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Abstract

Let f(¢) be meromorphic in |2| <B(0<B<0) ani &, v be two positive integers siach
that »>k+4+ [ k] In this note, a fundamental inequality is established such that the

-‘-]7;—>and Nf_i,(r, 7(7):1—) Asan

application, the following criterion for normality is also proved: Let # be a family of
meromorphic functions in a region D. If for every f(2) € #, f(£)#*0 and all the zeros of

characreristic function I'(r, f)can be limited by N <r,

f®(2) —1 are of multiplicity >k-+4+ [2

k] in D, then # is normal there.

§ 1. Introduction

In the fundamental inequalities™!, limiling the characteristic function usunally
needs three counting functions, in which one or two can be concerned with their
derivatives. From these inequalities, one can eliminate so called “initial values” and
establish the corresponding criterionfor normality. ' '

In 1959, W. K. Hayman®?® obtained an interesting result. He used only two
counting functions for limiting the characteristic function.

(A) If £ (2) is meromorphic and transcendent al in |2 <R(O<R<co) and bisa
positive integer, then

2, N<(2+3)N(r, 3)+ @+ D) F(r, o) -850, . @D

Recently -Ku Yunghsing™ successed to prove a criterion for normality which :

corresponds to the proposition (A).
(B) Let & e a family of meromorphic functions in the region D and let & be a

positive integer. If, for every f (z) of Z, f(2) %0 and f ®W(z)#1 in D, then & isg

normal.

In this note we will establish a fundamenta,l inequality (’I‘heorem 1) and the

corresponding criterion (Theorem 2). Both theorems improve the propositions(A) and

(B).
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 § 2. Preliminary Lemmas

Lemma 1. Suppose that f (2)is meromorphic in |2| <R(0O<R<o0). If £(0) #0,
oo; f®(0) 1 and f**V(0) %0, then we have

T(r, f)<B @, )+N(r, L)+ (5, =)

~ N, f(,;ﬂl, ) +8(r, ) (2.1)
Jor 0<r<R, where

S, f= m( f;‘) >+m< f(l;l-i))+m( f{;o()kﬂ) )

+1Oglf.(O) ﬁﬂ% ~1) , +1og2 | (2.2)

o (7, )l o S50, s ot s of F) 1, ar

considered. . _

Lemma 1% is substantially due to H. Milloux (See e. g.[2; 8 p.57]), but there i
some difference in the terms S (», f).

Before proving Lemma 2, we recall some notations™® ™,

Suppose that #(z)is meromorphic in [2| <R (0<R< o) and that v is an integer

greater than 1. Let

Nyoyy (r, F) be the counting function of polesof multiplicity <7—1 of F(2)in
|2| <r, each pdle counted with its multiplicity;

N,_4(r, F)be the counting function of distinot poles of multiplicity <z—1 of
F () in|z|<r.

Setting
Ne(r, F)y=N(r, F) = N,_3(r, F),
| Ne(r, F)=N(r, F) =N, _y(r, F),
it ig clear that '

Ny(r, F)=Ny(r, F)

and
Fa(r, D)<= N, B). - 2.9)
Lemma 2. We have with the hypotheses of Lemma 1
N, < 27070111 TG, )+ 27011 {N<T’ 777»1?1‘)+N°<”” }7’5135)

+m(r, -%—-)—}—log’ 5,((%)) i}, | (2.4)

where
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96) =B @5)
Proof We divide N (r, f)as

N(r, f)“2kk—5_11 Ny (r, f)+2k7ff—1 Ny(r, )+Ne(r, ),

According to a lemma of Haymant®3,»-60]
N i 1
kNy (r, f)SNa(r; f)+N </,-, F’”L—->+N° (T’ W)

.-I—m(r, -;L —I—logl 9(0)

g ©0)
Thus
Fer, ) =42 Ny, f>+(1+2,011)N<2<a~, )
+§k_1;i_{ﬁ(¢, 7,7)1—_—1—)+No<r, 7@1;1—))—!-%1,('1' )+ 1og ‘ g,(?g> }
Since

k1 _ 1

k41 k—l—l h+1
<L NG, )+l Nalr, )<gre T(r, 1),
(2.4)follows immediately.

Lemma 3. Suppose that f (2) satisfies the assumpt@ons of Lemma 1 and that v is an
integer greater than 1. Then we have

— 1 34841 (@h-+1) (z—1) 1
N(r, Fo_1 )< GFFDe—F L N+ @D Fes(r, f(">=~1)

+—<§_]0+%)'v:70—{1v0( f(1}+1))+m( %)+10g _Q/((()T))—’}

e L G e e e O

where g(2)is given by(2.4),
Proof We divide N ( r

-}

) into two parts.

g
¥(r, T,%T);m_n(oﬂ 7(-,%_-?)+Nw( r, 7—(,7)1:—)

(=)o (1, ot 2 Fo( o) el )
<(1“%‘)N7~1>(°”’ 7<‘>l“>+ P ¥(r 1)
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For the term T'(r, f®), we have
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T(T f(k))_m(,r f(k))—l—N(’l' f(k))
<{me, pm(r, L )}+{N<o~ D@, Y
=T (r, f)+&N (r, f)+m(’r, —f(—)—) |

f
By(2.4)
e {2, e )
+ 8 (, f(,ﬁl))+m< g)fhgl g,(g))) ‘}-{—m(r, j}‘;"_> (2.8)

Substituting (2.8)into(2.7), then(2.6) can be derived.
Lemma 4. We have with the ,hypotheses{b f Lemma 8

N(q« f) __(Zﬂillf_ﬂ_rp(qa f)+_~__?__1_.;1‘\77_1)<?¢, ____1__) |

NEESIERY: @+ Da= =1
(2k+1)fv~lo{ .°( ’f'<kl+i>>+m< “2)+1°gl 5((%)) .} |
* (2k+1)w la'i‘.{m(’r' f.; >+1°g2+1°g TJT‘T’(%W} 2-9)

(2.9 follows by subs’oltumg (2 6) 1nto (2 4)

§3 A fundamental mequallty

We proceed to prove our main theorem. . - _
Theorem 1. Let 7@ be meromorphw in 2| <R (0<R<oo) and k, v be two
pos%twe mtege/r such tkat L

7>k+4+[%—-];~ e (3.1)

.._Iff<0> #0, o, F0) £1, FO(0) %0 and |
1% (0) (F90) —1) — (h+2) f("’+1>(0)2%0

then
(b+1) (z+k+2) 1
{1_ Gh+1Le—k }T(r"f) <N<”" 7)
2(kh+1) (v—1) ‘
+ . (2]0—.}—.1)::__]‘; VN7-1)< f(k) >+Si('r ), | (32)
where - (
(k) (+1) +3 k1)
Si(r, f)<~%'m{<¢ ff >—I—fm( .ff >—|——;—m< ;j(kﬂ))—l— 3 m( f]f”’ )
+1og] £ (0) |+ 25D 10g]700)— |4 LS tog o
5 D (PO D = DO
1

+210g2+710g(k+2), e . (3.3)




No. 8 A FUNDAMENTAL INEQUALITY AND ITS APPLICATION . 859

Proof Substltutmg (2. 6)and (2.9)in(2, 1)We obtain S
{1 .(70-1—1) (T+k+2)}.’[’(r f)<N( f>+2(k+1) (v—1) N _1)(0", _ 1_' )

@k+L)v—k @k+1L)v~k" F®—1
—{l—m}No(T’ Fm)’*’Sz(T, f), (34)
where ' .
_ a0 Dy (k1)
Sz(’r, f)-—m(r 7 )—I—m( 7 >+m< fj(;) )
FO)(f®(0)— 1) b+ q
—l—log] FE(0) ,+_10g2+—————~—(2k+1>7_79_{m<71, 7) ‘g’(O)H’ =
2(k+1) f® 1 . R
Since ‘ ' S . '
_ k+ 1 g
D F T | 3.6
under (3.1), the term N, < f(kl+1>> m(3 4)can be om1tted
By(2.5) ST
o o) = \ [ BT f"“*”’(’n') f"‘“’(z)
—-g—--— (logg) = (k+2) {]B+2 f(;aﬂ) (z) f(k)(Z) 1}
80 that '

‘m.<a”, —%—)<m< ;z:::;)%m( f]::)kH )%10#(70—%—2) +log2, B

Also

1) @
og ‘ g'(((()))) =log | G+ 1) fo ‘(];) ( fg;?))(é{ ;(8) (j}ﬁ)+2) FEFD(0)7 |
In view of(8.6)and : . - R L

2(k+1) . <___
‘ 2(70 +)—k 4
under (3. 1), we obtain R

i D<o G2, S5 o 53)

oD b+ 2(k+1)
+5m(r, o) Hlog OIRSEE @D (2]c+1)7:—-70}

xlog [ f® (O) ""1! +‘{ @k f_—;)w =% }IOg T f(7o+:ll) (()ﬂ
’+_:.t_-10g+! 1 . T
7 | D O (0 D~ GO

Z L log (b + 2).

Thus the estimate(8.8)can be deduced 1mmed1ately‘
Gorolla,ry Suppose that f(@) s fmea"omoq"phw wnd transcendental in the plane .
Tken either f(2) assumes every ﬁmte value fmﬁmtely often or f@ (z) assumes every ﬁmte

log 2+




for j=1, 2, «, k+1 and —— 1 5 <r<p<—z
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non-zero value with multiplicity <k+4+[ ] infinitely often.

Remark. If = tends to infinity, then the fundamental inequality (8.2) reduces to
the Hayman's inequality (1.1).

§ 4. Application. |
Lemma 6. Suppose that f(2) satisfies the assumptions of Theorem 1 and that in

addition f(2)%0 and all the roots of f®(2)=1 are of multiplicity >k +4+[ ] |2| <R.

Then we have

logM< r, -;L-c-)<0' Rér (14—B+ log‘ lefr )

f0fr 0<r< R, where
B= 10g+R+10g —ljfg--l—log’“ |f(0) l +1log™ [f""(O) I +1log* lfmil) Ol
+log* 1 .
| B+DFED0) (f9(0) —1)— (b+2) f* 0 (0)%
In fact, we start from Theorem 1 and estimate the terms of S;(r, f) in (3.8),
then the proof of Lemmia 5 can be completed as[8].
Lemma 6. Let k be a positive integer and f (2) be meromorphic in |2| <1 If f(2)

%0 and all the roots of f®(2) =1 are of mult'oplw'btly >k+4+[2 ] |2] <1, then either

If@|<lor [f()|>C un formlg/ in [z[ < ==, where O is a positive constant depending

32 !
only on 3

Proof The conolusmn W111 hold W1th C =1 unless there is a pomt 2 such that

Fe =1, |al< g5

There are two mutually exclusive cases.
(A) One has

'%1,(» sy onif ly in | <1
.- p2 b (Z)I/Z uniformly in |z 3
It follows that~

L2)+1og 4(h+2)

oo D)o 5

2 (4, .4]
for 0<fr< 32 Smee

fr)<of
m(r, 21, 7 )<0 1+10g
= {1+10g

8
827 -

1

+10g+ T(P: %, f)}

+10g+T (p, 2, %)}

D) then
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1\ 1 . 1 1 3
T (fr, 24, 7)<0 {1+10g py— +log* T (p, 24, —f)} (32 <r<po< 55 32)
Applying Bureau’s lemma™ 27 i yields
1 IN\_q. 1 1 5 1\ .,
].Og M(-g—-z—, 7-)<10g M(—i-é-, 24, 7")<9T (—EZ’ 2, 7)<0.
(B) There is a point 24 such that

Broe| <3, lnl<t
According to[8], we can find a point 2 on the segment 2,2, such thab
o) |21, Z< [0 | <3, [P6) <30 1F@]< 5,
so that
| (B0 (a0) (f (20) ~1) ~ (B +2)f** (20)?| >,

Thus we have

logM(gl2 ;><logM(;, %o, -%,—)<O’

from Lemma 5.

Theorem 2. Let F be a family of meromorphic functions in the region D and let
¥ be @ positive integer. If for every f(2) €F, f(2) #0 and oll the roots of f® (2) =1 are
2

of multiplicity >k +4+[7o—

Theorem 2 follows at once from Lemma 6. As another application of Lemma 6, we

] én D, then F ts normal.

derive the following result on the existence of a singular direction.
Theorem 3. Let f(2) be meromorphic in the plane. If

tm I, f)
r-»,, “(ogr)®

then there evists a number 0o such that 0<0o<2mw and for every positive number & and
every positive integer k, either f(2) asswmes every finite value infinitely often or f®(z)

assumes every finite non-zero value with multiplicity <k-+4+ [ b ] infinitely often in the

angle|arg z—0,| <s. The proof can be completed as[8].
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