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Abstract

Let f ( z )  be meromorphic in \я\ < й (0 < В < о о )  and k, r  be two positive integers such

that r> k+ 4 +  In  this note, a fundamental inequality is established such that the

characreristic function T(r,  f )can be limited by N  (r, -i-^and As an

application, the following criterion for normality is also proved: Let &  be a fam ily of 
meromorphic functions in a region D. I f  for every / ( г )  € /(я')фО and all the zeros of

f k>{z) — 1 are of multiplicity >&+4q-£-5-J in D, then &  is normal there.

§ 1. Introduction

In  the fundamental inequalities1*3, limiting the characteristic function usually 
needs three counting functions, in  which one or two can be concerned with their 
derivatives. From these inequalities, one can eliminate so called “initial values” and 
establish the corresponding criterioncl3for normality.

In  1959, W. K. Hayman112’33 obtained an interesting result. He used only two 
counting functions for limiting the characteristic function.

(A) If /(z) is meromorphic and transcendent al in |a| <i?(0<I2<oo) and h is a 
positive integer, then

T(r, f)<(2+±)N (r, j ) + ( a + x ) - S ( * - ,  / ) ,  (1.1)

Recently -Ku YunghsingC53 successed to prove a criterion for normality which 
corresponds to the proposition (A ).

(B) Let be a family of meromorphic functions in  the region D and let h be a 
positive integer. If, for every /(z )  of ^ ,;/(z )= £ 0  and (%) Ф 1 in D, then fF  is 
normal.

In  this note, we will establish a fundamental inequality (Theorem 1) and the 
corresponding criterion (Theorem 2). Both theorems improve the propositions (A) and 
(B ).
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§ 2. Preliminary Lemmas

Lemma 1. Suppose that f ( z ) i s  meromorphie in \ z \< i2(0< i?< oo). I / / ( 0) 
oo; / №)(0) ф1 and / №+1)(0) Ф0, then we have

considered.
Lemma I е83 is substantially due to H. Milloux(See e. g. [2; 3 p.57]), but there is 

some difference in the terms S (r, f ).
Before proving Lemma 2, we recall some notations1-6’73.
Suppose that F(z) is meromorphie in . j«| < R  (0<22<oo) and that v is an integer 

greater than 1. Let
N-c-i) (r, F)  be the counting function of polesof multiplicity < т —1 of F(z) in 

| г | each pole counted with its multiplicity;
Nv-i)(r, F)  be the counting function of distinct poles of multiplicity —1 of 

F(z) т | г | ^ г .
Setting

T(r, f ) < N (r ,  / ) + iv ( r ,  j ) + N ( r ,

fo r  0< r < R ,  where

N«(r, F)=N(r,  F ) - N ^ ( r } F), 
N(r(r, F)=N(r,  F ) - N r^ ( r, F),

it is clear that
N„(r, F)-N i>(r, F)

and

N „(r, F ) < ± N rt(r, F). v (2.3)

Lemma 2. We have with the hypotheses of Lemma 1

(2.4)

where
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( f * +14*))k+1
У '* ' ( l _ j W ( g ) ) » + a  • (2 .6)

Proof We divide N (r, / )  as
*

2&+1 i;4 ' •" 2&+1 
According to a lemma of HaymanC2;3,p'60:i

^ ) ( r , / ) + A (2( r , / ) ,

m , ( r ,  f ) < N „ ( r ,  f )  + N  ( r, + N „ ( r ,

+m(^r, -^-^+log 9(0)
9'( 0)

Thus 

N(r, f )

Since

2&+1 N:

Л. 1
2# +  l  1

h+1 A

(г' Л+(1+аТ г)№“(г' /)
(  r ' y<»+i>Pm ( r' ^ ((o) I}*

■ ^ л + ( 1 + - а и т ) ^ . л2 $ + l

(2 .4)follows immediately.
Lemma 3. Suppose that f (z)  satisfies the assumptions of Lemma 1 and that r  is an 

integer greater than 1. Then we have

N I( r’
F + 3 jfc+ l_______________________m ( r  A . . I -  (2  ̂+  1) (т — 1) jy ____

(2fc+l)r-/fc  ̂ ( 2 * + l)* -*  ~ Ч ' '  / №>->(r’ f№ > _i)

&
(2Л+1)

2&+1
T3b{No(r> fb»)+m(r’ - f ) + l0 H w l }

T_^.{m ( r> ‘ jf )  +  l0g2 +  l°g |/№ )(0 )-l| }г 2̂ *6^(2*+ l)i 
where g (2) fts given by(2.4),

Proof We divide n (̂  r, -jm zi j -) into fw0 parts.

^ № ) _  1  )  =  ^ v - 1 )  ^  V, y № ) _ ^  f t  pic)  _  )

< ( l “ — ( r̂  -jffi—Y r> j (w _ i ) ‘+"̂ "'^Г(т( r> f w ~ l  )

< (1~  ^  / « ) _ i  ) + v { 27̂  / №)) +  log2 + log jj?t»(o)-l| }•
(2.7)

For the term Г(г, / (W), we have
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T (r, / №)) =  m (r, / №)) +Л7(г,

; |m (r , / ) + m (  г ,

/
+  W r , / ) + M « r( r , / ) }

= т(г, Л  +&N(х, Л + ™ ( г ,

By (2 .4)

T{r, /№ ))^{l+,^ + p - }y (r, / ) A
2&+1 /№>_1

/ (0 )
+ ^ o ( r ,  ^ - ) + l o g

Substituting (2 .8) into (2 .7 ) , then (2 .6) can be derived. 
Lemma 4. We have with the hypotheses-of Lemma 8

!■: N(r., T (r , f ) ' T_1

+m ( / , ^ ) .  (2 .8)

Nv-l) (  f  , Ш)_1 )(2& +4)$—£ . *Л- . ' {Ц +Л ъ-'к.. f k)-

' ’ {».'('> 7w *)+4r- - f )+,0* W I }

/  / ' ■ ~ »  | / * 4 0 ) - i | r

(2к+1)т-1о Г и V ’ /

Ц 1)+Iog2+ Iog
(2 h+ 1 )

(2 .9 ) follows by substituing (2 .6) into (2 .4 ) ,

(2.9)

§ 3. A fundamental inequality.

We proceed to prove our main theorem.
/Theorem 1. Let f (z )  be meromorphio m \z\ < R  (0<#<oo) and Ъ} r  be two 

positive integer such that

T > i+ 4 + [ -у ]. ....... (3.1)

-I//(0) ¥=0, oo, /№>(0)^=1, / №+1>(0) #0 and
( j H - l) /№+2>(0) (/<*>(0) - 1 )  -  (к4-2 ) / №+1> (0) 2 ̂  0,

+  2 (2 4 + 1 )т - ?  ’’’ / < » - 1 ) +Sl(-r ’■'?>• (3 .2)

where
К / /») \ / /W-l)\ 1 / f(fc+2)

&(?’, / Х - 4 Ц / ,  •■Ly —j + Y m ( r> /№+2)
, 3 /  f  №+1>

)

+log| / (0) |+  [2^+ 1 ) T - ^  . log^ №)̂  1 l+  ( 2 k i :l)r-Jo  l0g | / №+1)(0) 1 

, 1 ,  + 1
t T iQg j ( к+ 1) р ш Щ ( Л юФ ) - Л  -  (A4 -2) / №+1>(0)2j .

4-2 log 2 + y  log Qc+2), (3 .3)
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Proof Substituting (2 .6) and (2 .9 ) in (2.1) we obtain . . . .

Ji 0 + 1 ) ( t + # + 2  ) ) m / r  A < 7 Sf( r   ̂)  I (T~ 1) N r — 1 — )
Г . (2* + i ) i - *  t )<JSV ’ j r  ( 2 / f c + i J ^ = T J

“ {1_ (2Js+l)r—Jc J ^ > ) + S ^ r>
where

/  fOc) \  /  fOc+1) \ / fOc+1) \

8 a(r, f ) ~ m ^ r ,  ^ - j -  j + m ( r> f ~ )  +m { r> ~f W ~ L )f f №K

+ lo g

1^|Т ГГГ !
Since

& + T <

/ №)( 0)

1
(2#+1)т —# 2

(3 .5)

(3 .6)

under (3 .1 ) , the term N0 (r,  1П(3.4)

By (2 .5 ) ...

can be omitted.

L- (]osa)^  ( t  | Q )  I w  .r ^  ; У З Д Л  
f -  VlQg ^  -  <++4> t  yfc+2 / ^ +1>(2) /*>(*)- 1 Г

so that

Also

«*(**, ^ 4 ) + m ( r ,  - ^ z ^ -)+ lo g (^ + 2 )+ lo g 2 .

log

In view of(3 .6 )and

.9(0) /*«>(0) ( /® ( 0 ) - l )
040)

=  log 0 + l ) / №+3)(O) ( / w (0) - 1 )  -  ( J c + 2 ) f k+1> ( 0 y

2 0 + 1)
2 0 + 1 ) т -й  4

under(3 .1 ), we obtain

^ ( r ,  / ) < | - m ( r ,  - £ Д ) + т е ( г ,

+ T  m( / w - l  )  +1°g I + {1+  (2й+1)т -  h (2/fc+l)
jfc + v  ) , __ 1

2 0 + 1)1L.1
v —h ]

x log | fm (0) —1  ( +jl ■

+ y l o g +

(2/5?+l)r-A Jl9g | / №+1>(0) 
1

0 + 1 ) / №+а)(О) (/® (0) - 1 )  -  0 + 2 ) / №+14O)aj

+ log 2 + -i-log  0 + 2 ) .

Thus the estimate (3 .3) can be deduced immediately-.
C orollary. Suppose that / ( 2) is meromorpMc and transcendental in the plane, 

Then either f  (2) assumes every finite value mfimtely often or f (]i) (2) assumes every finite
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non-zero value with multiplicity < # + 4 -t-  infinitely often.

R em ark. I f  r  tends to infinity, then the fmdamental inequality (3 .2) reduces to 
the Hayman’s inequality (1 .1 ) .

§4. Application.
Lem m a 6. Suppose that f(z)  satisfies the assumptions of Theorem 1 and that in 

addition /(з)=£0 and all the roots of f m(z)—1 are of multiplicity > k + 4 +  n \z\ <B.

Then we have

* * * ( ' •  7 ) < 0 - R = r ( 1+ i ! + l o g T r ^ )

for 0 < r < R , where

£ - lo g + B + lo g + i + l o g + |/ ( 0 )  | + lo g * |/® (0 )  | +log+ | у « д (о)-

-blog"1 ( k + l ) f k+2\ 0 )  ( / w (0) - 1 ) -  (& +2)/(й+1)(0)а| ’
In fact, we start from Theorem 1 and estimate the terms of Si(r, / )  in  (3 .3 ), 

then the proof of Lemma 5 can he completed as [8].
L em m a 6. Let к be a positive integer and f  (z)be meromorphio in |»| < 1  I f  /(г )

Ф0 and all the roots of f №) (2) = 1  are of multiplicity > & + 4  +  N1 < 1 , then either

| / (г )  I <  1 or I/ (2) I > О uniformly in [21 <-A ~, where Gisa positive constant dependingoA
only on k.

Proof The conclusion will hold with 0 = 1  unless there is a point 2ц such that
1

I/(2 i> N L  ы <

There are two mutually exclusive cases.
(A) One has

32 '

It follows th a t"

m

k+1 - 1  1
2  l / w (2) I > -T  uniformly in  |г|
^—0 4 О

(r, «1, y ) < £ ™ ( 4  ^ - ) - f lo g 4 ( A + 2 )

for 0 < r <  -щ . SinceC4,p,4:i

m ( r ,  *1, - ^ f ) < О | l + log — + l og+ T(p, 21, / ) }  

= 0  j l + i o g — +! og+ T  (  p, e1} A ) }

fo r j = l ,  2, k+ 1 a n d - A . < r < p < - ^ - ,  th e n
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T (r , ги j ) <a  {l+Iog-^r+log+r ( p, H, -jr)}. ( w <r<p<-&)-
Applying Bureau’s lemman,a37], it yields

***(■&> 7)<loeM(w- z‘-7)<9Т(ж’ *• 7)<0-
(B) There is a point g2 such that

§  I/Ulfe)l < | ,  W<-§-.
According to [8], we can find a point g0 on the segment z&x suoh that

I >1, l/<w>(a>) I < ~ , I/*WI <y, If Ы I < - j.
so that

I 0 + 1 ) / « +1»(го) (/®>(4> - 1 )  -  0Н -2)/® «>(*оЛ  > A .

Thus we have

log ^ ( ~ ,  y )< logJlf(-|, g0, i ) < 0

from Lemma 6.
Theorem %. Let £F be a family of meromorphio functions in the region D and let 

Jobe a positive integer. I f  for every f  (2) / ( 2) =£0 and all the roots of / №) (z) —1 are

of multiplicity > & + 4 +  [-^-j in D, then ZF is normal.

Theorem 2 follows at once from Lemma 6. As another application of Lemma 6, we 

derive the following result on the existence of a singular direction.
Theorem 3. Let f(z)  be meromorphio in the plane. I f

Щ TSf J 1 = 00
™  (log t) 3

then there exists a number 90 suoh that 0 < 0 о<2зг and for every positive number e and 
every positive integer Jo, either / ( 2) assumes every finite value infinitely often or / №) (g)

assumes every finite поп-шо value with multiplicity </fc+4+j^-~J infinitely often in the

angle|arg 2—0O| < s .  The proof can be completed as[8].
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