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THE CHARACTER TABLE OF
SYMMETRIC GROUPS

Tu Boxu~N E14ig
(Fudan Um'fve'rsz'iy)

Abstract

This paper gives two methods to construct simultaneously the character tables of the
symmetric groups ©,_1, &, and &,,1 with the aid of the character table of &,_3 as well as
the author’s formulae cited in [9]. These methods require merely the rational operation of
integers. ' '

1. Introduction
Let y® = g&un4n be the simple characteristic of the symmetric group &, on n
lotters, where (A) = (A1, As, ***, Am) is a (general) partition of m, that is |
Mgt oo Am=n, Ahas>e=An=0, m>n,
and p= (1%2%...n%) ig a conjugate class with ey cycles of order 1, g cycles of order 2,

n
eto., and > jo;=n,
=1

The numerical computation of x¥ has been discussed by many authors (see
[8]1—I[8]). In [9] and [10] we also introduoced a practical method for caloulating x(
by merely solving some systems of 2X2 nonhomogeneous linear equations that y®
must satisfy. The method is nseful and easy to apply.

The purpose of this paper is to construot simultaneously the character tables for
symmetric groups &, 1, ©,, ©,,1 with the aid of the character table of &, 5 and using
the author’s formulae cited in [9]. The problem for constructing the character table
of &, by means of the character table of ©,_1 was considered by Littlewood, but he
failed to solve it completely (of. [1]).

The method presented in this paper requires merely the rationmal operations of
integers, hence it is more convenient for use than the other methods given in
[31—I[8].

2. Basic Theorems

Let 91, ¥s, **, Ym be m arbitrary real variables, and denote
Su=3) b, b=1, 2, -,
¢=1

V=V W, Y2, ***» Ynm) = 1<£Ij:<n (W—9s),
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Dt—§ y’l ay‘

Lemmal. Din=(m—3/2)8y+[% 81 [V

Proof Since V', may be expressed as the following homogeneous anti-symmetric
m(m—1)
2

— NCidamgmdgpn—1, =2, , .ol 0
V= " jEj )(—1) T T
1Ja*Im.

polynomial of degree

‘where ‘
.. 1, if j1ja+*Jm is odd permutation,
N(.71_.72'“.71n)={ | j sosep :
0, if j1ja*++jm I8 even permutation,
- 'we have -
. w 9 m . i . )
DV =234, 5= V=2 (m—i)gj, 3 (=17 iyt e Yo
#=1 y.f‘ §=1 W«

l l. m

=Sim—i) 3 (—nreemgpegnsteag gt @

By means of the homogeneity of the anti-symmetric polynomial, (1) may be simplified

as

Di¥ = (m=1) 3} (~D)¥ringpsiyiteegl gp

(Faoeim)

+ (m—2) 2 (=) N Gamdm=ty =S gy} YT

(G2 dm)

B (m -1 521 ; (=) Vdmgtlyn=2. gt Y9,

— (m—2) (Z )( L) ¥ty e Yoo )

It is eagsy to varify that every homogeneous anti-symmetric polynomial can be
expressed as the product of V', and a symmetric polynomial in Sy, Ss, -+, Sp. Hence

we obtain
P2y (—-1)1”""’j'"’y’”“y}’:“%ﬂyjm SaV wt == 1)“"’* I Y Y
®).
On the other hand '
> (- - ’""yhyz':"iy?:“3 YW = (S%—Sz) Vae - (&

] (J1edm) )
Lemma 1 follows from (2), (8) and (4).
For any positive integer n and every conjugate class
p= (12, 33 joy=n,
lot S, =8785- 8,
Let o= (1%2f... (n—2)%) he a o‘onjugate class of &,_,,
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We define . :
0-[1] e (1ﬁ1—12[3:353+14:ﬁ¢, . (n — 2) B,;-s) s

O.CQ] — (1/31238“13334;@4""1. . (n — 2) :@n‘-s) ,

--------- (XX ER)
2

o= (13123, (n - 4) Bpia—1 (,n _ 3) Bras ('n _ 2) g,,-,+1) ,
[ (1&289, (,n — 4) Bp-a (n — 3) Bp-s—1 (,n _ 2) Bp-g (n_ 1) ) s

Eﬂ -2 _ (1&28: (n,__ 3) Bp-s (,n 2)3”4-1”) .

It is easy to see that o™ is one of the conjugate olasses of &, if Bi>1, 1<i<n—2. Put
o@® = (1ﬁ;28.+1313 (,n__ )Bn—a)
g = (16432538, (— 2) ot
Then o® and o™ are also conjugate classes of S,,.
If we define S,«=0 when B,=0 for some 4’s, then we have

Lemma 2. D3SO'= :—Zj kBk}S’U‘m_.
Proof Sinoce |

9 2 N~
a0 S (89185 +80x8) = 20 kB ™' S2 - SpaSSiy 873,

we have
-~ DS, = Z 2 kB’ +2Sﬂx oSO, GBrg |

=3 (3 g/;+2) St 5t Sﬁ':’— 2 #BiS .

Let (A)= (A1, A, ***, Ms) bo a(general) parmtlon of _@,., for any positive integer &
(I<i<n), let - o '
| | Q)= Qa, Aay =05 M—2, Mgy *% M), B=1, 2, =, m
The definition of the corresponding simple characteristio »f is given in the same way
agin [9], where o is a conjugate class of &, 5, '

Theorem 1. Lot (i) be a partition of S,_a and Tot Wy and 1P be the simple
- characteristics of S,-q and S, respectively. Then, for every congjugate class o of G,_g and
every pwrt'&tzon () of &,, it holds that

x(;\‘%‘ _——_-2 w(hsn), “ | (5)
; xcr;(?ﬂ)’*‘ 2 j,gjx(’531=2< hi-—q‘,-——_zj.'_)'w(ﬁm)c (6)
Pr oof It is well known that the fameus Frobenius formula
SV m= E > )( 1) FeImo@gpatm=1, ghctm=.gpim M
Gy dm.

holds. From Lemma 1 and Lemma 2, we obtain

Dy(S,V ) =8.[ (m~8/2) Syt 3 83| Vot ('S 188 _)Vm

STCEEA 0 A I APR1 ®
5 oV m 2 otud ¥ m” £ gtV m, /
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Applymg the Frobenius formula to the rlght hand sude of (8), (8) may be
simplified as

Dy(SVm) = 3 (=1t [('m -+ g+ S i8]

COXGRET ey ey, o (9)
On the other hand, we have

D - - _
" 2 (=) VhIm eyt m=de g fetn=to. g

= ﬁ} 2 2 ( 1) N(fedm) (”/ +m— ,,,) w‘“)y"“‘"‘fl j¢+m—-¢+2 {1/7,,’,”. (10)

¢=1 (W) (dydm)

Hence, act the dlﬂ‘erentlal operator D3 on both sides of (7), from (9) and (10), we
have

3 1 _ -
% mEj ) (—1)VChetm) [(m__ﬁ__)xgp)_}__z_ PO Ejﬁjxéﬁr ]y;«‘wm Lo voggltms, g

= 2 2 (,UI( + m— ?/) 2 ( 1) N(dy jm)w(ﬂ)yﬂl"l‘m—'l yﬂt+m-‘+2 yﬂm . (11)

For any (A), compare the coefﬁcents of gjrtm=lo..ytn in (11). Note that if
L= M, e, Meea=hi-1, it2=Ni, Wig1=Nis1, ', Hn=Am,
or
() =g, =5 ity M2 Kigr, ooy M) = (Moo, 0=1, 2, -, m,
then (u) possesses terms of the form y’“*’"‘l -yj=, Thus, for any (1), we have

(m—8/2) g+ 5 1%+ ; =3 (utm—i—2) o
= ’:—Zj (M+m—4—2) @G,

Ag m is arbitrary, we may compare the coefficents of m— —-8/2 of the above equatmn
and Theorem 1 follows.

Let p= (1%2%...0%) be a conjugate class of &,. Denote

| pr= (1929=18%. .n) | if ay>1;
and

pu= 1%+ (b —2) s+t (p— 1) 212 L) if b>8 and o>1,
Theorem 2. Let x$” and w® be simple characteristios of ©, and G, _a T8sPEctively.

T hen

2P =1 = 31 o, if =2 and ax>1; @@
1 1)
) —_= (Ma:)f - W g3
= B D (3 —i =5 Jagio = b (o= 1)1
n—2 i
—--%— AP — 3 gajx(’g,], if #>38 and ak>1, (18)
=1
1#7«:—2. .

Proof When b=2 and ax>1, we put o=p in (5). Then it is evident that
e =p, and hence (12) follows.
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‘When %38 and o=>1, we put o= p,, i. e.
' (18205 (— 2) An-e) = (192%8... (fp — Q) %3+ (— 1) #s-sps L. o)
Then we have | ‘ |
| Bu-z=ap_s-+1, By=op—1; B=ay, When j#k—2, k,
and 11; is ev1dent that pf**=p, therefore (6) leads to
—% x"“’p&"’—%— (B —2) (ap-2+1) xP+ b (o — L) P e+ ’212 Goux P

Jh—2,%
m

¢ 1<?w— @ —%) m(a‘”)‘
 Henoe (13) follows.
Lemma 3. DV, =|[(m- -:_7,)-)&3+-§- 8.8 — % 81 [V,

- Proof - It is easy to show that
DVm= (m~1) 8V m+ 3 (=D)VAtoypsgpiyn=s. g g},

l"' m

N —1 -2 e ] ! (1]
( ;} )( L T T T/
1Jm.

= (m—1)8sVn + (X 44) V= ( 2 998:)V'm
. +J L&Y RS
= [(m—~2)8y+ 8.8, — = (518848325 |

= [(m — %>S3+_32— 5’152—%—- S3 ]Vm. .

Lot o= (1%2%... (n—2)%-) be a conjugate olass of S,_,, and put
| oD (181288048 (g — Q) At
0~ (11 (= B) o= 4) s (= 8) e 2) ),
= (1. (n—4) s (n—8) P (n— 2% (n—1)),
0= (185 (n =) (0= 2) ),
D= (18- (n—8) s (n—2) ™+~ (n+1)),
When Bi=>1, o*® is one of the conjugate classes of &,,;, Put
o® = (1/31283383+1434 (n 2) Br-g )
0.(12) — (1[71‘!‘12,32'!‘13,33 (,n__ 2) Bn-a)’
oD = (164898, (= 2) Brms)
Then ¢®, o™ and ¢™ are conjugate classes of &,,;,
If we define 8,4, =0 when B;=0 for some ¢’s, then we have.

Lemma 4. D4Sa 2 JBS e,

The proof ig similar to that of Lemma 2.
. Theorem 3. Suppose (v)=(vi, va, **, ¥m) s @& (general) partition and 7 is @
conjugate class of ©,.1. Let ¥ and wd be the simple charactoristios of S,.: and .

respectively. Then, for every (v) and every. o, we have .
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P = ;; e, 9
3 & 1 o ‘18)_*_23’3 gpc(;,:%( h,_@;i)w(Vta,)‘ | 15y
2 (4 6 o 5 ~ ‘ 2 2 .

where .
(VE3]>¢= (V.i) s Vied, 7’;3) Visl, *°° Vm): ’Z=1: 2} ey MYy, )
The proof is the same - ‘ag that of Theorem 1 by using Lemmas 8.and 4.

. . ntl P
For a conjugate clags 7= (1% k%-.. (n+1) %) of €4, ﬁ] §o;=n+1, put
. j=1 _

Tz = (122%8%14%... (n4-1) %), if k=8 and &;>1,
and - : ’ - .
wp= (10 ee (b —4) 24 (fr— 8) 52 +1 (5 — 2) 522 —Loes (p+-1) 21) | if B4 and oy>1,
Then 7, and all of the v, (5=>4) are conjugate classes of &,_,, and it is easy 10 see
that - S 3
=, 0=,
If
o= (19200 (n—2)") -_
= (1% (b— 3) Sp-atd (Ia 2) S (B — 1) ""-‘k""“ s(nt1)omn) =y,
then it is evident that ‘
Bii—z=0k-3+1, Bk—‘o‘k_l, B;—S,, when j#k, k-2,
NOW take o'=1y in (1), and then we obtain

_g_ PPy — é P59 4 (b —8) (Oy-z+1) P+ (O 1) (p(v),,,-<k)+ ? " Joyp® =
2\ ., : Cen
_§<A‘_@ — —é—)w( m)a ) _ . | . (16)

Taking o=, in (14) and combining it with (16), we arrive at the following.
Theorem 4. Lot ¢ be the simple characteristic: of Sup, @i be hie simple
characteristic of ©,-a. Then '

P = 2 a)(”“”)‘ fwhcfn h=38 and a3>1 ' o 1)
ang | S L
1 ' x .2 1
@) —_ 2 Weeds L. _— ) gy
P T3 Gret D) [E(’”‘ v 3)“’” t5 9

__g_ ¢<”>vs,*=’——lo(b‘k 1)(,0(”)4/’" 2 j5 (p(”)’vx” ] when 7a>4and 060,>1

3. Two processes in consftructing the character tables. of @,,_1, @ and @,, 1.

The actual steps in constructing the character tables with the aid of the character
table of &,_, may be summarised ag follws: . ' ‘

(i) It is Well known that the characters x$, in which the conjugats class p
containg the oyocles of order 1, may be calculated by using the character table of &,_,.
We then uge (5) and (6) to calculate 3 in which the conjugate olass p contains the
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oycles of order 2, order 8, «-+ up to the eycles of order n, thus the character table of €,
is completely constructed. ‘

(i) By using the author’s reciprocal formulae for constructing the character
fables of the symmetric group &,, with the aid of the character table of ©,,;, t>1 (cf.
[9]), we can easily write out the character table of &, s, '

(iii) It is evident that the character p® of &,,s, in which the conjugate class =
containg the oyocles of order 1, can be found immediately by using the character table
of &,, while & of &,,4, in which the conjugate class v contains the oyoles of order 2,
can be caloulated by using the character table of G,_y. Then we may repeatedly use
(17) and (18) to caloulate ¢ in which the conjugate classes v contain the cyocles of
order 3, order 4, « up to order m--1, hence the character table of &,,; may be
completed.

Of course, we may also replace step (iii) by the following

(iii)’ Use (b) and (6) as well ag the character tables of &,.; and &, to caloulate
the character table of &,,,
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