtain

Qt Qt

+‘>,,w ^ - +(/,(M>’ «’l b
1 Ь п »(“ - - * ) ( 8 ж '
Qx

du8
dcct ■a',y du8 du, 

deej dec,~̂ jpx dec dt
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+ ]] ( /* (* , t ) - f ( h ,  *)) sgn;(u,- h)-T—nd®dt
Qx

jsgn,(«s- ^ )  ( f Xt(lc, x, t )+g(us, x} t))<pidxdt

' С 1 , ( е ж + в ‘,^ ' ) ?’л<г<г*

Qx

■sgn,

— sgn4 /г|^ |^  ( f  (0, x, t) -f(Jc, x, ^))9j1widff^ = 0.

Noticing that the third term is nonnegative and that the fourth term tends to zero 
as Tj—̂0, we deduce

Qx

+  ( /* (« *  X ,  t) ~f(Jc, x, t ) ) - ^ - L - ( f Xi(h, x, t) + g ( u t ,  x,

+ щ а * Ш в i t ^ ' 1I s - V * 47*

dxdt

+sgn& joj ^ ( / i(0̂  x, t ) —f( h ,  x, i))(p1nido-dt>0' (4.1)

Obviously

Qx Qx

- A iS(Jc, x, t)) —1| s gn (ua—J c ) а%(т,-x, t)d/rj-^-dxdt
Qx "

jo J  sgn JcÂ  (Jo, x, njd(xdt

—1 | sgn (ue — Jo) (Ai} (ue, x, t) — Aij (Jc, x, t) ) gd ^  ■ dx dt
Qd * '3

- 1 | sgn (w6 -  Jc) | |  * a% (r, x, t) d v )-^ r  dx dt,
Qx ' 4

Hence

lim [ f sgn (ue —Jc) ai j dx dt= — [ [ sgn JsAi}(Jc, x, t)-̂ ~-̂ - Ujdcrdt 8„->oJJ dXj dx, JoJs ° dxi
. Qx

—1 | sgn (u—Jc) (Ai} (u, x, t ) —Ai}(b, x, i))-
Qx

gV l rl.

- | |s g n ( M - ^ ) |£ a g ( r ,  x, i)& i^-^-dxdt, (4.2)
Qx

Since for fixed t, sgn (u—Jc) (Ai} (u, x, t ) —AiS(h, x, t ) ) ^  BV (Q) and 

~ -\_щ ъ .(и -Ь )(А ^(u, x, t) — Aij(Jc, x, 0 )]

~sgn(u~k)-^-iAV(u} x, 4)-А*1(к, x, « )] ,
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we have

<?T

= — |  |  sgn hAij(Jc, cc, t) щda dt+ sgn(yu-  ti) (AiS(yu, as, t)

(4.8)

Let <p2 £  (,Qt) , (p% 1 sxco.r] — ̂ iUxco,r]« Then

i l l 6 -  j f « |> 4 ’.+ -§ * -  - g - ] * * .
2̂*

Using the equation (1.4), we obtain

4 1 He„->0 J 0 J 2 \  О

Qt

I t is easy to verify that

Qt

\-aiS да)} )t фхЩ dtx dt

du*n dtp 2 ®U *n СО о
dx} dXi dt ^

8us„ dtp2 dcodt— —dXf dx{

- Г Г Г  a . - f L A b d J * .JoLJfi dcoj дщ J

*’ 4 а+4 ‘М<

=  ~ Ц т  x > ^сргЩ йаd t + ^ u  — f ( u , со, t ) - ^ - + g < p 2]dm dtc
Q* *

Therefore

limf [ ( e„ — a. +  atj (рхЩ da dt
e„-»0J 0 J 2 \  OO/j 67% /

= —f  f  Ais(yu, со, t) щ d<jdt—[ f  /*( 0, со, t) фхЩ da dt
J 0 J 2 J 0 J 2

- Д О . * - я г  *  ^ + » аН ‘ - (4 .4 >
Qt

blow the inequality (2.2) follows from (4.1) by lotting e =  en-»0 and usng (4.3)s 
(4.4).
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