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Abstract
Over an algebraically closed field F' of characteristic p> 3, classes of Lie algebras 3=
3(n, m, ¢, GY(m>0), 3*=3*(n, m, r, &) (n-+250(modp) yand E——fg(n, m, r, G)((n+2=
0(modp) )are constructed, where n, m are non-negative numbers, _9;=.(‘so +1, sl+1,' ooy Sue+
1, ty41, -+, to+1)is a(2n+1)-tuple of positive numbers and G is a subgroup of the additive
group of F. 3, 3* and 3 are shown to be all simple Lic algebras with dimensions p¥ ~2, p¥
and p~ —1 respectively, where '

N=3(s;+1) -l—il“.(tﬁ-l)-i—m.
i=0 i=1.

. Their derivation algebras are determined. It is shown that they, are of generalized Cartan
type K when m=0 and of generalized Cartan type H when m>0. It is then determined that
5* and = are new simple Lie algebras if »>0. Conditions of isomorphism are obtained. And
a special graded algebra structure, the K-like gradation, is discussed.

§ 0. Introduction

. In this paper, a class of Lie algebras X(n, m, r, @) is constructed over an
algebraically closed field F of characteristic p>2, where n, m are non-negative
integérs, ¢ isa (2n-+1)—tuple of positive integers and @ is a subgroup of the additive
group of . When 1€@G, 2 has a 1-dimensional center € and I= (2/6)'is simple, -
dim ¥=9"—2, where N is the sum of the components of 7 and m. When 1@, if n4-2
#0(modp), 2*=2 is simple, dimZ*=p?,if n+2=0(modp), then $i=3"is simple and
dim S=p¥—1. The derivation algebras of 3, Z* and 5 are determinéd and the
dimensions of the outer derivation algebras are N+2, N-— (2n+1) and N—2n
respectively. When m=0(i.e.,G={0}), 5* andS are of génerdlized cartan type K. If
m>0, 3, >*and § are all of generaliled Cartan type H, and 2" and 5 are new ones
when n>0. 3* and & also furnish examples of simple graded Lie algebras which are
néither classidal nor the“graded Lie algebras of Cartan type”of Kostrikin-Safarevis,
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§ 1. Construction

Suppose R is a commutative ring of characteristic p>0. Let A =R[ws, <=+, ],
of=nE R, be the truncated polynoinial algebra over R. Now let R=F he a field of
characteristic p>>2(we may assume that F- is algebraically closed). Lot Dy, +-+, D,
Dy, .-, D, be 2m mubually commuative derivations of A. In %A, we define a

commutator operation | | | | |
[f, 91= 2D Dig) ~ Dg) D)), £, g€, (.1

It can be directly verified that Jacobi identity holds, and U thus becomes a Lie algebra
(over F)which is denoted by V"=V (¥, D, D’) Let wi, ¥, $=0, 1, «=, n; be 2(n+1)
eloments of 7' such tha.t : : - '
-  wbm=1, =0, 1o m )
and espeoially_, leb L ‘ . _ |
| pmo=0, vo=1, : (1.8)
Lot A be the additive subgroup of F generated by {u;, »;|¢=0, 1,+--,n}and let {£,=1,
€1, -+, &i}e a basis of A over the prime field II of #. Let

W= F[@oo; =y Bosey ***, Tady ***y Tnsy} Y00, ***» Yotoy ***s Yn0s *** Yninls (1.4
where ' ’ ’
. y&_:__l)' 9:=(), 1’ IR to; . (15)
af;=0, =0, 1, -+, n, j=0, —1, @B, =g (=00r1), (1.6)
yh=0, G=1, < n, 3‘=O, , 1 yh,=¢6i(=00r 1), 1.e)’
Set
2 y
: (1.7
o Oy _( )
L’éﬁ .
1y : . : o ‘
y ylo(t)a ya’fo, zO:E}'ZOigi E.A, O<lm<_p, 'Z=O, _1, eeey .toy ‘ - (1.8)
It is easy to see thatb .
‘ Doy°—loy 1 lEA, R e (1.9)
Let : - o s
. W 88 /vl a : . R o 1 ;
p—1 ;- 1.10
D= 3‘1750 . E—-;(LIow- )3- 7 by o ( )
=1 a .
p—1 - IR : (k. 10 !
' pi . M. +§a<1£[oy ) oYy’ =1, K . . ( )

If by and Z are integers such that 0<<h<p**, O<L<"*, they. can be unlquely
expressed in p-adic form




No. 38 NEW SIMPLE LIE ALGEBRAS OF CHARACTERISTIC P 331

8¢ s
b= 2 bap”, 0<hiv<p; =R Twp", 0<I<p., (1.11)
We puia
_. =l 5 and gl =gl -yl (112
It can be easily shown that, if &, ;,+#0, then v ,
D,;wk‘—JQ lo—=1 D;yi‘—hyl‘"l (1.13)

where %' and I} are the first nonzero numbers of (ki, -, ki) and (lo, =, )
respectively (we assnme =0 if ;<0 and ¢y=0 if 4,<0). It follows that

Dyl =0 iff k,=0; Djyf¢=0 iff [,=0, - (1.14)
Lot b= (ko, =*+, ky), O<hi<p™*, 4=0, 1,2, m,I=(lo, >+, bn), L€ A4, 0L <ph*, G=

1, -, n. put

o = aFyl = e alryse- . | (1.15)
We have, for'?}=0, .1, e M

P it 4By <p, v=0, 1, «, 8§,

0, if k- k},>p for some v<s; OF kit Fje,=p and &,=0, (1.16)

gF R rE b+ <p, v<s, BigtEig>p and =1
Similar formulas hold for gly¥,i=1, <+, n, and, by (1.5), (1.8)

afaft=

yhyli=glth 1, lhEA, (1.16)°
Consider V =V (A, Dy, «+-, Dy; Dy, -+, D},). Lot
: »éi= (80;, 81,;, o, .8,”'), 'I;=O, 1, ety n. (1.17)
By(1.19), (1.18), (1.16)and(1.16)’, we have
[$E P) wk i' (k()l() ,*l()) Xo?0+ é(kﬂ?"‘k?l? ) y 474, (1 .18)
where _
:)Z _ E—éiwmnwﬁwy——% ?s=y!—é¢y2'=y7yr~éa, ,5.:0’ 1.,., n, (1. 18)’
By (1.16)and (1.16)’, we see that
either X;=0 or X,=«" with a= k¢+kk—-e,(modp) i=0, 1--e, «oom, (1.19)

 either ¥;=0or Y,=¢ with b=l;+1, —e,(modp), =0, 1, ---, n, (1.19)’
Let D Le the linear transformation of V' defined by
D (a*y) :( Z0+§(70¢,Urs+lﬂ;'¢) -1 >"’E@/Z. (1.20)
By (1.18), (1.19) and (1.19)’, it is easy to check that D is a derivation of . Then
6 = {f €V | Df =0}is a subalgebra of V' which is spanned by all «%y' satisfying
Zé+§ (kffbi+jivt) =1, (1.21)

For any vector (ko, k1, ***, ks, bz, ***, ls), there is one and only one l,€ 4 satisfying
(1.21). Corresponding to l? I, put :

b= (s, = o), b= (s, oo, Tn), (1.22)
Lot U =F [wgo, ***; Woss; ***5 Tno, ***5 ¥ns,; Y10, °*°5 yitu 0 Ynoy "%y Yntels Deﬁne linear
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map a: A by

o (aFy!) = aofef ‘ (1.28)
Then the restriction of o on € is bijective. By (1. 5) we have .
‘o (fg)= a(f)a(g) s 9691 | (1.24)
- And evidently ' '
| Di(of) =o(Dif), i=0, 1, =, m, Do (f) =a(Dif), i=1, -+, n.  (1.20)

‘We shall 1dent1fy fE€E, with cr( f) E"’I and express the elements of (S in the fmm of
elements of 9. Let ' '

~

oh, 1) = Z<km+z».) |  (1.25)

Then the commutator operation of € is
R, Fyl= L=, V) <k (L= (h, -z))?oyo+§<k:z;*—k;*zr) XY, (1.26)

where X, are the same as in(1.18)’and

, Yo-—g Y y"e‘y ~y‘y’ o f= 1 (1.27)
where | L '
fm (B, ...,‘am.), i1, e m L7y
. Let .
0 0 _
Oo=1— 2(#1#1740 B +Vfil/¢o 3 Cl/zo) : - (1.28)

where I is the identity mapping. From (1 26)and . 27) we have

Lf, g1=(Dof). (909) (Dog)(aof)+2((l) f) (Dig) (ng) D), f, 9€C,
o | (1.26)’
Let C€=C(n, 1, s, &, &:), where :

o r=(Sot1, =+, 8at1, tyt1, oor, tat1) € (BH)EHD, (1.29)
Now consider € (n+m, 1, s, &, &) With 8,,1=0, gap1=1,4=1, +-, m. Write % for
Fnss, Wy TOT 4fnss and y; fOT ppgs, =1, -+-, m. We have '

R =1, 4=1, -, m, * - (1.30)
* Moreover, we assume thatb ‘ ' o ' ' RN

Vi, ***; VYm 8LO Hnearly independent over II, (1.81)
Let G be the addltlve subgroup of ¥ generated by Y1, ** Vm. Every element of G
can be umquely expressed as " o

2""‘570 0<u,<p (1.82)
We write ’ |
, ' v =g wC @, (1.33)
By (1.80), we have ,
o= 4 0EEQ, - (1 34)

I is evxdent that the elem.ents in'C which do not contain wi; b=1, e, m, form a Lie
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subalgebra of €, which will be denoted by Z=23(n, m, 1, &, wm, &, &), It follows
from (1.29) that the commutator operation of  can be expressed as

Lf, 91=(Dof) (@og) —(Dog) (3of)+2((D ) (Dig) — (D;g) D)), f; .‘]GS

);w)

. 35)
where v
d=I— E(Ibtmso-;—-'*‘wyio o ) ﬁ: - (1.36)
¢=1 §
Define |
deg wfy’z' 2ko+2(lo¢+l,) ‘ (1.87)

An element ¢ € ¥ is said 0 be homogeneous of degree ¢ (denoted by deg a=t) if @ is a
linear combination of #*y2" with all deg oFy’2"=¢. If a, b are homogeneous, then

: deg [a, b] =deg aH—deg b-2, o | (1.88)
It is ev1dent that dimX=p¥, where '

N=§@ﬁm+gm+n+m_ O .89)

Notel.l. Ifs,, # are non—negative infegers such that si<Cs;, # <C#;, then the
subspace ' = {afyle" | k,<p**t, L<p®*) is a subalgebra of 2 and 3'=3(n, m, ¢’, G,
Wi, M, 1), where p= (sh+1, «-«, sh+1, th-+1, «--, +1) and =g, if §; =8, =0, if
sy <si; mh=gy if t =14;, n} =0 if 4 <,

> is said to be of type I if 1EG, and is of type IT if 1EG. We shall write

wy=ai =0y, 4=0, 1, <=+, n, yi=yi =y, t=1, -, n,. (1.40)
If Z‘ is of type I, we shall also write '

z=gt, (1.40)
Let .
m=p%ti—1 4=0, 1, oo, 0, m=p"*—1 d=1, «oc m, (1.41)
and : ‘ : -
w= (o, @1, =+, Wa), o' = (wh, **, W). (1.42)

Lemma 1.1 If 5 is of type I, then €={ 2> is the center and the commutator
-subalgebra 3’ =<aFyfer| (&, 1, r) + (w, &', n+2)>,

Proof We have S _
= (1—u)2*, uE G, | (1.48)
Thercfore dh2=0. It follows from (1.85) that [ f, 2] =0, Vf&€2. On the other hand, if
[g, f1=0, VfE€Z, then Dog=1[g, 11=0. It follows that Dig=[g, v:]=0, D; g=
—[g, #]1=0, ¢=1, --., n. Thus by(d. 14) g= 2 a,2*. Then[g, o] = Sy (u D=

80 o= Olfuaél that is, g€ (). _
Lot Sy=<aff | (§, 1, ) # (m, w, n+2)>, If ho<mo, then
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wkylzr
If 704< am, for some >0, we have
az“"‘ylz“ yl={1—»,) Do (aﬁ*“‘y‘z“) G (h+1) Ry €Y.
Since the first term of the right side is in X', afy'2*€3’. The situation is the same if
1<) for some i. If(k, 1) = (w, w)and u#n+2, then by (1.85)
[@o, ¥Fyf2¥] = (L — o (w, o) ~u—mwp)afy's = (2+n— u)wﬁyz’EE'
So wﬁ v € S'and $,C3. On the other hand, by (1.85), we have
[afyizt, aFyfa] = (hs(L—o @, V) —u) —ks L—p(k, 1) —w) o ~BogF el 2ty

The +1) w*y‘z,l]EZ‘.

k]

+Z (k*l’* lo’*l*)mﬁ"“*wﬁ'y“e'y”z“’f“’ . 35)'
If o%y"2**2. goours in the rlght side, then either (i) k+F —éo=wm, I+V=m and u+u'=
n-+2, In this case, ko+ kh—1=p***—1 and k§-+ ko =p, so the coefficient 5* (L —o &', V)

- —E*A—p, 1) —w) =700(2—-<p(av, o) — (utu)) =0, or (H)F+F —e;=0m, I+1—
6= av’ and w4+ =n+2 for some 4>>0. Then &-+#*=p, li+Ij'=p and the coefficient
kil ]c *I¥ =0, Therefore a;"‘y”"z”“ does not oceur in Z’ and Ty,
‘Lemmal.2. If 3 is of type II then =3 when n+2%0 (modgp) and ' =
‘(wk 2| (k, T, w) + (v, m, 0)) when n+2= O(modp)
.Proof Similar to Lemma 1.1,
" Definition 1.1. If1€G,set Z=3(n, m, 1, G, Wi, &, 84) Z‘/@
Deﬁmtmn 12. I f 1e G and n+2%=0(modp), set
=3*(n, m, 1, G, wi, &, &)=2,.
- Definition 1.3.- I f 1eG and n+2=0(medp)set -
A=, m, 1@, w, &, £)=2",

- §2 Slmp11c1ty

Theorem 2.1, 3* is simple, dimZ*=p".
Proof Let B be a nonzero ideal of 2, 0£f€EDB. Letb f fow T/ ks SEITE o
where £, does not contain a;, 4=0, 1, «--, &, and fo#0. By (1.88)we have
[g, 11=Dog, Vg€ ~ - o 2.1)
If %0, B[S, 1]=k"foat ' +---#0. So we mdy assume k=0, i.e., f does not
contain @o. Again by (1.85) |
[g, @] = (1— ) 2,(Dog) —Dig, VGES, d=1, «+, m; 2.2)
19, vl =1—v)p(Dog) +Dig, VEZ, 6=1, -+, n. . . . (2.2)
Tf for some 60, f=agwf+awf+-+a, where a; does not. contain @, a0 and
k>0,then B3 [f, v =k ao@f 4+« %0, Thus we may assurne F=r@:. 'I.“Qt' f =i§;cuz‘f,

where ¢, € F. choose f such thab the number of .nonzero ¢.s is minimal. If f=c+
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et oee With €10, ¢2%0, uy#us, then f =Lf, @l =cs(us— 1)2“*+cg(u2 1)z"“+
#0.and B f - (ua— 1) f=ca(us—u) z“”+ .o Whleh is nonzero with less terms than f.
This contradicty our choice of f, so we may assume f=2(u%1, since 1EG). Now
1= (1—u)~L[w~", f]1 €. Tf Jog<<oro, then

wTE,ylzr__e —_— [wk+eo lzr 1] E B,

1
(o +1)
Hspecially, mOE‘iB o, i€V =1, 2, o, m, If <, for some >0, then . -

- oY= W{["’W‘yl 2 59] — gy Do(aFPy'2)} €.,

Similarly, ifh<a) for some 4, ‘then afy's €B. We have [aFy™?, @mel= (r— (n+2))
oy, Since 1EG, GNH= {0} Smce n+2$0 (modp), r— (n+2) %0 Therefore
" “2’653 Vr€G and B=23" :
| Similarly, we have -

Theorem 2.2. 2 is simple, d1m§— -1,
' .Theorem 2.3." 3 is.simple, dim 5= p¥ —

§ 3. Generators “

Tn this section we assume p>3
For simplicity, in what follows we denote by f any element f +<z> of 2( f GZ‘)
By this oonventlon we have Lo
. : - az=01in ¥, VaEF, - g o (31)
Theorem 3.1. Assume p>8. Let X=3", & or 3 and
A={m5, 0<k<p; of’, 1<s<si, 6=0, 1, ===, m; 9, 0<l<p, o, 1<t<t¢, :
g1, e, my &, T E G} | ‘
Then X is genemted by 4. ‘ .
We shall prove Theorem3.1 in detail for X =" only,
Lemma 8.1. Let >0 and H®be the subalgebra {aby} l0<h<m, 0<Z<az;’“ (k l)
(m, w)> of X. ThenH® és genemted by{wi, o)k (O<k<m, 0<Z<m} '
Pfroof If k<m:,, Z<m, then

1 " 7¢+1 AN

aiyl = (lo—l—l)*(l—i—l) » Ui
Lot I<o}. If I"#p—1; then . ‘ :

Ifz*;p 1, $hen z+1<m, 0

1 m l+1
w¢ (l}s (Z’l"l) [w'b; v {IJ ]

Lemma 3.2. Let X =2" and ¥ be the subalgebra genemted by 4. Then
) A“{w630<k<75b 7"—0) 1; b .‘n’i-yh O<.Z<W¢v_:-?’ 1 n’ Zr TEG}CY
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Proof (i) @€Y, ai €Y, i=1, -, n

Since uy-+v;=1, we may assume »,%1. Then [a, 4] =2(1—v)aoy and s €Y.
[}, @oys] = (2p—1)afyi+ 2000, By lemma3.1(applying to the case Ty =1, =p— 1), the
first term is in Y, s0 w0, €Y.

(i) oP €Y, ¢ €Y, VO<hi<my, 0Ly, =1, ++, n

Induction on %;. Let &= ﬁocvp”, bi=c;, ® j=0, Ifcos1, [w?";l, ady] = (co—1) @

and o €Y. If ¢o=1, then k;—1=0(modp). We have[zoz;, o] = (1— (s —1) ) @ =
o €Y. @ j>0. We have[af, af’] =2w.af’ €Y and aft= [weaf’, o} "] €Y,

(iii) af €Y, VO<ho<to.

Induction on k,. We may assume ko>p 1 and loo - p , 8= 1 , 8. Leb

ko = 2 cvpv:

¢, #0, bo=c;, then, j<u or j=u, ¢;>1. @ j=0. We have [of, of~] = (8—co)al. If
co#8, wf €Y. If ¢o=38, then[af, al~*]=24f and 2l €Y. ® §>0. Then P41, p42<
bo. If ¢;% 2, ¥ D [a8*!, afp~?] = (2—¢;)ale. If ¢;=2, then ¥' D [m‘””, o ?] = ot and
af = [of*, 1] €Y,
Proof of Theorem 3.1 Let X =27, Let ¥ be the subalgebra generated by 4. We
have 4CY,
(i) dZ €Y, YO<k<m, rEG,
If bo<mo, [@f™, #]=((H+1)*(1—r)wl’+0 and «§" €Y. We have [woz’ 2% =
2(2—1r)af #0 and also 22" €Y.
(i) afead Z"GY, VO<ho<<mo, =1, **, m, TGG .
[kt 1, o] (ho-+1)* (1 — ks —Wvy) albalupe. By Lemma 3.1, if Fo<<mo, (b, 1) %
(mi, o), 1—ku—1lv;#0, then afratyiezr €Y. Take integer ¢ such that 0<t<p, 1—tu;+
0, 2+ (t—1) wy#0. Then afalz’ €Y. If ho<mo—1, {al*ale’, o yf] = (ko+1)"(2+
(=1 ) wiafyTor —tafettafyF2 €Y, Since 1— (m — 1)w— (w; —1L)v; =8 %0,
wlo o tyTr €Y, so afeafyT’ €Y. Take integer s such that 2<s<p. Then [af,
w st Ty ] = (8s—rs) afeafyfer €V and afafyf € Y. Since [abafyi, 1] =
kol *afyT", applying 1 successively. to a;om Ty, we have afeafyTr €Y for all 0<<
ko<<umo. ' .
(i) abafylz €Y, YO<ho<mo, 0<h<m, O<I<Sw;, rE€G, i=1, <, n
Induction on d=m;+w, —k—1I. If d=0, the conlusion follows from (ii). Assune
5>0(or 1>0), [alealels, yi] =kl —v;)ak ot ol (ly) 7+ b abealylr € Y. The left side
and the first term of the right s1de isin ¥ by the assumptlon of induction, so aioal gyl
€Y, o
(iv) aba®y™ 2 €Y, YO ho<<mo (here w“—’=w°f‘--~w2’”), reg,
Lot ay, (ko) = aleafyfe-afoyit, h=1, -+, n. We shall show @, (k) €Y by induction
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on h. @ If ko<mo, then [a;(ko+1), aftiyiyi] =2ko+1)*as1 (ko) €Y. ® If A-+3£0
(modp), then [43, @uy1(o—1)1 =2 (h+8—1)aus1 (7o) €F and anes (wo) €Y. @ It h-+38
=0(modp), then A+1<n. From @, [«2afrsuT3, anpi(mo—1)]1=2R+4—1)ape2(mo)
€Y. By an argument similar to (iif), we have a1 (o) mh+2yn+2€Y VO<Sh<mpe, 0
<I<wh.2, and especially a1 (o) EY

V) o €Y, Y, 1, r,

We have a, (k) €Y, VO<ko<wo. By an argument similar to (iit), ‘we can show
ofy2’ €Y by induction on

d=3 (mt-a) -gl(mz{),

If X =%, the proof is essentially the same, If X =3, the situation is somewhat
more complicated. We omit the details.

Note 8.1. If m>0, i.e., G+ {0}, Theorem3.1 is valid for p=3.

Note 8.2. The number of generators can he reduced. If m>0, X is generated
by 4i={¥, r€G; a%; of°, ¢¥, i=1,++,n, =0, 1, «oo 5, t=0, 1oee 3}, f m=0, X ig
generated by do={1, af; af’, of’, =1, <+, n, s=0, 1, «oo, 5, 1=0, +=o, 1}

§ 4. Derivation algebra

In this section we still assume p>3.

If L is a Lie algebra, 9 (L) will denote the derivatian algebra of L.

In X=3* S or3, it is easy to see ‘that adl=Dy, ads= D, — v, Do, ady,= —D;—
Do, Therefore :
Dg=(ad1)?; Dp=— (adyy)®?, D/?=(adw)?, i=1
Thus, D§, D?, DP, i=1, ++-, n, are all derivations of X . Let

Dy=LD¥, i=0, 1, -+, m, s=1, -, 85 DF, 4=1, oo+, m, t=1, =, &>, (4.2)
Then 9, is a subspace of 2(X), dim @;=N — 2n+m+1), Let @ be the set of all
additive mappings of G into . Then O is an m~dimensional vector space over F.

n, 4.1

LXxy
7 2

For 0 €0, define a 11near transformation of X

Dy Do(aFy') =0 (r)aty'2, | (4.3)
It can be easily verified that D is a derivaton. Let '
‘ D:=1{Ds|0€6}, (4.9

Then #—D, is a one—one hnear mappmg of ® onto 9, We have dim Dy=m. We
shall prove - ’ '

Theorem 4.1. 9 (") =adZ* @ DD Ds. The dimensionality of the outer derivation
algebra of 2* is N — (2n+1), .

Let B be a commutative ring of characteristic .p and R(n) R[a;i, cer, W] =
[ osa®, oq, € R] whore b= (ks +, k), Ol <P, a¥ =gl B and o is defined as
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in(1.12). Let D;, ¢=1, -, n, be.defined as in (1 10), : S :
-~ Lemma 4.1. Let A,ER(n) i=1, <+, n.- There evists f ER(n) suoh that A =
Dif, =1, -+, n, if and only if D,4;= Din, 4, j=1, -, m, and 4, is v~truncated, i.e.,
4; does not contain any ferm o* with ki——an : SR -

Pfroof Necesswy is clear. We prove the sufﬁclency pa,rt by 1nduct10n on n. The -
case n=1 is obvious. Now B (n) = R[w,] [#1, -, #s-1]. By theassumption of 1nduct1on
there exists fo &R (n) such that Dyfy=4,, ¢=1, ~-, w—1. Then D,4;=D,D;f,=
Di(Dyfo). Since Dyds=Did,, we have Dy(dy—D,fo) =0, i=1, -, n—~1. It follows
that D, fo—4,=g(x,) which containsg n only Both terms of the loft s1de are o,—
truncated, so we have g(w,) =D k(w,,) Teb f fo h(w,,), then D, f Di fo—Ai, =1,

, 0, and Dy f= D, fo— Dyh(w,) = A4, ' : :

Note 4.1. Under conditions DAj—D Ay i, = 1 ~'»," n, e, o€ R is the only
term containing = that is poss1ble to arise in 4, is In fact, write 4;~aaf+-4’, where
a does not contain o, and -4} does not contain «* Then for j#4, Ddj=DsA= (D)o
+DjA§ . But D,4; and D, A} are both w~truncated: “This forces Dya to be zero, j=1,--,
' n, and g=a € R. Thus the second condition ifiLemma 4.1 can be restated as follows
A, does not contain scalar multiple of o,

Lemma 4.2. LethE* If[w 1] O [a, ] =[a, 4]=0,i=1, -, n, then a=
k() which contains only 2.

Pfroof Doa— [a,1]=0, D= [a, yi] m(Doa) ;=0 and ‘Dig= —[a, %;] —v; (Do)

=0, ¢=1, S S .

Lemma 4 3 Let D. be a demmtwn 0 f 2 satzsfymg

.Dl—.Dwo-—-O, Dwi——Dy,;—O, ’I/—l, y, n, ‘ (4.5)
Then Dar=0(r)2", where €O, i. e., 0(r) EF and _ :
O(r+) =00 +0@), r, u€G. . (48

Proof We have [2, 1]1=0. Applying D we. obtain Do(D2) =[Dz, 1]=0.
Similarly, Dy(D¢") =D, (D) =0, i=1, ---, n. Therefore, Dz'=h(z). Applying D to
the identity[2', @p] = (r—1)2", we have [~(2), %)= (r—1)h(2). Let A(z) =_.§auz“o

'I‘hen 2 (u—1) a2 = (r—1) 2 oauz“ Comparing coefﬁcients ‘we have o,=0, V us T,

that is D2'=0(r)2", where G(r) =a,. From[ag, 1] =2, we have D, (Do) =0(r)#. It
follows that Dz’ =8(r)xe + a, where g, does nob contain . Applying D to the
: identity [/, ze2"] = (r 1) z’*“‘, we have ’
[O(r)2", wp2®]+ [, O () we? —l—au] = (r—1)0(r+u)z*,

that is(r—1) (G(r)2**+0 (W ¥**) = (r—1)0 (r+u)2"**, Since 15 G, r—- 19&0 and we
bave (4.5). C
- Lemma 4.4. Let D be a derivation of 3* satis fyéfng - _

D=0, r€G; Duy=0; Day=Dyy=Dargi=0, i=1, -+, m. (4.5)’




* No. 8 NEW SIMPLE LIRE ALGEBBASFOF CHARACTERISTIO P 339

Then D=0, Daffe=Dyft=0, ko, ki, li=1,+, p—1, =1, «-, n,.

Proof (1) Dip=0, Dy=0, ¢=1, -+, n, by, l=1, 2,- -+, p—1,

Induction on &, [af¢,1] = [af, #;] =0, [af*, y;] =8ykwl™, 4, j=1, -, n. Applying
- D, by Lomma 4.2, we have Daft=h(2). [alt, zy,] = hal*. Applmg D, we obtain. Imh )
= [h @), w9 =0,%0 h(2) =0. Similarly, Dy*=0..

(i) Dafe=0, ko=1,+:; p—1. : .

Lot a=a{alyl, where i>0, 0k, li<p. Wé show Da=0 if deg a<2k,, by
induction on dega. The case dega=0 is clear. [a; 1]=Dsa, [a, %] =»;(Doa)®— D;a,
{a, y,,] = 14; (Do) y;+ Diw. Applying D, by the assumption of induction and Lemma
42, we have Da=h(z). We shall show h(2)=0 by a second induction on s,. When
so=0, our agsertion follows from Lémma 3.1 and (i) (note that.since dega<2ke<<
2(p—1), (b, &) #(p—1, p—1)).'® If b+l then[a, ay]l = (k~l)a. Applying D,
wo have(b—U)h () =[h(z), wy] =0, so h(z)=0. @ If k=1+#0, then k#p—1,
otherwise deg a=s,--2(p—1), contrary to our assumption dega<2k,<2(p—1). Now
[wpabt iyt o2l =so(L—Fy ~ oy + py) o Lttt 4 2(+ 1)a. Applying D, by
induction assumption and @ we have Da=0. @ k==0,i.e. ,a=ay. We may assume
$0>>0, [y, @] = (1—so)a. Applying" D, we have [ws, h(2)]=1—s)h(2). Let h(z) =
%}G a2, then 3 (1—u)aue"=(1—8)Za2". Comparing coefficients, we have (U~ so) iy =0

Since 1€G, GNI={0}. It follows ‘thé,t' P '30%0 \7@56@ ~We have a,=0, Yu€@,
thatis, 2 (2) = 0.Now [af, 1] =hewf™, [, 2] = vl 2, and ke s yz] o y,o Applylng
D, by Lemma 3.2, Daf=h(2). Repea,tmg the argument of @), we have Daf=0,
~ Lemma 4 5. Let D be a derivation of * satis fuying (4.5). Lét 4, 8 be fmtegews such
that 0<i<n, 1<<s<<sy. If Dcvé =0 for u=1, -+, s—1, then D% =q-1 with aE_E. For
o, 1<i<n, 1<<t<<t;, similar reosult holds. S
Pa"oof (i) ¢>0. By Theorem 8.1 and Lemma 4 4, DZ*(n, m, 1) =0, where 7 is
obtained by changmg the i~th component of 7, t0's and all other components fo 1 (see
Note 1.1). We havel[sf’, 1]1=0, [af, #,]=0 and [rPy;] =8,ap™ €3'(n, m, ).
Applying D, by Lemmad. 2, we have Daf’=h(2). [wo, af']=af". Applying D, [wo, h(2)]
=h(z) It h(2) = 2 a2, then 2(1 'r)a,z’ S Tt follows that or=0, Vrs0. (ii) 4

=0. We have[af’, 1]=a8", [af, #;] =raf "2y and [of, y;]=p s‘Iy;( j>0) All the
right sides are in 3*(n, m, 7). Applymg D, we have our oonolusmn by an. argument
similar to(i).

Lemma 4.6, (1) .@1092»— {O} (2) (@1@_22) ﬂadZ‘* {O}

Proof (1) is obvious. (2) Let

ada- 2 2 a;,D’”—{—Z 2 B“D’p +.D9.

i=0 j=1

Applymg this to 1, we have [a, 1] =0. Similarly[a,- )= la, yﬂ =0, t=1, s, n. By



8340 CHIN. ANN. OF MATH. Vol. 4 Ser. B

Lemma 3.2, a=h(z), If a=h(2) =3, then [A(2), o8] = —a§~'h"(2), where A*(z) =
2a,(L—r)2". Applying ad @ to o8, we have —wg“lh*(z) tgoel which implies h*(2) =
0, thab is h(z) =0.
Proof of Theorem 4.1 Let D be a derwatlon of 2*(n, m, 1)
(i) Let ao=D1, a=Dy;— maoyi, by= —Dm+viaem, =1, +++, n, Since [1, ¢ =
0, wo have[D1, ¢,]+ [1, Dy;] =0. Hence, we get[ao, 4] = [1, &+ maoyi] =0. That is,
wi(Dotto) s+ Do — Dotts— e Do (o) = 0. Tt follows that
Doay=Dyay, i=1, -, .n, 4.7
Similarly .
Dyby=Dja,, t=1, ++, n, (4.8)
Since [@;, #;] =0, 4, j=1, -+, n, we have [Dum,, x;]+ [w;, Dx;]1=0, That is
[—=bitviaow;, o] + [@;, —b;+va0z;] =0.
We have :
—v;(Doby) @+ Db+ v ; (Dotio) wiw; — vy (Do) w4 4 (Dob;) s — Di by
— v (Doto) @+ v; (Dia0) ¢;=0,
Simplifying it and using(4.8), we get ,
Dibi=Did;, 4, j=1, , (4.9)

Similarly
Dyai=Dag;, 6, j=1, «-, n, | (4.10)
From [@;, y;] =8;-1, similar computation shows : -
Dia;=D;b,;, i, j=1, «, n, (4.11)

‘We shall show that @ is #,~truncated, ¢=0, 1, «++, n. By Note 4.1, t suffices to show
that a; does not contfain F[2]-mnltiple of af*. From [w,, 1]=1, we have[Dx,, 1]+
(@, @o] =ao. It follows that ‘ ,
— (Goao— woDotto) = Do (Dwo) (4.12)
Let ap=a(2)a§+ay, where a(z) € F[7]and @) is #e~truncated. We have
o= (0ha(2)) afe+hal, and @e(Doao) = —a(2) w5 +ap,
where &) and af are also m—truncated. Substituting these into (4.12), we have
— (Ohex(2)) #5e+ (ah ~ Doaly+aly) = Do (Do) .
Since the right side is @o-truncated, we must have ha(z) =0, that is, a(2)=0. For
q',>0, lot a;=04(2) a7 +a;. From [@o, 4] =ms, by a similar argument, we can show
that a;(2) =0,4=1, -+, n. Thus g is #~truncated. Alse, b; is y—~truncated. By Lemma
4.1, there exists ¢ € 3" such that Dyg=ao, Diw=a;, Dja=b,, i=1, ---, n. Let D®=
D—ad @, then DW1=D1- [g, 1]=0, D(i)w,~= Day— [a, @] = (riaewi—b;) ~ (v; (Do) 2 —
Dia) =0 and also DYy,=0, i=1,
(ii) By Lemma4.3, DW= G(Ir) 7, 9 €0. Lot D@ =DD—~D,. We have D®" =
Vr €@G and still D®1=D®g= DDy, =0, ¢=1, -- |
(i) [wo, 11=1, [mo, @] =wms, [@o, il = s Applying D® by Lemma 4.2, we
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have D®gy=h(2). [og;, 1]1=0, [wiyt; o] = —dymy, [ww, Y1l =5¢f%, 4, j=1, e, n
ApplyingD®, by Lemma 4.2, we have D® () =h;(2); i=1, +«+, n. Appling D®%o
the 1den1;11;y [@o, 2] =0, we havel[w, , hy(2)]=0. That is 6oh,(z) 0 50 Iy (2) =0, =
1, +, n.Leb h(2) = 2 o2 and f(2) = 2 (r—1)"te,2", than & f (2) =h(2). Let D® = D@

—ad f(2), we have D® mo=h(2) ~[f(2), o] =h(2) —8&hf()=0. Now D® satisfies
(4.5)".
(iv) By Lemma 4.5, D®af=q;-1, =0, 1,+e:, m, D®Pogf=LB1 i=1, -+ n, o, B

E€F. Lot DO=D+ 3 D1+ 8D, then D®of= DOuf= DOGL=0, §=1, v, n. D
§=0 §=0

still satisfies(4.5)’. By Lemma 4.5 D®af' =q} -1, DWyf"= B} «1, Proceeding as above,
— n 83 n t¢ o .

we can finally oblain D =D‘3’+'E0 SayDP +3 ,2 ;DY such that D satisfies (4.5)’ and

=0 j=1 =1 =1
Daf’=0, =0, 1.+, m, j=1, +++, 8, Dy’ =0, i=1, =+, m, j=1, +*, ¢, By Lemma 4.4
and Theorem 3.1, we have D=0 and D € Z:@®Z:®ad3",

Corollary 4.1. 9(3") is the restricted closure of ad2".
Proof It suffices to show 2, ad>*+ (adZ*)?++++. Let

b= Lo+ E V0.

Then adbs*= (1—u)#*, adb-ao=adbex;=0 and adb.y;=y,, t=1, «--, n. Lot A= (add)?
—adb. We have Awy=Am;=Ay;=Awg;=0, i=1, «-+, n, A2*=0,(u)2*, where fy(u) =
wW—u and G,€0. Since GNIT={0}, Go(x) %0 if u=0. It follows that G, 65, -,
08" are linearly independent and form a basis of . Let

6= 12: a8
be any element in @ and
A= ”§ o A7,
§=0
sot D=4 — Dy. Then D#*=0and D satisfies (4.5)'. By Lemma 4.4 and Lemma 4.5, D=
S DY +3B,;D, then Dy=A—D€adZ*+ (adZ*)?+ -,

Theorem 4.2. Ifn+2=0(modp), let d, be the restriction of ad a®y™ on 5, then
D(3) =ad SO >DD1DDa, The d@mens@onahtry of the outer derivation algebra of 5
ts N — 2n,

Proof Same as the proof of Theorem 4.1,

In 3, let d, be the restriction of ad #y™2"*? on ¥ and define linear transformations
Ay dif =a2(Bhf), =0, 1, <o, 5 d; di =yf2(0)f), i=1, -, n  (4.18)

(-iz: a—gf = ZDo_f, . (4 . 14:)
It can be directly verified that di, dj and d, are derivations of 3. Let
93=<’—i‘" é=0’ 1’ ‘." n; —é) z‘=1) ...’ n; az>' (4'15)

Theorem 4.3. 2(3) =ad I+<d.>DD1DD:DPs. The dimensionality of the
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outer- derivation algebra of 2 is N +2. o

Proof The argument is similar to that .of Theorem 4.1 but is more comphoa,ted
Because of (8.1), Lemma 4.2 is no longer true and must be refined. This causes the
existonce of the outer derivations d,, d; and d,. We omit the details. - ’

§ 5. Filtration

In thls section we assume p>3 and ‘
- n>0; m>0; g0=0, g=6;=0, t=1, <+ n, (5.1)
If L is a Lie algebra, d€ D (L), let I(d) =dim(Imd). Let & be a subalgebra of
- 9D(L), let I(D)=minI(d),
o 0+deQ
Lot X =3, 5 orZ. Set , :
- | s() = 37, - (5.2)

b=a"y"'s(2), B=ad b|z, : (5.8)

Lemma 5.1. (1) I(B)=2(n+1); (2) Let € =ker B, then € =<w=afy'?| dega
=2 wra@(L—1) —2, r€G; w(l—2), re€@ a(l—72), y(l—-2), r€q, i=1,
e, '

 Proof Leb o=afy%. By(1.88), it is evident that Br=01if deg #>2. It is also
easy to verify that if deg =2 and w+ap, then Br=0. Note that s(?)¥'=s(), Vr€aQ.
We have Bag = — (n+2) b+ ay™ g% uz*), which is independent of r, -so B(@o—xo?") :

=0, For i>0, Buwg =a"y~ %s(z) and Bw, (11— #) =0. Similarly, By¢ (1—2)=0. We
have By = (r—1)a"%y"s(2)and B((1—r) —#") =0. Let B=<1, @9, o, 4;;, ¢=1, -+, m),
then X =GC@®®B. We sce that B1, Bw,, Bw, By, =1, +-+, n, are linerly independent.
Now dim B=2(n-+1)and our conclusions follow.

Teroem 5.1. Let p>8 and X =3*, 5 or 3 satisfying (5.1).Then (1) I(D(X))
=2(n+1); () DED(X), I(D)=2(n+1)if and only if DELB),

Proof By an argument similar to [14, Theorem 2.1, 2.2], I(D)>2(n+1), VD
€2(X) and if I(D)=2(n+1), then D=a,dw5g/“if(2> |x, where f(X)€F[z]. If
f (2)E <s(2)), since {s(2)) is the only one-dimensional ideal of #[2] (cf., e.g.,[15, Lemma
80]), there is 2%, t €@, such that f(z)and f (z) 7' are linearly independent. Now Dzf=
(t—1) a2 f (2)2!. The images of the 2n-+8 elements 1, #, @y, @, 4, 4=1, -,
are linearly independent, 0 I (D) >2(n+1). Therefore f(2) €<{s(2))and DELB),

Let I' be the induced representation of € on X /€ |

| I'(): y+C>[a, 41+6, ¢€C, yEX, (5.4)

Lemma 5.2. (1) I' 4s irreducicle, (2) € is an invariant mawimal subalgebra of
X.. o - |

Proof (1) For any a € X, the element g+ € € X /€ will be denoted by @. Let M

n,
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be a nonzero submodule of X /€ and 0+ a="y+I-+azo+ S (aF+ L) € M. If a0 (or
: N =1 : .

Bi#0)for some 4=1, ++, n, then—I"(wg,) s =0 € M (or By, €M), If 06#—,&-=Q, f=

1, «, n, when y#0, I'(@w)a=yz,€ M (similarly yy,€M). When y=0, a=a%o
and I (x—w) = —oprag’ € M, that is 5,=22 € M (similarly, %€ M), In all cases -
we have z,€ M (or 9 € M) for some 3>>0. So

T=—I‘<lyi(1—z”)> w¢—+1"< » mi(lv z)) wEM.

Then zy=I"(a2) +IEM, 7;=I(wow) 1 EM and 7;=TI (woy;)+ TEM j=1, «+ m, and
M=X/G, -
- ® @ is invariant by Theorem 5.1 and Lemma 5. 1 Let L be any subalgebra

containing CS, then L/@ is a submodule of X /€. By (1), L=G or X, and €is

maximal.
Theorem 5.2. Let p>8 and X =3*, & or I satisfying (5.1). Then X is of
generalized Cartan typeH (2n+2).
| Proof Let a=1~r—2", r+0 and r+1 in case X 3. We have rank T(a,) =1
and (adl(a))?%0 since (adl" (@))% I'(a3) =4(@A - 'Q(1—r—2) — (A —2r—2")) #
0.Thus the pair(X, €) satisfies condition (0.1)of wilson®®, Moréover, (adaf)?=0, <o
X is strongly degenerate. By [18 corollary], X is of generalized Cartan type. By[18,
Lomma 8.6], I'(€)must be one of gl (X/€), s1(X/6), sp(X/@) or csp (X /€). Itis
~ easy t0 seo that I'(€)has a basis{I'(L—r—2), I'(wo—wo?"), I'(w,— w2, I (y,— Y,
=1, e, m, I'(way), T(ogy), T@ay, 6, j=1, -, 0, T(aw), I'@g)i=1, -, n,
I'(w3)}, where r+0, 1 is a fixed element of G. We have dim I'(€) = (2n+8) (n+1)
and dim X /€ =2(n+1), so dimI"(€) =dim sp(X /€). Therefore I"'(€)=sp(X /). Lot
Gr X =L_y®L/@Ly®:+ be the graded Lie algebra assoow,ted Wlth X, Since 3 L

$<0

2 H (2n+2),; and Ly #0, by the argument of [18, § 7] or [7 proposﬂ;mn 3 2], we

conclude that X is of generalized Cartan type H (2n+2).

Remark 6.1. All known sunple Lie algebras of Cartan type H (2k) with k>1
are included in [10, 11, 16]+( of [18, §7]). None of them are of dimensionality Y.
Therefore 2*(n, m, 7,
The outer derivation algebras of all known (p¥ —1)-dimensional simple Lie algebras -

1, @) is a new simple Lio algebra if n>>0 (under condition (5.1)).

~ of generalized Cartan type H have dimensionality=N. We also conclude that
Sn, m, r, @) is new under condition (5.1)." .

Let Z=C€, ¥ ;=X and define F;={wE€ZL1|, ,5,”_1]&:,%_1} $>0. We

obtain an invariant filtration of X: X=%_,2%,2%:32:, If a={a|r€G} is a
subset of 7, define p; (a) =r§ d-7) ‘e, ¢=0, '1, »++, By direct computation we have

L= (St |1 (@) =0, =1, o, S+ YOI (S o) gty =
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(@) =0, t=0, 1, .-, ¢, j+1>D<aFy |deg aFyfs >4 +1).
By an argument similar to [14, Theorem 3.2]based on a discussion of dim %;, we can
prove.

Theorem 5.8. Let p>8 and X =3*, & or I satisfying (6.1).If X (n, m, 1, @)
=X, w, ¢/, G) then n=n' and {so+1, s;+1, =, s+1, 83+1, <, £-+1, m}
={sh+1, si+1, o, S+1, th+1, o, th+1, m'},

Corollary 6.1. If X =3"or & satisfying (5.1), then X (n,m, ¢, =X (n/,m/,
1, G')implies m=m/.

Proof Let S={so+1, s;+1, =+, so+1, t3+1, =, t,+1}, M={m}, Let V=
(adX + (@adX)?+.eo+ (ad X)?) /ad X, ¢=1, 2, +--, Set d,=dimV ,which is an invariant
of X. By Theorems 4.1, 4.2 and the proof of corollary 4.1

dy= (card 8y)t+ > (@—1) + (cardM)t+ 3 =,
w€S\8» ‘weM\M,
where
S={e€S|lo—1>8}, M,={a€M|o>i},
(Lot Vy=ad X+ (ad X )1’—{— -+ (ad X)?, A close investigation shows ¥, N (2,0 P:) =

{D¥, D¥, D, i= , n, 0<h<<t, 08, 0<k<<t)). By(1.89), we have
d,-N—— (2n+1) +caxd 8;— % (w—t) — ZM (@—1), (5.4)
wESy veMy

Let t=m—1. We have
' dm_1=N— (2n+1) —I—card_ Sm_1 E ({D t) 1

N L . TEBm=1
Suppose m’<m. For X (v, :m’, 7, G) We‘_deﬁn‘e s, M ’, 8, M} and d; analogously. If
X (0, m,1,G) 2 X (n,m,,), by Theorem 5.8, 8" = (§\{m’}) U {m}and S}_1=Sn_1.
NOW Min_l—gb but Mp_y={m}. By(8.4), dj,_y=dn_s+1. This is impossible, since
dm_1 is an 1nvarlant and we must have m’=m.

Note 6.1. Ifm=0, X>0, X=2"or 5, then X = 2 L 1s a graded Lie algebra

Where L,—<a: afyt |deg w=1+2).1t is easy to prove
2 L‘P—-E K (2n+1 )C‘]l;’,’-ﬁe:mu

D <0
Whére p=(ss-+1, +o, 8,1, Zl+1 oo, Iy+1, so+1). By [18, proposition 4.1] or [7,
proposition 8.2], X =K (2n+1, 9), ' :
Note 5.2. If n=0, m>0, Theorem 5.2 ig still valid, i.e., X ig the AlbertQ
Zassenhaus algebra of generalized Cartan type H(2). If n=m=0, then i} is easily
seen that X is a Zassenhaus algebra, i. e., it is of generalized Cartan type W (1).

§ 6. K-like gradation

In this section(5.1)is assumed. Let X =2*, 3 or 3. Dofine
Kp=<{o=o"y € X |dego=14+2), ¢=—2, —1,0, 1, o, (6.1)
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Then X = 3! Ky is a graded Lie algebra, called the K-like gradation of X. Let K,
§>=2
= g} K [i1e |
Proposition 6.1. (1) K, is a mawimal subalgebra of X; (2) The representation

of Koy on K3, 4s irreducible.
Proof (2) Let M be a nonzero submodule of L;_;; and

003} (fi@)ar+gi@y) EM.
Suppose f;(2) #0 for some . Then b= [a, awi] =f @) xi— ()Y EM and c=[b, uy,]
=fi(D) @+ g: &)y EM, sof;(z)w,=%—(b+c) € M. Ohoose x2(z) € M such that A(z) +0
and A(2) =T2 o2 has minimal number of terms. If 4 (z)has more than one terms, set

h(2) =au2+ g+, UyFUg, 0y, 0a7=0. We have
d=[@o, @ (2)] = ay(vs—uy) 2"+ (v, —ug) 2™+« €M,
Then 0+ (v —u1) @k (2) —d =09 (U —uy) @2" +++» € M which has less terms than w/h (),
it is a contradiction, Thus M contains an element. 2", and 2’= [z, aye*"] €M,
Vv EG. We have [w,z”; wy] =o2° €M and [22®, yiys) = A+0) Y’ EM, j=1,+, n, v
€6, and M=L_,. | |
(1) Let K be any subalgebra of X that properly contains K,. Then

K3b=F£,(2) +§(ﬁ @ @i+ g:(2)ys) #0.

If fo(2) =0, then b€ L;_y;. Let fo(2) 0, (1) If fi(2) «0(or ¢,(2) +0) for some >0,
then (i) If fi(2) =g,(2) =0, é=1, -+, n, then b=f,(2) and KD [[b, wwilyi]=
fi(®) €ER. [mom, b) =a;()fo(2)) #0(since b0, fo(2) #az). In all cases, K N L_y+*
{0}. By the irreducibility of L;_z;, we have L;_y; =K. Then Li_g=/[L;y, L1 ]EK
and K =X.

Remark 6.1. 3* and § furnishes examples of simple graded Lie algebras which
are neither classical nor the “graded Lie algebras of cartan type” of Kostrikin and
Safarevis™,

Note 6.1. In the construction of 3. other choices of D, and D)} are possible. For
instance, we can take D; and D} to be of the same type as Dj(see(1.7)). Simple Lie
algebras are then obtained, and results similar to that of § 2—§ 4 also hold. It is not
olear if they are isomorphic to 2%, 5 and ¥ disoussed above,
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