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Abstract ;
Over an  algebraically closed field F  o f  characteristic p > 3 , classes o f  Lie algebras 2 =  

2(n , m, r, G)(m~>0 ) ,  2 * = 2 * ( w ,m ,  r, G )(w + 2^ fe0(m od p))an d  2 = 2 (n ,m ,  r , ( r ) ( ( n + 2 s  

0 (m o d p ))a re  constructed, where n, m are non-negative numbers, r =  (s0+ 1, s i + 1 ,  •••, s„ +  

1, t i+ 1 ,  tn+ l ) i s  a (2 w + l) - tu p le  o f  positive num bers and G is a subgroup o f  the additive 

group o f  F. 2 ,  2’* and 2  are shown to be all sim ple Lie algebras w ith dim ensions p A' -  2, pN 

and p x — 1 respectively, where

N = 2  (si+1) + +?»•
{=0, 1-1,

Their' derivation algebras are determined. I t  is show n that they; are o f  generalized Cartam 

type К  w hen m — 0 and o f  generalized Cartan type H  w hen m > 0 . I t  is then determined that 

2*  and 2  are new  sim ple Lie algebras i f  n > 0. Conditions o f  isomorphism are obtained. And  

a  special graded algebra structure, the А -lik e  gradation, is discussed.

§ 0. Introduction

. I n  this paper, a class of Lie algebras 2  (n, m, r, G) is constructed over an 
algebraically closed field F  of characteristic p > 2, where n, m  are non-negative 
integers, r  isa (2nd-1) -tuple of positive integers and G is a subgroup of the additive 
group of F . When 1 £G , 2  has a 1-dimensional center <£ and 2=  (2/&)'is simple, 
dim 2= pN—2, where N  is the sum of the components of r and m. When l ^ G ,  if n+ 2 
^0(mody>), 2*=2  is simple, dim2* =jpw,if »+2=0(m odp), then 2 = 2' is simple and 
dim = pN — 1. The c(erivation algebras of 2, 2* and Ё are determined and the
dimensions of the, outer derivation algebras are N +2, N — (2n+l) and N —2n 
respectively. When m =0(i.e.,6r= {0}), 2 * and2 are of generdlized cartan type K .  If 
m >0, 2, 2* and 2  are all of generaliled Oartan type H, and 2* and 2  are new ones 
when w>0. 2* and Ё also furnish examples of simple graded Lie algebras which are 
neither classidal nor the“graded Lie algebras of Oartan type”of Kostrikin-Safarevic.
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§ 1. Construction

Suppose jF? is a commutative ring of characteristic p > 0. Let 51 = R[xlf ••*, xn]J 
x f= ??< £  Д, be the truncated polynomial algebra over R. Now let R = F  be a field of 
characteristicp > 2 (we may assume that F  is algebraically closed). Let Dj, •••, Dm, 
D'i, •••, D'm be 2m mutually commuative derivations of 91. In 51, we define a 
commutator operation

(over F )which is denoted by F=F(51, Dif Д ) .  Let p,{, vi} г= 0, 1, ••«, n, be 2 (n + l)  
elements of F  such that

i —0, 1, n, (1-2)
and especially, let

/*о=0, Vq—1. (1.3)
Let A  be the additive subgroup of F  generated by{/tj, Vi\i — Q, 1, •••,№} and let {£0=1, 
£i, •••, f{0}be a basis of A  over the prime field П  of F. Let

5 1 = b F f a / 0o , :•••;■ « o s ., “-‘у VnsJ 3/oo, — ,  2/oW, ' * * ,  3/»o, 2 / « * ,J v  ( 1 * 4 )

where

W-
а л )[ / ,  J] - 2 ( ( M / )  СВД -  ( а д  ( A / ) ) .  / ,  j e a .

I t  can be directly verified that Jacobi identity holds, and 51 thus becomes a Lie algebra

(1.5)
and

Set

(1-7)

Let

(1 .8)

I t is easy to see that
-Do2/o° — ̂ o2/o VAiq̂ A , (1.9)

Let

expressed in p-adio form
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0 < h v < p ; h ^ h vpv, 0<1ь<рсt! = 0 D=0
(1 .11)

(1 . 12)

Wo put
x f = ««$“•• ‘0%? and Ф = yll! • • -yY'\

I t can be easily shown that, if fa, lt=f 0, then
Щ х{~Ъу1Г \  (1.13)

where .k* and l* are the first nonzero numbers of (fao, •••, hisi) and (ll0, litl)
respectively (we assnme if fa<0 and y\‘—0 if Z4< 0 ). It follows that

Дж?‘ = 0 iff fa^O; D \$  = Q iff 1,-0. (1.14)
Let к = (ho, —, fa), 0 < f a < p Si+1, i=*0, l , —, n j = ( k ,  '•••, k), 0 ^ < р * * +1, i=
1, n. put

* V ‘= a;§0’,,a!»Vo*”'2/». (1.16)
We have, for i= 0 , 1, ••», n

‘ xfi+ki, iffav+k'iv<p, v = 0, 1, s{,
cofoof=- 0, if fav+k'iB> p  for some v<s{ or кы+к’̂ ^ р  and Si=0, (1.16)

xf+Vi-p^if kiv-htfio<p, v<Si, кы+к'ы>р and s4= l  
Similar formulas hold for у^у},1=1, •••, n, and, by (1.5), (1.8)

уЫ - У !о+1'°, h, loCA.
Consider F  =  F ( t ,  D0, Д ; Д>, Д ) .  Let

«<= (Sw, Si», .•••, dni), i= o, l ,  •••, n.
By (1.19), (1.13), (1.16) and(1.16)', we have

Ш ,  ®V3 =  ( * & - кг0ч0)Ж0Т 0+ ± ( к Ж ~ т Ж ^ ,<=1
where

(1.16)'

(1.17)

(1.18) 

(1.18)'X (= св̂ ~ё,о̂ '‘—х'сх*'~е{, Y t= yl~eiyY=y1yv~e‘, i= 0, I*-, n.
By (1.16) and (1.16)', we see that

either Xf= 0  or X 4=*s with a s  Pfc—e{(modp), i —0, l--*, (1.19)
either F i= 0  or Y t=yb with 5=?(+Zi — et(modp), *=0, 1, ••*, n, (1.19)' 

Let D be the linear transformation of V  defined by

D(xkyl) h+'pCkifti+hvi) —1 (1 .20)

By (1.18), (1.19) and (1.19)', it is easy to oheck that D is a derivation of F . Then 
<£= { / £ F | i 5 / ‘=0}is a subalgebra of V  which is spanned by all satisfying

h+^Kkifii+hvi) =1.
<=x

(1.21)

For any vector (fa, fa, fa, lx, •••, ?»), there is one and only one l0£ A  satisfying 
(1.21). Corresponding to к, l, put

k ~ (fa , fa), l~ (h ,  U . (1.22)

Let 21 =  F [i»oo, •••;■ «*о*м- —, ®»o, •••> «W Jho, •••, ffau “ *> 2/no, Define linear
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map cr: SI—»St by
cr (afiy1) — «V . (1.23)

Then the restriction of cr on © is bijective. By (1,5), we have
• o' i f 9) = cr(f)& (g) , f ,  g 6  t .  (1 .24)

And evidently
А (о /)= = о-(Д /), *-'0, 1, '•••, n, А о - ( / ) - о г ( Д /) ,  $ -1 , •••, n. (1.24) 

We shall identify /£ (£ . with cr(/) £8t and express the elements of © in the form of 
elements of Si. Let

ч
<p(h, V) = ̂ i (hiiMi-!rliVi). (1.25)

Then the commutator operation of © is

o y ,  » y ]  =  (*s(i-?>(*', i')) -  c  ( i -<p(jc, 1) х йг 0+ ±  (кж -  т а  х<г,, (1 .2 6 )
i=l

where X t are the same as in ( l  .18) 'and
Y ^ y Y ,  г - l ,  —, n. (1.27)

where
* “?■ (dii, •••, 8ai), <“ 1, •••, n. (1.17)'

Let

о - ^  + Ш о-jr—), (1.28)i=lV OXiQ Oyi0/
where I  is the identity mapping. From (1.26) and (1.27), we have

[/, g] -  (Во/) <м) -  сад (во/) + 2  ((В./) (В, b  -  (ад (Ц /) ) ,/ ,  s s г.

Let в = @ (ад £, fit, Si, si), where
(1.26)'

r=  (s0+ l ,  •••, sn+ l ,  h-\-1, tf„-bl) G (Z+) (3n+1), (1.29)
Now consider (£(«+m, r , ад, si, si) with sn+1=0, 6„+i=l, i= l,  ••*, m. Write for 
a?n+i; ад for 2/n+i and y4 for ju,n+i, i = l ,  •••, m. We have

Moreover, we assume that
sf-l, *-l, —, w. (1.30)

7i, 7m are linearly independent over П. (1.31)
Let Gr be the additive subgroup of F  generated by y%, •••, ym. Every element of G 
can be Uniquely expressed as

We write
/ ■

By (1.30), we have

m

<=i

u£G .

(1.32)

(1.33)

v£G.
I t  is evident that the elements in £ which do not contain ад,

(1.34)
•••, m, form a Lie
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subalgebra of (£, which will be denoted by 2 —2(n, m, r, G, щ, St, si) . I t  follows 
from (1.29) that the commutator operation of 2  can be expressed as

[/, ]̂ = (А /)(а^)-(ад(^ /)+2((Д /)(Д у)-(Д у)(Д /)),/, g€2,i=i
(1.85)

where

(1-86)

Define

deg a#t/y=2&o+S(#<+^). (1 .ВТ). tm 1
An element a£2  is said to be homogeneous of degree t (denoted by deg a=t) if a is a 
linear combination of x*tfzr with all deg xRylzr= t. If  а, b are homogeneous, then

deg [a, 6] =deg«+deg& —2. (1.38)
It is evident that &im2==pN, where

W = 2  (si+ l) +  S ( ^ + l ) + m .  (1.39)
4=0 4=1

H otel. 1. If si, t'i are non-negative integers such that s' < s4, £l<U, then the 
subspace 2 '= (oftyhr \ 4 < p si+1, li< pt’,+1'} is a subalgebra of 2 and 2'=*2(n, m, r', G, 

Vi, Vi), where r =  (s[>+l, —, s^+1, 4 + 1 , •••, 4 + 1 ) and 174 =«4 if sl= s{, si =0, if 
si < s4; rji =  si if t\ =  ti, г][ =  0 if t\ <  U.

2  is said to be of type I if 1 £  G, and is of type II  if 1 £ G. We shall write

Xi= x}=xi0, 0 = 0 , 1, •••, n, 2/4=2/4=2/40, ®=1, •••, »».■ (1.40)
If 2  is of type I, we shall also write

г= 2 \ (1.40)
Let

W=pSi+1—1, 0=0, 1, — , n, ^ = р и+1- 1 ,  i —1, •••, n, (1.41)
and

ж=(ж0, Ж1, —, яг„), ж’=(ж'г> ••*, <4). (1.42)
Lemma 1.1 I f  2  is of type I , then © =  (z) is the center and the commutator

subalgebra 2 '= (pftfz* \ (k, l, r) +  (sr, я;', w+2)X 
Proof We have

d[,z“= ( l - w > “, и £ Д  (1.43)
Therefore 31,2=0. I t  follows from(1.35) that [ / ,  2] =0 , \ / f£ 2 .  On the other hand, if 
[g, / ] =  0, V /6 2 , then Д # =  [y, 1 ]= 0 . I t  follows that Д 9=[g, yi] =  0, Д # =
— [#, ^{]= 0 , 0=1, •••, w. Thus by(1.14), Tben[^,a;o] =2««(м -1)ги=0,

«eo
so a«=0 if w=£l, that is, </£<2>.

Let (&, 4 0*) Ф (w, i7F, w+2)>, If йо<ячъ then







336 СНЩ. А Ш . OF MATH. Vol. 4 Ser. В

Proof (i) Ж Й 6Г, Xoy&Y, 1, n.
Since jjbi+Vi==l} we may assume v ^ l .  Then [xl) =2(1 — v{)x0yi and cc0yi(E F .

[a??, x0yi] = (2p,i — l)x fy i+2x0xl. By lemma3.1 (applying to the case яг4=гг4 =p — 1), the 
first term is in F , so £ F .

(ii) a^'GF, yl‘€ Y ,  i= l ,  • ••,

Induction on £4. Let &4 = S  h*=Cj. (a) j =0. If c0# l ,  Ы }~г, ®fy«] = (c0—1)
D=0

and cc4fc< £  F . If Co=l, then h —l=0(m odp). We have [зад, a^'"1] = (1 — (&{ — 1) /хг) a;?1 — 
Oj'GF. ®  j> 0 .  We have[>o, a;f] =2aj0« f  G F  and a£‘== [a^sf, GF,

(iii) eCi°£Y, \/0<1со<щ.
Induction on *0. We may assume Jc0> p —1 and Jc0 =£Ps, s = l, •••, s0. Let

*o= S  CvPv,
l> =  0

сифО, h%—Cj, then, j < u  or j —u, с}>1.  ®  j = 0. We have [жЦ, Жо0-1] = (3—Co) xq\  If 
c0^3, a$“£ F .I f  Co=3, thenj>o, a/о0-2] =2<coa and %o°£Y. ®  j> 0. Then^ + 1 , p3+ 2<  
*0. If c ^ 2 , F 3  [ < +1, 4 0_p1 -  (2—c,-K \ If c,=2, then Y B  [<cpf +2, =a#>+1 and
4 °=  [ 4 0+1, 1] GF.

Proof о/ Theorem 3.1 Let X =2*. Let F  be the subalgebra generated by Л. We 
have J C F .

(i) a $ f£ F , VO<£<ar0, r€ G .
If h<M 0) [a;o+1, 2r] =  (k+1)* ( l  — r)x&r Ф0 and xlzr£ Y .  We have [xty, a^0-1] = 

2 (2—r) a;o02r Ф 0 and also Xoazr £  Y .
(ii) xl°xfyfzr£ F , \/0<&о<стч), i = l ,  —, w, r£ (?
[a^+V, аг?2/|3 (^0+1)*(1— x%°xfy]zr. By Lemma 3.1, if (#, 0  =£

(гр4, я/4) , 1 — To^i~lvi¥=0, then xl',aiy\zr^ Y . Take integer t such that 0< t< p, Т — ЬрцФ 
0, 2+  (<—1 )^Ф 0 . Then ^ T F .  If  Ь0< щ —1, {х\а+1х\%г, x f^ y f]  =  (&0+ l)* (2 +  
( i- 1 ) Xo'xfytV - га$0+1а;?‘~1;г/?ь V 6 F . Since 1 — (я;4 — 1)уы-  (я;- — 1)р4 = 3  Ф О, 
х%0+1xf‘~1y f~ h r £ Y ,  so x^xfy f t f  £  F . Take integer s such that 2<s<p. Then [xltf, 
x l ^ ^ x f y f ]  =  (3 s~ rs) х%°х?<у?& £  F  and x7i°xfty?,zr £  F . Since [ a^xfyfW, 1] = 
ho<>̂°~1x7,y f<zr> applying 1 successively, to Xo'xfyfz*, we have $lax fy fzT £  F  for all 0 <
JCq̂ JCq,

(iii) a / o ^ / ^ F ,  VO<^0<^o, 0<#<яг4, 0< Z < sp4, r£6r, i=  1, •••, w.
Induction on й=я;4+я;4 —Jo—l. If d=0, the contusion follows from (ii). Assune

&>0(or Z>0). [<с§°а̂ 2/1гг, a/J = & o(l~vi)xo°~1x%(ylyi')z!r+Jt;*a%0xf-1ylzr£  Y .  The left side 
and the first term of the right side is in F  by the assumption of induction, so x^xf^y ltf 
G F.

(iv) Xo°ofy%'zrG Y , VO<&0<^o(here x^=Xi1-^Xnn), r£Gf,
Let %(#o) ^ ^ Y x y f ' - P t y f f } A = l, •••, к.' We shall show % (A*0) G F  by induction



on h. (§) If  k0<Mo, then [«»(&o+l), %1+iyl+ll =2(A0+ 1 )*au l (ho) G F. (g) I f  Л + 3^0  
(modp), then [col, %+i(^o—1)] =  2 (Л+ 3  — -r)ah+1 (щ) G F  and ah+i(sr0) G F . © IfA + 3  
=sO(modp), then Д +1<«. From © , [^h+hyl+Y %+i(^o" 1)] =  2(Л +4—г)ай+2(зг0) 
GF. By an argument similar to (iii), we have %+i(гг0) ®л+22Д+2 G F , V0<&<;7Fft+2, 0 
<1<т'л+2, and especially ал+1(щ) G F .

(v) жУ/ G F ,  V*, h r .
We have a„(&0) G F, VO<A0<7f0. By an argument similar to (iii), we can show 

a?ylzr G F  by induction on

d = \S  (aui+cv'i) — ̂ XJsi+h)„
«=1 <=i

If X  =  Ir, the proof is essentially the same. If X  — 2, the situation is somewhat 
more complicated. We omit the details.

Note 3.1. If  m > 0, i.e., Cr=̂  {0}, Theorem3.1 is valid fo rp*=3.
Note 3.2. The number of generators can be reduced. If m > О, X  is generated 

by A = {zr, r£G ; col; oof, y f ,  i = l , —,n , s= 0, 1, - - ,sh t = 0, 1—, tfj}. If m =0, X  is 
generated by 4»e {l, <4) x f ,  y f ,  t - i ,  л, « -0 , 1, sh t = 0, U}

§4. Derivation algebra

In  this section we still assume j»>3.
If £  is a Lie algebra, S (L ) will denote the derivatian algebra of L.

In  X =2*, % or 2, it is easy to see that adl = D0, ad^= Д  — v^ D q, adyi= — Д — 
lhyiD0. Therefore

П§= (adl)'; Д » - -  (ady,)', Д р= (ad^)L * - l ,  n. (4.1)
Thus, Dg, D[, ТУ?, i = 1, •••, n, are all derivations of X .  Let

<ПГ, i= 0 , 1, —, w, s—1, —, si; Д Д  i = l ,  •••, w, t = l ,  й>. (4.2)
Then is a subspace of Q i{X), dim S},x—N  — (2 n + m + l) . Let ® be the set of all
additive mappings of G into F . Then ® is an m-dimensional vector space over F.
For в£€>, define a linear transformation of X

. De: De(a?ylzr) ==в(г)ос*у1 zrt (4.3)
It can be easily verified that De is a derivaton. Let

@2={De\ee@ }. (4.4)
Then 0\-^De is a one-one linear mapping of ® onto f^2. We have d im ^ 2=m. We 
shall prove

Theorem 4.1. &(2*) = a d X © ^ i© ^ 2. The dimensionality of the outer derivation 
algebra of 2* is N ~  (2ra+l),

Let R  be a commutative ring of characteristic p and R(n) = R  [%, •••, xf] — 
afcGI?] where h= (h ,  ***, &»), 0< h < P s,+1, and x f  is defined as
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in (1,12). Let Dh  £==1, •••, n, be,defined as in(1.10).
Lemma 4.1. Let A^GR^n), i = 1, •••, n. There exists ffzR (n )  such that At=* 

P if, £=1> •••, n, i f  m d o n ly ifD iA j—D jA ^i, j = l ,  *••, n, and At is Xi-trwncated, is . ,  
Ai does m t contam any term со* with hi—щ.

Proof Necessity is dear. We prove the sufficiency part by induction on n. The 
case n = l  is obvious. Now R(n) =jS[a?n] [x1} •••, By the assumption of induction
there exists / 0€ -R (n) such that Д / Р= Д , £=== 1, •••, n —1. Then DnAi*=DnD if0= 
A (A i/o) • Since DnAi=DiAn) we have Di(An — Dnf 0) =0, £=1, ••*, n —1. I t  follows 
that Dnf 0—An= g(xn) which contains ,xn only. Both terms of the left side are ob­
truncated, so we have g(xn) = Dnh(xn). Lei f = f 0- h ( x n) , then Dif= D if 0= A ,  £=1, 
—, n, and Dn/= D „ /0-2)^(a!n)>=dn. • ' : ,

Note 4.1. Under conditions DiA}=D}A(, 4, j = 1, • ••, n, ax?, tx£R  is the only 
term containing x? that is possible to arise in  A  is In  fact, write A{=ax?f+A', where 
a does not contain and A[ does not contain xf1. Then for DiAj—DjAi = (Д й) x? 
+DjA!i- But DiAj and Д Д  are both ®{-truncated; This forces Д й to be zero, j —!,«••, 
n, and a=a(zR- Thus the Second condition in'Lemma 4.1- can be restated as follows 
A  does not contain soalar multiple of x f.

Lemma 4.2. Let a £2>*. 1 / [ й, 1 ]= 0 , [й, жг] =  [a, yi\ — 0, £ = 1, •••, n, then й=  
h(z) which contains only z.

Proof D0a =  [a, 1] =  0, Д а  = [a, y(] -  щ  (BQa) yt= 0  and Д  a = -  [ й , x(] -  Vi (Д а ) x{ 
= 0, £=1, ••*, n.

Lemma 4,3, Let В  be a derivation o f L* satisfying
B l = Bx0=Q; Dxi= By{=0, i —1, •••, №. (4.6)

TAew BzT=Q(r)zr, where 6Q 0, i. e., #(r) and

в(г,+и) =9(r) + 9(u), r, u£Gf' (4,6)
Proof We have [zr, 1] =  O’. Applying D we obtain D0(Bzr) = [B f, 1] =0. 

Similarly, Bi(Bzr) =  Д  (Bzr) =0, £=1, •••, №. Therefore, Bzr=h(z). Applying D to 
the identity [if, »о] (г —1)зг, we have [Л(г), %].=? (r — l)h(z). Let h(z) =ytjauzu„ueo
Then 2  (w—1)аиг“ =  (r —1 ) 2  Comparing coefficients, we have ам=0, V ифг,

U U

that is Dzr=6 (r)zr, where в(г) —ar. From \_x0zT, 1] =  zr, we have B 0(Bx0zr) =  в (r) zr. I t  
follows that Bx0zr= в (r) + ar> where ar does not contain x0. Applying D to the
identity [ f, x0zv'] = (r — l)z r+u‘, we have

\6 (j) Zr, Ж02м] +  [Zr, 9 (u) OCqZ4 + a«] =  (r —  1) 9 (r +  u) 2r+“, 
that i s ( r—1) (в ( r )zr+u+ 9(u)zr+u) — (r — 1)в (r+ u)zr+u, Since r —1 ^ 0 , and we
have (4.6).

Lemma 4.4. Let D ie  a derivation of IP satisfying
Dzr^ 0 , r£G ; Dx0^Q; Dxi^D yi^D xiyi^O , i==l, n. (4.6)'



Then Ba%° = О, В ^ = В у г\= 0, k0, h , ?4 =  1, p - 1 ,  i  = l ,  n,.
Proof (i)  L>4'=0, D$**Q, 4=  1, •••, n, h , 1, 2, ■—, # - l .
Induction on Ы 1, 1] =  [of*,®/] =0, [xf,yi\ i , j = l ,  —,h . Applying

B, by Lemma 4.2, we have B x f ^ h f z ) . [ж**, щу^\ *= &<4*. Appling B, we obtain hih(%) 
=  [A (2) , ащ] = 0 ,soA(2) — 0. Similarly, Bylt—Q. - .

(ii) Ba%°*=0, b o ^ l,  •••; £>-l.
Let а=а>10а$(у1<Р, where i>Q, QKfa, h<p. We show Ba==0 if deg a<2k0, by 

induction on deg a. The case deg a =  0 is clear, [a, l ] = L 0a, [a, ж4] — Vi(B0a)xi—B\a, 
[a, 2/t] =  /О/i (A#) 2/i+ Bi<x. Applying B, by the assumption of induction and Lemma 
4.2, we have Ba=h(%). We shall show A (2) == 0 by a second induction on s0. When 
s0=0, our assertion follows from Lemma 3.1 and (i) (note that since dega<2&0<  
2 ( ^ - 1 ) ,  (]sh 1}) Ф ( p - 1 ,  p -  1 ) ) .ф  If hi Ф11} then [а, з д ]  = (A<-?i)a. Applying#, 
we have(&4—lt)h (2) =  [A(2), аэд4] =0, so h (2) =  0. (2) If h = l{P 0, then hi=p—l } 
otherwise deg a=st)Jr2 {p —1), contrary to our assumption degа<2#0<2(уэ—1). Now 
[4 “4 <+V <_1, yf\ =  so (1 -  h  ~  /*1 +  ^1) 4 Г 14 ,+1 yli+1 4- 2 (й, + 1 )  0 . Applying B, by 
induction assumption and ф  we have B a= 0. (3) ^=?1==0,1.е.,й=Жо". We may assume 
s0>0. [ж0, «] =  ( l —s0)a. Applying B, wo havo [ж0, A(z)] = (1—s0)A(2) . Let A (2) = 
2  «М2И, then 2  (1—«) = (1 —s0)E«m2“ . Comparing coefficients, we have(M—s0) au=0.
u<=G

Since 1(=(?, G f]II= {0}. I t  follows th a t й—s0^ 0 , Vw£6r. We have a«=0, \/u£G, 
that is, h (2) =  0. Now [4°, 1] == 4 4 0-1, [4% ®i] =  г'г40-1®г and [4°, j/J = ич40_12Ао Applying 
D, by Lemma 3.2, #4°~A (2). Repeating the argument of (D, we have # 4 °= 0 .

Lemma 4.6. Let В  be a derivation of 27* satisfying(4.6). Let i, s be integers such 
that 0<г<(|г, K s ^ s j .  I f  B xf“=0 for  w = l, ••*, s—1, then Bcof=a‘l  with af- fl. For 
y f , similar result holds.

Proof (i) i> 0. By Theorem 3.1 and Lemma 4.4, #27* (?г, m, P) = 0, where P  is 
obtained by changing the i- th  component of r  to s and all other components to 1 (see 
Note 1.1). We have[«r, 1] =0, [asf, x j  = 0 and [r fуf\ =  (ft, m, P ) .
Applying # ,  by Lemma4.2, we have B x f = h(z) . [ж0, <ft\ — * f • Applying # , [ж0, А (г)] 
=  A(z). If А(г) = 2  «г**', then 2  (1 — r ) a X= It  follows that 0, W  +  0. (ii) гrec
—0. We have[a?r, 1] = qt~x, ОГ, %] = р ^ ~ гщ and [®§s, yj]= 1х ^ ~ гу}( j > 0 ) . All the 
right sides are in 27* (n, m, 4 ) .  Applying # , we have our conclusion by an argument 
similar to(i).

Lemma 4.6, (1) S i  П = {0}; (2) ( ^ 0 ^ 2) П ad̂ * = {0}.
Proof (1) is obvious. (2) Let

ad«=  2 2  «y-Df+ 2 2  +&$•i=O j~i -

Applying this to 1, we have [a, 1] =0 . Similarly[«/+<]= [a, yi\ = 0 ,4 = 1 , •••, n. By
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Lemma 3.2, a=h(z) . If a = h(z) =2X-zr, then .[А(г), ж§] =  — ®o-1A*(z), where А*(г) = 
2 « r ( l—r ) 2h Applying ad a to ж§, we have —ж§~'1Л*(2) — «00*1 which implies h* (z) = 
0, that is h (g) =0.

Proof o f Theorem 4.1 Let D he a derivation of 27*(и, m, r)
(i) Let a0 = HI, ai=Dyt- ^ a ^ i ,  bt= -D x (+ vta0<Ci, £= 1, •••, n. Since [1, yt] = 

0, we have [HI, «/,] +  [1, Dy(~] =0. Hence, we get [%, yij = [1, й{+/л4й02/<] =0. That is, 
fjji (H0a0) y(+ Д а 0—H0a<—l îDo (аф) =0. I t  follows that

П0а4= Д а 0, i = l ,  •••, », (4.7)
Similarly

Н05(= Д а 0, &=1, •••, n. (4.8)
Since [ж4, ж,-]| =0 , i, j = l ,  •••, n, we have [Пж4, ж*] +  [ж4, Нж3-] =0, That is

C -5i+^{«o*i, +  [% - 6 ;-+ ^ й0%] =0.
We have

—v} (H06<) Xj+D'jbi+ViVj (D0a0) x ^ —v{ (H)a0) x{+ vi (H0 bs) Xi-D\bi 
— ViVj (D0ao)x}xi+ v}(iyiao)xj =0,

Simplifying it and using(4.8), we get
ад = Д & ,-, i, j = 1, —, n, (4.9)

Similarly
Д а 4=Да,-, i, j=° 1, •••, n, (4.10)

From [»{, 2/,-] = S y l ,  similar computation shows
Д в , - а д ,  4, j = l ,  —, (4.11)

We shall show that a4 is ^-truncated, i —0, 1, ••*, n. By Note 4.1, t  suffices to show 
that a4 does not contain F  [2] -mnltiple of x f.  From [ж0, 1]=1, we have [Zte0, 1] 4- 
[ж0, «0] =«о- I t  follows that

«0 — (^o«o—ЖоД>®о) — Ho (fDxf) , (4.12)
Let a0—а(г)а?о°+<2о, where a  (2) £  A1 [2] and «о is Жо-truncated. We have 

5o«o =  (So« (2) ) a#0+ do«o and ж0 (H0a0) =  -  а (г) ж?+ «о, 
where <5'0ao and «о are also жо-truncated. Substituting these into (4.12), we have

-  (3o« (2) ) a?o0 +  («о -  do«o+ «о) =  H0 (Нж0) .
Since the right side is Жо-truncated, we must have 8'0a (2) =0, that is, «(2) =0. For 
£>0, let а4= а 4(г)жГ‘+ а 4. From [ж0, yi] =  iMVi, by a similar argument, we can show 
that щ(ъ) =0, i —1, •••, n. Thus «4 is жг-trunoated. Also, 64 is ^-truncated. By Lemma 
4.1, there exists a £27* such that H0a = a0, Д а = а{, D\a=bi, i —1, •••, n. Let Ha)== 
H —ad a, then H(1)1=H 1— [а, 1] =0 , П(1)ж4 =  Пж4— [а, ж4] =  (^4а0ж«—bi) ~  (^(Н 0а)ж{— 
Д а ) = 0  and also H(1)2/i=0, i= 1, •••, и.

(ii) By Lemma4.3, D(-1hT= 9 (r)‘f , 0£@. Let H(a) = H(1)—Д . We have H(a)2r=0, 
V r£(? and still H(2)l  = П(2)ж4= П(2);г/4 =  0, i = l ,  •••, и.

(iii) [ж0,1 ] = 1 ,  [ж0, ж4] =  ум , [ж0, yi] =  Applying П(2), by Lemma 4.2, we
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have Dwcc0=h(z), [x®it 1 ]= 0 , [x^i, xj] =  -д ц хь [сед, yi]=8l}yh i, j  =  l ,  п. 
Applying2)(2), by Lemma 4.2, we have D(2)(a;^) =  Л4(2) , «=1, •••, w. Appling D(2)to 
the identity [x0, х{у{] =0, we have[ж0 , A(z)] =0 . That is 8'0A* (2) =0, so ht(z) =0, i=  
1, ••• w.Let A(z) = 2  «r^ an d /(z ) = 2  (r —1 ) than d'o/(2) =  A (2) . Let D(3)= 2)(2)

re© reff

— a d / (2) , we have D(3) x0=h(z) — [ / ( 2) , ж0] =  A(z) —8'0f ( f )  =0 . Now Z)(3) satisfies 
(4.5)'.

(iv) By Lemma 4.5, D(3)xf=<Xi‘l ,  i —0, 1, •••, n, D(3)°yf=Д1, i = l ,  •••, w, а4, /3* 

€ J \  Let £ (4>-  D(3>+ 2  + 2  & ДР, then Д 4>ж§= 2)<4>®f= Д 4̂ ? -  0, i  - 1 ,  • • -, n. D(4>
4=0 4=0

still satisfies(4.5)'. By Lemma 4.6 Dw x f = a* «1, Dw y f  = fil «1. Proceeding as above, 

we can finally obtain f i = 5 <3>+ S 2 + 2  2  such that D satisfies(4.5)' and
4=0 1=1 4=1 1=1

2)af=0, i= 0, 1—, n, j = l ,  •••, st, D y f = 0, a = l ,  ••*, n, j = l ,  •••, t<. By Lemma 4.4 
and Theorem 3.1, we have D = 0 and D £ ^i© ^2© ad2*.

Corollary 4.1. is the restricted closure of ad2*.
Proof I t suffices to show S 2Ead2*+ (ad2*)p+»**. Let

П.

J  =  iC0+ S > ' A ! / l '
4=1

Then ad&»z“= (1—w)2“, adb*ajo=adb«a!<= 0  and adb*^—«/<, i —1, •••, w. Let A  — (adb)9 
—ad5. We have Axo = Axi=Ay{ = A x^i^Q , i = 1, ••*, n, A%u=8q(u) zu, where 80(u) =  
mp- m and 80£®. Since # П # = { 0 ) , #o(«) ¥=0 if иФО. It follows that 80, 61, •••, 
0|T’1 are linearly independent and form a basis of ©. Let

m- 1
0 = 2 « i0 8 '

4=0

be any element in © and
__ m~l
1 =  2  «4 ^ .

4=0

set D = Z —De. Then Лг“= 0 and D satisfies(4.5)'. By Lemma 4.4 and Lemma4.5, D = 
2 « 4 ^ Г + 2 А /Д ^  then A, =  2 -Z > £ad2*+  (ad2*)p+--..

Theorem  4.2. I f  w +2=0(m odp), let d„ be the restriction of ad cv”y*' on S, then 
= ad^©<dw> © ^ i© ^ 2. The dimensionality of the outer derivation algebra of % 

is N —2n.
Proof Same as the proof of Theorem 4 .14
In  2, let d„ be the restriction of ad x^y^'zn+2 on 2 and define linear transformations 

?i: d if= x¥z(do f), £=0, 1, •••, n; d'i: d'{ = yf{z(d'of), » - l ,  •••, n (4.13)
dK dzf=*zD0f .  (4.14)

I t  oan be directly verified that dh d\ and dz are derivations of 2. Let
* -0 , 1, •••, и; i - l ,  w; 4>. (4.15)

Theorem 4.3. ^ ( 2 )  =ad 2 + <d5r> © ^ 1© ^ 2© ^ 3- TAe dimensionality o f  the



342 CHIN/ANN. OF MATH. Vol. 4 Ser. В

outer-derivation algebra o f 2  is N + 2.
Proof The argument is similar to that of Theorem 4.1 hut is more complicated. 

Because of (3.1), Lemma 4.2 is no longer true and must be refined. This causes the 
existence of the outer derivations d(, d{ and dz. We omit the details.

§ 5. Filtration

In  this section we assume p > 3 and
n > 0; m >0; e0 =  0, е{ = ег{ =  0, i = 1, • ••, n. (6.1)

If L  is a Lie algebra, d G (L) , let 1(d) = dim (Im d) . Let $  be a subalgebra of 
&  (L), let I  (3)) =m in I  (d).

ОФйе®
Is'. X  ..Л", 2  orS. Sor

s ( z ) - S z ' ,  (5.2)reG
b — afy®'s(z),B = Sidb\x, (6.3)

Lemma 5.1. (1) 1(B) =2 (n+1); (2) Let ©=ker B, then @ = <a;==*V2r| deg a;
> 2 , хФх0у ® ( ( 1 - г ) - * ,  r€G ;  % ( 1 - / ) ,  r.GG; * , ( 1 - 0 ,  ^G # , 4 -1 ,

w>.

Proof Let х= хъу1%г. By(1.38), it is evident that Bx = 0 if deg x > 2. I t  is also 
easy to verify that if deg x= 2  and хф х0, then B x= 0. Note that s(z)zr=s(z), \/r£Gr. 
We have Bx0zr = — (n+2)b+x™y°c'C?i m u), which is independent of r, so B(x0—x02r)

u€G
=  0. For i> 0 , Вх&г=x%y*c'~eis(z) and J5a;{( l —zr) =0. Similarly, B y f  l —zr)= 0 . We 
have Bzr — (r — P ) x ^ ay%'s(z)a,Ti(l B (( l  — r) —zr) =0. Let 93 ==<1, «0, +, 2/i, i = l ,  •••,№>, 
then X  = (£©93. We see that HI, Вж0, Bxh Byi} i= 1, •*•, n, are linerly independent. 
Now dim 93 =  2 (и + 1) and our conclusions follow.

Teroem 6.1. Lei p > 3  and X  =  X , ^  or 2  satisfying (5.1).Then (1) I ( 3 ( X ) )  
=  2(w + l); (2) D £ @ (X ), 1(D) = 2(n + 1 )if and only i f  D £ (В}.

Proof By an argument similar to [14, Theorem 2.1, 2.2], I (D )> 2 (n + l) , VL 
G ^ (X )  and if 1(D) = 2 (n+1), then D = a&x*ey%'f(z) \x, where / ( X )  GF[z]. If 
f(z)+ (s(z)y , since <s(«)) is the only one-dimensional ideal of F[z] (of., e.g., [15, Lemma 
80]), there is t£G , such th a t/ ( 2) and / ( 2) 2* are linearly independent. Now Dz*= 
^  — 1)х*~*°уыУ (%)%*. The images of the 2w+3 elements 1, #, x0, xh yh i= 1, ••*, n, 
are linearly independent, so I  (D) > 2 (ra + l) . Therefore /  (z) 6 (s (2) )  and L  € <(Д>.

Let Г  be the induced representation of © on X/©
P (x): y+&+>[x, y] +©, *G@-, 2/G X , (6.4)

Lemma 5.2. (1) Г  is irreduciele, (2) © is an invariant maximal subalgebra o f
X .

Proof (1) For any a G X , the element a + S G X /K  will be denoted by d. Let M
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be a nonzero submodule of X /©  and 0Фа = у°1+ ax0+ 2X ttAi + y8$<) If  щФ§ (or«=i
fiiФ0)for some i  = l ,  •••, n, then—Г (ж4у<)a = a{%{ G M (or РфGM ) , If «{=/3*=0, f=  
1, •••, n, when у  # 0 , Г1 (жо )̂ а, =  ух( £ М  (similarly yyt QM),  When y = 0J a = a 0x0 
and J1 (to{ — asj/)«=  — а0гх#г G AT, that is % = x $  G AT (similarly, y ^ M ) . In  all cases 
we have (or «/(G Af) for some i> 0 . So

I == _ r ( i 2/ , ( l - / ) ) . 5 i= + r ( l a ) j( l - / ) ) - ^ G ^ .

Then ж0= J ,(«o) «iGAf, Xj==r(x0x}) >1QM and y}= Г(хоу,)«IG-Af, j = l ,  • ••, n, and 
j t f - X / G .

(2) © is invariant by Theorem 6.1 and Lemma 6.1. Let L  be any subalgebra 
containing ©, then L/© is a submodule of X/©. By (1), L=©  or X , and © is 
maximal.

Theorem 5.2. Let p> b  m d  X  = 2*, Ё or 2 satisfying (6.1). Then X  is of 
generalized Carton typeH (2n+2).

Proof Let a—1 —r — zr, гфО and гф1  in case X  = 2. We have rank Г (а )—1 
and (acLF(a))2=£0 since (ad/1 (a ))2* X (x%) =4(1 — r ) 2J '( 2 ( l—r —zr) — (1 —2 r—zSr)) =A 
O.Thus the pair(X , ©) satisfies condition(0.1)of Wilson1-183. Moreover, (ada:i1)2=0, so 
X  is strongly degenerate. By [18, corollary], X  is of generalized Oartan type. By [18, 
Lemma 3.6], P(©)must be one of g l(X /© ), sl(X /© ), sp(X/©) or csp (X /© ). I t  is 
easy to see that Г  (©) has a basis {-Г (1 — r  —/ ) , Г (х0—х0%г), Г  (xt—x(zr) , r ( y l—yizr) , i  
=  1, —, n, r(xiX]), P ( m ) ,  rC y^j), i, j = l ,  —, n, Г  (a<a ) , Г (х 0у}) М ,  n, 
Г Qco)}, where гфО, 1 is a fixed element of G. We have dim jT(©) =  (2«+3) (n+1) 
and dimX/© =  2 (n + l) , so dimjT(©) =dim  sp(X/©). Therefore / '(© )= sp(X/@ ), Let 
Gr X  =  L_1© L0@L1© • • • be the graded Lie algebra associated with X . Since 2! ■£<=

i<-0
21Н (2п + 2)тД and Ь2Ф0, by the argument of [18, § 7] or [7, proposition 3.2], we
i<0
conclude that X  is of generalized Oartan type H  (2n+2).

Remark 6.1. All known simple Lie algebras of Oartan type H(2k) with k>  1 
are included in [10, 11, 16] 1( of [18, § 7]). None of them are of dimensionality pN. 
Therefore 2*(n, m, r, G) is a new simple Lie algebra if n>0 (under condition(6.1)). 
The outer derivation algebras of all known (p^—l)-dimensional simple Lie algebras 
of generalized Oartan type H  have dimensionality^N. We also conclude that 
*(«. m, r, G) is new under condition(6.1).

Let Af0=©, S f-i = X  and define J§?i= {# G | [*, i> 0. We
obtain an invariant filtration of X : X = J ? L I f  et = {ar | r  G G} is а
subset of F, define pt (a) =  2Х1 — 7'У«Г, #=0, 1, —. By direct computation we have

rea

- <Sor2rbt(a) = o, t =1, v l -f 1>©2X®Y(S«гЮ |dega?V= j,* v - i=l r
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£>#(«)== 0, # =  0, 1, • •*, i, j-\-V)® <(s0j iyhr\d eg a4 //> 4 + l> .
By an argument similar to [14, Theorem 3.2] based on a discussion of dim we can 
prove.

Theorem 5.3. Let p> 3 and X —X ,  % or 2 satisfying (6.1). I f  X (те, m, r, G) 
= X (те', ml, f ,  G') then те=те' and {s0+ l ,  Si+1, s„+ l, # i+ l, ••*, tn+ 1, тег}
=  {so+l, 4 + 1 , •••, 4 + 1 , ii.4-1, •••, 4 + 1 , тег'}.

Corollary 5.1. I f  X = 2*  or % satisfying (6.1), then X  (те, m, r, Gf) = X  (те', тег', 
Xf, G') implies тег= тег'.

Proof L e t$ = { s0+1, s i+ l ,  •••, s„+ l, # i+ l, ••*, #«+!}, M = {m }, Let V t= 
(adX +  (adX) *>+...+ (adX) pt) /adX , #=1, 2, • • •. Set dt == dimF*which is an invariant 
of X . By Theorems 4.1, 4.2 and the proof of corollary 4.1

dt = (card8t) t+  2  (a?- 1 )  +  (cardlT*)t +  2ates\s, ®6 M\Mt
where

8 t = {a;G/S'j£P —1>#}, M t={xGM\oo>t},
(Let F # = a d X +  (adX )p+ — b (adX ) v\  A close investigation shows Vt П ( ^ i © ^ )  = 
<£§', D f, I f f ,  i = l ,  - ,  те, 0< h< t, O f1, 0< & < #» . By(1.39), we have

dt — N — (2те+1) + card${-  2  (a?-#) -  2  (®—0 . (6.4)tVGSt CD&Mt
Let t —m —1. We have

dm_ != X -(2 w + l)+ c a rd ^ m_ i -  2  (a?-#)—1.
teeSm-l

Suppose m '< m . For X  (те', ml, г', (?') we define $ ', I f ',  $'г, ilf* and d'{ analogously. If 
X  (те', ml, r, G') =  X  (те, m, r, G), by Theorem 6 .3 ,$ '=  ( $ \  {m'}) U {тег} and S'm-t = $m_i. 
Now М'т- 1 =ф but By(6.4), d'm_1 = dm_1+ l.  This is impossible, since
dm-1  is an invariant and we must have m '=m .

Note 5.1. If тег=0, X > 0 , X  = 2* or S, then X  = 2  -4 is a graded Lie algebra,
: i>-2

where Lt=lx=aPy1 | deg « = i+ 2 > .It is easy to prove
2 - ^ = 2  К  (2 n + l, те) c«,i+ w
i<0

where 2J= ( s i+ l, ••*, s„+ l, 4 + 1 , •••, 4 + 1 , s0+ l ) .  By [18, proposition 4.1] or [7, 
proposition 3.2], Х ^Х (2те+1, те),

Note 5.2. If те=0, тег>0. Theorem 6.2 is still valid, i.e., X  is the Albert- 
Zassenhaus algebra of generalized Cartan type H  (2). If те= тег=0, then it is easily 
seen that X  is a Zassenhaus algebra, i. e., it is of generalized Cartan type W  (1).

§6. iT—like gradation

In  this section(6.1)is assumed. Let X = 2* , % or 2. Define
X ci2=<x=a>Jlylzr£X\deg(V=i+2>, i ---- 2, - 1 ,0 ,  1, • • (6 .1)



Then X  — 2  jBTco *s a graded Lie algebra, called the If-like gradation of X .  Let K 0

Proposition 6.1. (1) Ко is a mammal subalgebra of X; (2) The representation
o f К [0] on is irreducible.

Proof (2) Let Ж be a nonzero submodule of Ln_u and

0 (//(*>*+&(*)&)

S u p p o s e 7^=0 for some i. Then b= [a, <&$<] =fi{9)xi~ g i(z)yiQ.M and c=  [6, аед] 

=fi(?)<t>t+gi(?)yi€M, so/«(2)a?«=y (5+c) Choose а><А(з) such that Л(з) ^ 0  

and h(z) = 2  has minimal number of terms. If h (z) has more than one terms, setr
h(z) =a1zUl+a2%u4 — , Щ_Фи2, a%, а2Ф0. We have

d =  [а*, «Л (z) ] =  «i (j'j—щ) zUl+ {vi -u f) z Ui-\—
Then Оф (v—ux)®(h(z) —d==a2{u2—uf)xizVi+ “f  £ M  which has less terms than xji (z), 
it is a contradiction. Thus M  contains an element. co&w. and xlz‘°= [ж{2м, xiyizv~u'] £M , 
\/v£G-. We have[xtzv, ^-yj =-cCjZv£ M  and [x(zv, y{yf\ =  (1 + bf)yfiv£ M,  j = l ,  •••, n} v 
£Gr, and M = L -t.

(1) Let К  be any subalgebra of X  that properly contains K 0. Then 

KBb=*fo(z) + S (/iO O o t+0i(sOsfc) =£0.<=i
I f / 0(2)= 0 , then 6 GLc-13. Let f 0 (2) ф 0, (i) If f f z )  ^=0(or ^ ( 2)^=0 ) for some i> 0 , 
then (ii) If /*(2) ==&(>) =0, i - 1 ,  •••, n, then 6 = / 0 (2) and I f  Э [[&, aw<l2/i] = 
f i ( z ) £ K .  [x0xi, 6] = «i(do/o00 ) ¥= 0(since &¥=0, / 0 (2) # « 2) . In  all cases, К  f| Lc-i]¥= 
{0}. By the irreducibility of Д -ц , we have L ^ x ^ K .  Then L t-2-] = [Д -ш  
and К = X .

Remark 6.1. 2* and Ё furnishes examples of simple graded Lie algebras which 
are neither classical nor the “graded Lie algebras of cartan type” of Kostrikin and 
SafareviiSP-1.

Note 6.1. In  the construction of 2. other choices of Д  and D\ are possible. For 
instance, we can take Д  and D[ to be of the same type as D o (see (1 .7)). Simple Lie 
algebras are then obtained, and results similar to that of § 2—§ 4 also hold. I t is not 
clear if they are isomorphic to 2*, Ё and 2  discussed above.
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