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Abstract

This paper gives two methods to construct simultaneously the character tables of the
symmetric groups @„_i, and <5„+i with the aid of the character table of <3„_2 as well as
the author’s formulae cited in [9]. These methods require merely the rational operation of
integers.

1. Introduction
Let x(pX) =  be the simple characteristic of the symmetric group on n

letters, where (A) =  (A*, A3, •••, Am) is a (general) partition of n, that is 
Ai+A2+*"+Am=n, Аз.̂ Аг̂ 5’• • m'^n1

and p=  ( lai2“3•••%“”) is a conjugate class with ax cycles of order 1, a2 cycles of order 2,
П

eto., a n d 2  =

The numerical computation of я£А) has been discussed by many authors (see 
[3] — [8]). In [9] and [10] we also introduced a practical method for calculating %(px) 
by merely solving some systems of 2 X 2 nonhomogeneous linear equations that %ix) 
must satisfy. The method is useful and easy to apply.

The purpose of this paper is to construct simultaneously the character tables for 
symmetric groups @n_i, @n+1 with the aid of the character table of @„_2 and using
the author’s formulae cited in [9]. The problem for constructing the character table 
of by means of the character table of @„_i was considered by Littlewood, but he 
failed to solve it completely (of. [1] ).

The method presented in this paper requires merely the rational operations of 
integers, hence it is more convenient for use than the other methods given in 
[3] — [8].

2. Basic Theorems
Let 2/i, у2, ••*, ym be m arbitrary real variables, and denote

m
Sie= '£ y f ,h = l ,  2, •••,

Fm = F  (2/1, y2) •••, ym) = П  (Уз-Уг),
1
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m
A=2 y\<=i

_a_
ty i

Lemma 1. jD,Fw-  (m -3/2)Sa+ [ l  ]vm.
Proof Since Vm may be expressed as the following homogeneous anti-symmetric 

polynomial of degree )

r . -  „ 2(Ыаи,Ы
where

we have

N  (jijz-'-jm)
1, if is odd permutation,
.0, if is even permutation,

w Ck m
A>FM= 2  <4 24= 1 cyh 4=1

w __
= 2 ( m - i )  2

i=l C (1>

By means of the homogeneity of the anti-symmetric polynomial, (1) may be simplified 
as

Д в Г .-  G » - i)  , 2Ch-jm)

+  (m -2 )  2  ( - l ) ffyWmV r V K " 3'-^L-12/L 

=  (m — l )  2  ( - ± y ch4m)yT+1yr*---y)m-$u 

-  0 - 2)  2 (2)
It is easy to varify that every homogeneous anti-symmetrio polynomial can be 
expressed as the product of F m and a symmetric polynomial in Si, S2, Sm. Hence 
we obtain

2 . {-i)“ -'“ r r !t,sl-& F.+  .2  .C-i)TO'",->sffi!/rVr8-!/L,!/L(h-im) lh4«d

On the other hand

2  ( - 1) ̂ ' - ^ уТя г 'уГ 5'• -2/L^L =

Lemma 1 follows from (2), (3) and (4).
For any positive integer n and every conjugate class

p =  ( lai2“2 • • • w“n) , 2  3ai=n>
3 -1

let Sp-S?S?-\-S*r.

Let о — (1в12вг-‘-(п—2)/3"-‘) be a conjugate class of @n_3(,

(S i~ S 2)V„

(3)

(4)
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We define
<гш =  (lA-a^gA+J^e.... (n -  2) *-'), 
aw  =  (1А2йа_1ЗМ^+1' • ■ (n -  2) *r*),

jj.cn-43 =  (i &2a ... (n _  4) *-«-i (ft -  8) (ft -  2) *”->+1) ,
^ СП-ЗЗ =  (-j&2 A ...(ft —4) £»-< (ft — 3) «Я-8-1 (ft __ 2) &»-• (ft — 1) ) f
сГ[п-2]= (1Й12Й,<*‘( f t~ 3 )e""”(ft—2)/3”"a~1w).

It is easy to see that crM is one of the conjugate classes of if /64> 1 , K K » - 2 .  Put
cr(a)-  (lA^'+ige... ( f t - 2/»-*),

. 0.(1»)̂  (1А+32^.зл...(%_2)йя-а) >

Then cr<9) and crm  are also conjugate classes of
If we define 8 ^ = 0  when /34 =  0 for some i'a, then we have

Lemma 2. А Д г= S  fy3A*>.
fc=i ■

Proof Since

we have

- Д -  8 . — i r  ( « № • ■ • « * ) -dyt dyi *=i

от n—2 

i=l fc=l
n-2n -2  /  m \  n-2

-  2  2ft-1 4=1 / fc=l
Let (Я) =  (ft, X, •••, Лда) he a (general) partition of for any positive integer t 

( l< K n ) ,  let
Ota* ^  "**i ^  — t, X{+1, •••, i = 1, 2, •••, m,

The definition of the corresponding simple characteristic is given in the same way 
as in [9], where or is a conjugate class of @„_a.

Theorem 1. Let (/L) be a partition of @„_2 and let a#0 and x f  be the simple 
eharaeteristies of @n_2 and respectively. Then, for every conjugate class cr о/ @„_2 and 
every partition (X) of @я, й ZioZds

m
% ^==S"^ai4

y  *s&+ j f  »<«•.

Proof It is well known that the famous Frobenius formula
ffaF«“ S  2  ( - 1 ) ■W (A-AA

holds. From Lemma 1 and Lemma 2, we obtain

•Z W F ot) = £ „ [ ( > - 3 /2 ) ^ + ^ -  ^ ] F O T + ( g i № -  )F fl

=  — ~-^$a<a>FOT+-i=j- <̂t(i»>Fot+  2  j / 3 ^ F  m.

(5)

(6)

(7)

(8)
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Applying the Frobenius formula to the right hand side of (8), (8) may be 
simplified as

Д, (8 .r .)  - 2 . 2  (■-1) ■ \ ( m -  A W + *<3>. +  2  Ш л ]
W Uvim) L \  A  /  A  -*

х у ^ +т~г (9) 
On the other hand, we have

с Л )  ( - 1
m __ __

= S S  .23 ( - 1 ) ( ^ + m - i ) . y » f ™~^• • .yfc.  (10)
(/O

Hence, aot the differential operator Р 3 on both sides of (7), from (9) and (10), we 
have

2  2  ( - l ) ™ - - "  Г ( т - | - ) й ! . + ^ й >..+ 2 № ^ П й .‘*'", ---^*м ---»*№> Ui4m> L' « • Л J
Ш _

= S S  0*1+  «»-<) S  (_  1) N ( i v i m)M( » )y ,4 + m - l , .  'yVi+m-i+2' . (Ц)
00 i=l Uvim)

For any (A), compare the coefficents of yj?+m~1"-yfc; in (11). Note that if
^lj ’"г fti—1 ~  Aj_l, t̂i4“"2 =  Aj, fin+± — №т~̂ т>

or
(/*) =  (Ai, •••, Ai_i, АГ2, Ai+i, •••, %m) =  (AC2])«,i—1, 2, ••*, m, 

then (/a) possesses terms of the form у%+т~г"-у%£. Thus, for any (A), we have
-J »—2 m

(m -3/2)% $>+y *$»>+' 2  (^ + m -* -2 )« S At,,)‘

=  23 (A {+m -i-2)co^ta,)<.
в=1

As m is arbitrary, we may compare the coefficents of m —3/2 of the above equation 
and Theorem 1 follows.

Let p=  ( l“i2“a ••■№“») be a conjugate class of Denote
Pc2]= ( l“12“a'":13“3-••№“”) , if a2> l ;

and
Ps= (1® - (A -2 )“*-»+1( * - l ) â «* -1..•««-), if £> 3  and «й> 1.

Theorem 2. Ae£ and be simple characteristics of @я and @и_2 respectively о 
Then

=%$>== 23 "Й,а’\  */ *= 2  and «з>1;«=1
(12)

y(A ) .Лр (A — 2) («ft-2 + 1 )  

1

- 23(^i -® ~ ) 4 t 3,)i -  & («»- l)  z(AW>
, n—2

—s- я(А)̂ 1а’-  _л p=l
ЗФ7с—2,7с

xwrir'— 23 if &>з йий «й>1. (13)

Proof When & = 2 and «2>1, we put cr= /эЕ2а in (6). Then it is evident that 
p%= p, and hence (12) follows.
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When &>3 and aB>  1, we put cr=p„, i. e.
(1A2A— (n -2 ) * -)  = ( l ai2“2 • ••(&- 2) “*-2+1 (yfe - 1 )  • • ■»“") .

Then we have
/Зв~2=«й-2+ 1 , A>=a®—1; when jj= h -2 ,

and it is evident that pJ*~2J= p, therefore (6) leads to

. (iii-2) (fls-j+1) J'pw +  K fl!»-'1)ZŴ +  S  jajX0;)№& )-12,fc

Eenoe (18) follows.

Lemma 3. D,Vm = [ ( m - - | ) s 3+ | -  ЗД , ~ ^ S f  ] v m.

Proof It is easy to show that

D4F M= ( m - l ) ^ 3F OT+  S  ( - 1 ) ^ " " ^ +12/r1C - 3-2/L-12/L
(Зу'Згп)

-  S  ( - 1) N{h4m)y ^ 1y T 2y r i ---yL1yLUv'Sm)
= = (m -l)tf3F m +  ( 2 ^ )  F » - (  S  SMSfr)F«

- [ ( т - 2 ) я ,+ £ г 1я , - А д а - 8 а д + а а д ] г «

-  [ ( m  ~  t ) S s+ t  а д - Т  * 5 ] F "- 

Let <t= (1a2a>** (n—2)A-*) be a conjugate class of @n_2, and put 
■ „ л « (1 А -1 2 в .8 ^ « ...(й-2 )А и )г

..............................^

a <n“s>= (1A- • • (n—6) '9”'5_;t (и—4) вп~1 (n—3) /5"‘s (w — 2) /Sn'2+1) s 
cr<re-4>— (1A>“ (n —4 )йя'1-1(гг—S)Bn~‘(n —2йя‘а(гг—1 ) ) ,

<r<n~ 3> =  (1A* *• (гг—8) (гг—2) ̂ -“гг),
o-<»-2>= (i&... (п -В У я-* (п-2У*-‘~1(п + 1 )) ,

When сг<4> is one of the conjugate classes of @n+i. Put
a (3) =  ( ^ 2^ + 14^ ... (№_ 2) ^ ) # 

a«w> _  (1a+i2/52+13^- • • (n -  2) й"-а) ,
<xm  =  (1Й1+32^2-- • (n -  2) V * ).

Then o-<3), <r(la) and cr(19) are conjugate classes of
If we define Sa<i> =  0 when /34= 0  for some i's, then we have.

n-2
Lemma 4. Д Д .=  2  ?уЗД ̂ >.

г=1
The proof is similar to that of Lemma 2.
Theorem. 3. Suppose (?) =*(? 1, ym) ®s a (general) partition and v is a

conjugate class of @n+i- Let and &>£° 6e the simple characteristics of @„+1 and @я+1 
respectively. Then, for every (v) and every, a, we have
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m
, ? $ > = 2 > ^ Y  . (14)

A, - i — . (IB)

where
(*'сза)|“  (*b v{- 1, vTz, vl+1, —, vm),  4 -1 , 2, —, m.

The proof is the same As that of Theorem 1 by using Lemmas 3 and 4.
71+1 /

For a oonjugate class r=> (1а4**-&а*--« (n + l)  a”+1) of ®n+i, 2  jfy“ » + l ,  put
?=i ■ '

tm- C I ^ ' ^ - ^ - C w+I)*-"), if ib -8an d83> l,
and

rft= ( la‘--« (& -4)a*-‘(Те— 3 )a*-* +1 (To—2) а*_3йа* - 1 • • • (n+1) *■•"), if &>4 and аь>  1. 
Then rC3] and all of the тй (#>4) are conjugate classes of ©„-a, and it is easy to see 
that : '

If
cr =  (1А2йа ••'(n—2) /3”~‘)

-  ( la‘*• • (* -8 )a*-+1 (A- 2 ) a*->(к- 1 ) a*-‘F*-1• • • (n + 1)3"«) - тй,
then it is evident that

j3fc_3=8fi-3+l, /L = Sfc_i; fii=8], when 2„
Now take or=vft in (16), and then we obtain

^ 4 ”’+  ( k —B) (5й_з+ 1) ̂ +& (Sfc-i) (pw ^  +  2A O S+b~ 3,k

(16)

Taking cr= v̂ -, in (14) and combining it with (16), we arrive at the following. 
Theorem 4. Let qff be the simple characteristic of &n+i, o)^ be hte simple 

characteristic of @я_2. Then
m

=2 wfsTh, when k=3 «id a3>l;
«=i

and

№ ■ (k ~ 3) (8й_з+1) h - i L)g  I ш Пе “ 6

—& (Ss_i) $>(!4 S> — 2  1, when й > 4  шгЙ « a ^ l
}фк—3,Тс J *

3. Two processes in constructing the character tables of @„_i, and @n+1.
The actual steps in constructing the character' tables with the aid of the oharaoter 

table of @„_2 may be summarised as follws:
(i) It is w e l l  known that the characters %£л), in which the conjugate class p 

contains the oyoles of order 1, may be calculated by using the character table of @„_2. 
We then use (6) and (6) to calculate %£л) in which the conjugate class p contains the
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cycles of order 2, order 3, ••• up to the oycles of order n, thus the character table of 
is completely constructed.

(ii) By using the author’s reciprocal formulae for constructing the character 
tables of the symmetric group with the aid of the oharaoter table of t > l  (cf. 
[9]), we can easily write out the character table of @„_i.

(iii) It is evident that the character q>¥} of @п+1, in which the conjugate olass t  
contains the oyoles of order 1, can be found immediately by using the character table 
of while of @n+i, in which the conjugate class r contains the oycles of order 2, 
can be calculated by using the character table of @n-i. Then we may repeatedly use 
(17) and (18) to calculate <p̂  in whioh the conjugate classes r  oontain the oycles of 
order 3, order 4, up to order n + 1, hence the character table of @я+1 may be 
completed.

Of course, we may also replace step (iii) by the following
(iii)' Use (6) and (6) as well as the character tables of @„-i and to calculate 

the character table of @«+i.
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