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A bstrac t

In  this paper, we first show several fixed point and or common fixed point theorems for 
point-valued and set-valued contractive type mappings in  compact metric spaces, which 
satisfy very general contractive condition with strict inequality and may be discontinuous. 
Our theorems improve and generalize some main results in [1—4].

In  the next place, we provide some new results for quite general orbitally contraction 
and quasi-contraction mappings. They improve, unify and extend some important results 
in [7 - 1 5 ] .

§ 1. Introduction

Recently Ohen and Shiha3 have proved the following
Theorem . Let T be a self mapping on a compact metric space (X , d), such 

that for all x, y £ X , хфу,

d(Tx, Т у ) y),  -i-[<2(m, Tx) +d(y, Ту)],

-!■[<*(«. т + л ($ ,  Г®)]}. (1 )

Then T has a umque fixed point in X .
The condition (1 ) corresponds to the definition (20) in [2] . This theorem shows 

that the continuity of T  is not necessary for the mapping defined by (20) in [2], 
provided that one adds the hypothesis of compactness to X.

Kasahara and Rhoades'-33 generalized the theorem of [1] to a pair of mappings S 
and T  which satisfy the definition (145) in  [2] .  Ohen and Shih1143 extended the 
Theorem 1  of [8] to a pair of set-valued mappings.

In  section 2 of this paper, we shall improve and generalize some main results 
obtained in  [1—4].

In  section 3 of ^his paper, we shall present some new fixed point theorems for 
orbitally contractions and quasi-contractions, which unify and improve a number of 
recent results obtained in  [T—15].

Manuscript received February 23, 1981
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§ 2. Point-valued and set-valued contractive mapping’s

Let (X , d) be a nonempty metric space. OL(X) denotes the set of all nonempty 
closed subsets of X . D(A, x )—mi{d(y, x ):y£  A} is the distance from со to i c X .  
H (•, •) denotes the Hausdorff distance on O L(X ) deduced by d.

A mapping T :X —>X is said to be generalized point-valued contractive, if for all 
со, y £ X , софу,

d(Tx, Ту) <mas|(Z(*, y), (x, Ту), d(y, Ту),

, i  [<!(., r« j.+ d O , Щ .,  '/#) !•*:«, Г » )]} , (2)

A mapping F : X->OL(X) is said to be generalized set-valued contractive, if for 
all со, у £ X , софу,

U(Fx, Fy) <tmx'd(x, у), 0{Жу, x), 1){Ь'у, у),

A [ B ( * 4  x)+ B(Fy, у)), A  № (*», x)+D(Fx, »)]}. (3)

Remark 1 . Clearly, any mapping satifying condition (1 ) is a generalized point
valued contractive mapping. The following example shows that a generalized point
valued contractive mapping need not satisfy condition (1 ) .
•, Example* Let X =  {(0, 2) , ( - 1 , 0) ,  (0, Q), (1, 0)}. d denptos the usual 

metric in  Ra. Then (X , d) is a compact metric space. Let T(Q, 2) =  ( —1 , 0), 
T  ( —1, 0)=T  (0, 0)—T  (1 , 0) =  (1, 0). I t  is easy to cheok that T  is a generalized 
contractive mapping and Г  doesn't Satisfy condition (1) „

, Theorem 1. Let (X , d) be a nonempty compact metric space. F:X-*O L(X) is 
a generalized set-valued contractive mapping. Then F has a fixed point in X .

Proof Consider the nonnegative function D(Fx, x) on X . Let {%} be a 
minimizing sequence for D(Fx, x)

lim D(Fxn, xn) =r=ihf{D(Fx, x ):x£ X } ,
П~>оо

Since Fxn is compact,there exists yn€ Fxn such that d(yn, x„) =D(Fxn, ajn) . Since X  
is compact, we may assume that {yn} converges to a point m^ X ,  Let A  =  {n:x„=u, 
n£N }, where N  denotes the set of all positive integers. If A is an infinite set, 
obviously и is a fixed point of F  in  X . I f  A is finite, we can assume х„Фи for all 
n £ N .

Now suppose D(Fu, u)>r. Then there exists e> 0  such that D(Fu, u)> r + 5 s e 
We can choose n so that #

d(y„, u)<s  and D (AX, xn)< r+ s,

* I  wish to thank Zhao Hanbin for supplying this example.
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and hence we have
D(Fxn, u)<d(yn, u)<s,
d(xn, u)<d(xn, y^+dtyn, u)<D(Fxa, xn) + s<r+2s,

and
D(Fu, xn)<D(Fu, u) +d(xn, u)<r+2s+D(Fu, u).

I t  follows from (3) that
D(Fu, u )+ H  (Fu, Fxn)

< 8+m ax|d(w , xn) , L(Fxn, u), D(Fxn, xn),

u)+D(Fz„  *„)], u)+D(Fu, 4 ,)]}

< e + m a x |r + 2e, 8, r+s, ~{x+6+B{Fur и)],

■1[)4-38+1>(й», « )]} , (4)

whioh yields D(Fu, u) < r + 6 e, a contradiction. Thus D(Fu, u) < r .
Now suppose u$.Fu. By the compactness of Fu, there exists zGFu such that

0 <D (Fu, u) =  d (z, и) .
I t  follows from (3) .that

D(Fz, z)<,H(Fz, Fu)

<maxjd(w, z), D(Fu, z), D(Fu, u), -i- [D (Fu, u)+D(Fz, z)2,

г)]}

<m ax j.D(-Fw, w), 0, I)(Fu, u), ~[D(Fu, u) +D(Fz, s)] j ,

which yields r<:D(Fz, z) <D(Fu, u) < r ,  a contradiction. Therefore u£Fu, i. e. и is 
a fixed point of F  in  X .

When F  is a generalized point-valued cOntrative mapping in Theorem 1, we 
obtain the following.

Corollary 1. Let (X , d) be a nonempty compact metric spcoe. T is a generalized 
point-valued contractive mapping on X , Then T has a unique fixed point и in X.

Remark 2. Obviously, the theorem of [1] is a speoial case of Corollary 1, and 
the example shows that Corollary 1 is a proper generalization.

The following theorem is Theorem 5 in  [4]. Here, we shall give a simpler proof. 
Theorem 2. Let (X , d) be a nonempty compact metric space. F and G are set- 

valued mappings of X  in to OL(X) such that for all x, y £ X  with хФу,

H{F<c, <?J/) у), ^tD (Isc, <с)+Ъ(ву, jfl],

» ) ] } . .  (5)
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Then F or G has a fixed point in X,
Proof Consider nonnegative function В (Fan, x) on X . Let {«„} is a minimizing 

sequence for B(Fx, x) :
lim В  (Fxn, xn) =  r =  inf{JD (Faj, x) : x 6  X }.

By the compactness of Fxn, there exists yn £  Fxn suoh that d(yn, xn) =B(Fxn, xn). 
Since X  is compact, we can assume {yn} -* u £ X . If A= {n:x„=u, п€Щ  is infinite, 
then u£Fu, If A  is finite, then we may assume %Фи for all n£N . As in  the proof 
of Theorem 1 , we shows easily B(Gu, u) < r .

Now suppose u^Gu, By the oompaotness of Gu, there exists zGGu such that 
0<B(Gu, u) = d(z, u) and it follows from (5) that 

B(Fz, z)<H(Fz, Gu)

< m axjd (й, и), ~  [B(Fz, z)+B(Gu, it)], — [B(Gu, z)+B(Fz, m) ] |

<  maxjjD(Gu, u), -i-[D(Fz, z) +B(Gu, u)] j ,

which yields r<B(Fz, z)<B(Gu, u) < r ,  a contradiction. Hence u£Gu, i. e. и is a 
fixed point of G in  X .

Remark 3. Theorem 2 improves a lot of the known result's, (e. g. see [4]). 
Theorem 3. Let (X , d) be a nonempty compact metric space without isolated 

points. F, G’X~J>OL(X) satisfy (6). I f  F or G is continuous from X  toOL(X) ,thm  
F  and G have a common fixed point in X .

Proof Without loss of generality, we may assume that F is continuous. It is 
easy to prove that B(Fx, x) is a nonnegative continuous function on X .  By the 
compactness of X ,  there exists u £ X  such that

B(Fu, u)<~B(Fx, x ) ,\/x £ X '
If  utfzFu, by the compactness of Fu there exists v£F u  suoh that

0<B(Fu, u)=d(v, и) ,
By (5) we have

В (Gv, v)< H  (Gv, Fu) = H (Fu, Gv)

<m ax

< m ax

\d(u, v), ~  

(Fu, u) ,

[B(Fu, u)+B(G v,v)J, ~  (B(Gv, u)+B(Fu, ж )]| 

^ \B (F u , u)+B(Gv, «)]}-,

which implies В (Gv, v) <B(Fu, u) .
If  v$Gv, then using the same argument as in  the above proof there exists w G,Gv 

such that
B(Fu, u) <,B(Fw, w)<B(Gv, v)<B(Fu, u).

This is a contradiction. Hence either u£F u  or vGGv,
1° If uGFu, there exists a sequence {ж„} in X\{w} converging to и since и is
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not isolated. By the continuity of F  we have
D (Fxn, ад) (Fxn, Fu)—>0, n—>cot

Hence for any given s> 0  there exists n such that
d(xn, u)<a and D (Fxn, u)< s,

From (6) we obtain
D{Gu, u) <,D(Fxn> и) +  H  (Fxn, Gu)

<6+maxjd(osn, ад), ^-[I)(Fxn, xn)+D(Gu, ад)], y [ D {Gu, xn) ArD(Fxn, ад)] j  

<  e +  max j  s, —- [2e+D((?M, ад)] j ,

which implies D(Gu, ад) < 4 s . Since s is arbitrary, L{Gu, u) = 0, i. e. uG Gu, and so ад 
is a common fixed point of F  and G in  X .

2 ° If  vGGv, there exists a sequence {»„} in  X \{v}  converging to v since v is 
not isolated. By the continuity of F  we have

H(Fa>n, FF) —>0, n—>Got
By (6) we have 

D{Fxn, F)<,H{Fxn, GF)

<m ax

<max.

| d(a>n, F), ~ [B {F xn, xn)+D(Gv, « )], [D(Gv, xn)+L>{Fxn, ф) ] |  

F), ~  [P{Fxn, v)+d(xn, -y)]|,

which yields D(Fxn, v) <d(xn, F)->0, n -> 0. Then we have 
D(Fv, F) <,D{Fxn, y) +H (Fxn, Fv)

<d(con, v)+H {Fxn, FF)->0, n->oo.
Hence D{Fv, F) = 0, i. e. vGFv and so у is a common fixed point of F  and G in X .

Corollary % Let (X , d) Ъв a nonempty compact metric space. 8, T tX -> X  are 
point-valued self mappings on X . I f  for all x, yG X  with хФу

d{8x, Ту) <  max jd(a), y), ^[d{x, SF) +d (у, Ту)], y [d (» , Ty)+d(y, #®)]j (6)

and either 8  or T  is continuous, then each of S and T has a unique fixed point and these 
two points coincide.

Proof By Corollary 2 8  and T  have a common fixed point и in  X .  The 
uniqueness of ад easily follows from (6),

R em ark  4. Corollary 2 is Theorem 2 in [3], But it seems to us that the proof 
in  [3] is not yet complete, since one cann 't deduce a contradiction from d(T8u, Su) 
<d(8u, ад) and so cann;t  obtain 8u=u.

In  the following, we discuss the iteration of approximating fixed point.
Lem ma l . C6’p,68] Let {X , d) be a nonempty compact metric space. {x„} is a 

sequence in X . I f  и is the unique cluster point of {xn}, then и is the limit point of
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Theorem 4. Let 8  and T be continuous point-valued self mappings of a nonempty 
compact metric space (X , d) . I f  for all x, у £ X  with софу

d(Sx, Zty)<max{d(», y), d(a>, Sx), d(y, Ty), ~[d(® , Ty)+d(y, (7)

then ( i)  8 and T have a unique common fixed point u,
(ii) for each x ^ X  the sequence of iteration 

W “ {«0“ «, Xx==Sx0) Xz = Txx, •••, X2n — Tx2n̂ x, •••}
converges to и.

Proof Since X  is compact, for eaoh »G X  the sequence of iteration {#„} has at 
least a duster point u. By Theorem 3 in  [5] eaoh of the duster points of [#„} is both 
a common fixed point of $  and T. Hence и is a common fixed point of 8  and T. 
Using (7) we prove easily that и is the unique fixed point of 8  and T  respectively 
and so и is the unique common fixed point of 8  and T.

On the other hand, sinoe every cluster point of {xn} is both a common fixed 
point of 8  and T  and the common fixed point и of S  and T  is unique, и is the unique 
cluster point of {xn}. It follows from Lemma 1 that {xn} converges to u,

Remark 5. Obviously Theorem 4 improves and generalizes Theorem 6 of Chen 
and Shih in  [4].

As an immediate consequence of Theorem 4, we have.
Theorem 5. Let (X , d) be a nonempty compact metric space, a family of 

continuous point-valued mappings of X  into itself. I f  for all distinct 8, Z7 £  and for 
all x, 2/G X  with хФу (7) holds, then

( i)  has a unique common fixed point и in X ,
(ii) for each ж 6  X  and any distinct 8, T  £  the sequence of iteration 

(xn}=*{x=xo, xx=8x0, x2=Txx, •••, x2n+1̂ 8 x 2n, x2n+2=Tx2n+t) ••• >
converges to u,

§ 3. Orbitally contractions and quasi-contractions

In  this seotion со denotes the set of all nonnegative integers, I*  the set of all 
positive integers and B+ the set of all nonnegative real numbers.

Let T  be a mapping of a nonempty metric space (X , d) into itself. For each 
x £ X

0T(x, 0, °c) =  {Тпх:п£<о}
denotes the orbit of T  at x and for all i, j€co, j> i, write 

' 0T{x, i , f ) ^ { r x , T ^ x ,  2M .
For any 4 c X ,  D(A) denotes the diameter of A.

Lemma 2.a33 Let Ф:В+—>11+ be a nondecreasing function, then the condition
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(Ф*) 1йпФп(t) — 0, where Ф* denotes the n-th iteration of Ф, implies
»-> 00

(Ф2) ф (« )« ,  V i> 0 .
Further, I f  Ф is upper semicontinuous from the right, then (Ф*) ФФ (Ф2) .

A. nondecreasing function Ф:М+-^М + is said to be a contractive gauge function i f  Ф 
satisfies (Ф1) and

(Ф3) lim (t — Ф (0) =oo,i£-»oo
Theorem  6 . Let S and T be continuous mappings of a complete metric space 

(X, d) into iteself. Suppose for each 06 X  L (Os(x, 0, oo) U0T(x, 0, 00))<oo4 I f  
there exist n, m :X->I+ and a nondecreasing function Ф:Я+ ->R+ satisfying (ФА) such 
that for each x ^  X

D(Oa(SnWx,0 , oo)\jOT(Tm̂ x , 0, 00) Х Ф ф ( р й(р>, 0, oo).U0T(x, 0, 00) ) ) ,  (8)
then for each cc£X, {Snx}ne0J->Zj.£ X , {Tax}n̂ ~ ^z2£  X  and z1=S«1, z2=Tz2. 
Further, i f  (8) is replaced by

D(0s(Sn(x)x, 0, 00) {jOT(PmMy, 0, 00))
<Ф(2)(Оа(х, 0, °o )U 0T(y, 0, 00) ) ) ,  V®, y € X ,  (9)

then z(=z1=z2) № a unique common fixed point of S  and T,
Proof For any fixed X  let D(Oa(x, 0 ,00) (j 0T(x, 0, об))= Ж , Consider the 

following subsequences of {Snx}neoi and {Тпх}пеш:
х%=8пШх0, x i+ x ^ S ^ x l , —} 

m  -  -i'es+i~ T ŵ x i , ...}.
By (8) we have

D (Рв(&,- 0, об) UОт(xl, 0, oo))
< Ф (В (08« _ 1, О, оо) U0*(<£-i, 0, оо)))

<,0m(D(Os(x, 0, со) [)От(х, О, об))
= Фт (Ж ). (10)

Putting w—>00 in (10) we obtain
limD(Os « ,  0, o o )U O r« , 0, co))=0„ (11)
W-»oo

Since < 6  {8ях}пеш, x l£  {Тях}п&ш, \/®Gw. Therefore (11) implies that {#Vj-n££0and 
{З7*®},,^ are both Cauchy sequences, and so {$”<»}„£„—>2qE X , {Tnx}ne<0-^za£ X , I t  
follows from; the continuity of S  and T  that z%=Szi and z2=Tz2,

Now suppose (9) holds. Since (9)=Ф(8), the conclusion as above is true. Assume 
Zt^z2, Using (9) and Lemma 2 we obtain

d(zt, z2)=D{Oa( S ^ z %, 0, 00) UOr CFw(‘%  0, 00))  .
< Ф (Л (08^ ,  0, оо)иОт(е2, 0, cp))) .
=  Ф(сг(йа, z2))< d (z 2, z2),

a contradiction, Henoe z ^ z t —zf) is a common fixed point of S  and T. Similarly,
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we can proye that z is the unique fixed point of 8  and T  respectively. Thus г is a 
unique oommon fixed point of 8  and T.

Corollary 3. Let 8  and T be continuous mappings of a complete metric space 
(X , d) into itself. Suppose there exist n, m ’.X —>1* and a contractive gcmge function Ф 
such that for all x ^ X  and for all r  £  I +, r>max{w(«), m(x)}

D(p8(8**>x, 0, r) U (pT(Tm̂ x , 0, r ) )
<Ф (Д(Оя(», 0, r) \JOT(x, 0, r ) ) ) .  (12 )

Then for each x £ X , {8nx}neoi-+zX) {Tnx}ne<0->z2, 8zx=z2 and Tz2=z2. Further, i f  
( 1 2 ) is replaced by

D(p8(8n(x)x, 0, r) l \0T(TnWy, 0, r))
^ ( D ( O s(x, 0, r) U0T(y, 0, r))), \Jx, 2/G X; г>тях{п(х), m(y)}, (13) 

then 2( = 21 =г2) is a unique common fixed point of 8 and 27.
Proof By the assumption of this Corollary and Theorem 6, we only need to 

prove that D (08 (x, 0, oo)[)0T(x, 0, o o ) )  < о о ; \/*£ AT. Suppose for some x0£ X  
D(Ps(x0, 0, oo) {JOT(x0) 0, о о ) ) = Ж = о о 0 Let Mr=D(Oa(x0> 0, r) \JOt(x0, 0, r)), 
W£<*>. Clearly {Жг}г6<а is a nondeoreasing sequenoe and hence

lim Mr= M = oo. (14)
f—»oo

By (12) for any r £ I +, r>max{w(®o), m(x0)}, we have 
Mr=D(Oa(x0, 0, r) U0T(®0, 0, r))

<D(Oa(xo, 0, n(x0))\fO T(x0, 0, m(xf)))
+D(0a(8n̂ x o, 0, r) U Of(Tm(Xo)x0, 0, r))

^D(O s(x0, 0, n(xo)) {]0T(x0, 0, т(а?0)))+ Ф (Ж г) .  (15)
By (14), (15) and (Ф3) we obtain

oo= lim [mr- Ф(Mr) ] < В (Oa(x0, 0, n(x0)) \jOr(x0, 0, m(x0))),
7*->oo

a contradiction. Hence we have D(Oa(x, 0, oo) (J 0T(x, 0, oo))<oo, V#£AT. The 
conclusions of this Corollary follow from Theorem 6 .

Corollary 4. Let T be a continuous mapping of a complete metric space (X , d) 
into itself. Suppose there exist n:X->I+ and a contractive gauge function Ф such that for 
sack x £ X  and for dll r £ I +, r">n(x),

D(Pr(Tn(x\  0, г))<Ф (Р(0Т(х, 0, r ) ) ) .  (16)
Then for each x £ X ,  (Tnx}n€tu converges to a fixed point z of T  in X . Further, I f  (16) 
is replaced by

d(T% Тгу)<Ф(Р(От(х, 0, r) U0T(y, 0, r ) ) )  (17)
for each »£  X  and for dll r">n(x), y£  X , then for each ж£ X , {Tnx}neo) converges to 
the unique fixed point z o f T ,

Proof Assume (16) holds. Letting 8 = T, m(x) =n(x), V*£ X , in  Corollary 3, 
we can come to the required conclusions. If (17) holds, Walter1110'p,a% as proved that
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D(0T(cc, 0, oo))<oo, \/& €Х . I t  is easy to check that (17) implies 
L>(0T(Tn™x, 0, оо ))< ф (£ (О г(а>, 0, oo))), \ f x€X.

By Theorem 6 with S=T,n(x) = т (х ),\/х£ Х , we show that for eaoh х £ Х  {Tnx}neol 
converges to a fixed point z of T. The uniqueness of z easily follows from (17).

Remark 6. Theorem 6 and Corollaries 3, 4 improve and unify a number of 
important results in [7, 8, 9, 10, 13].

Corollary 5. Let S  and T be continuous mappings of a complete metric space 
(X , d) into itself. Suppose for each x £ X ,  D (Os (x, 0, oo) \JOt(x, 0, o o ) ) < o o .  I f  
there exist p, q £ I + and a nondecreasing function Ф:12+~->72+ satisfying (Фf) such that 
for all x, 1/G X

D(Os(Spx, 0, oo)\jOT{Tqy, 0, оо))<Ф (Л (0й(ж, 0, oo) []От(у, 0, oo))). (18)
Then S and T ham a unique common fixed point z and for each x £ X ,  {Snx}n£o> and 
{Тпх}пеы both converge to z. Further, i f  p —1, then the Continuity of S may be dropped.

Proof From Theorem 6 with n(x) =p, m(x) = q, X  the first conclusion of 
this theorem holds.

Now assume p*= 1 and S  need not to be continuous. By the proof of Theorem 6 
we see that for eaoh x£ X ,  {Tnx}n&0> converges to a fixed point z of T. We shall show 
that z is also a fixed point of S. In  fact, by (18) with p = l  we have 

D(Os(z, 0, o o ))= D (Os(Sz, 0, oo) (J {a})
=D(Os(Sz, 0, oo) \jOr(T% 0, oo))
<T(D(Os{z, 0, oo) U0T(z, 0, o o ) ) )

<Ф (Л(Оя(*, 0, oo)). (19)
By Lemma 2, (19) implies D(Os(z, 0, oo) ) = 0  and hence z—Sz. Therefore г is a 
common fixed point of S  and T. The uniqueness of z easily follows from (18) with 
p = l .

Corollary 6. Let T be a continuous mapping of a complete metric space (X , d) 
into itself. Suppose for each a?£ X , D(0T (x, 0, oo)) <oo. I f  there exist p, q £ I + and a 
nondecreasing function Ф:В,+ -* R + satisfying (Ф%) such that for all x, y £ X  any one of 
the following conditions holds:

( i )  D(Ot(T% 0, oo) и От(Т9у, 0, оо))<Ф (1)(01.(®, 0, oo) (J0T(y, 0, o o ) ) ) o

( i i )  d(Tpx, Tay)«& (D(pT(x, 0 , oo ) {jOT(y, 0 , с о ) ) ) ,

then for each x £ X  {Tnx}nea converges to a unique fixed point z of T,
Proof I f  (i) holds, by Corollary 6 with $ = T  the conclusion is true. If  (ii) 

holes, without loss of generality wo may assume p">q. For any f  £ X , i , y£o), 
letting x =Т*£, у=Тр~й+’£ in  (ii), we have

d(Tp+i£, Г ^ ) < Ф ( 5 ( 0 Г( П ) 0 , oo) у Ot(T*-°+’£, 0 , oo) ) )  

< Ф ф (рт(£, 0 , o o ) ) ) ,

which implies that
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D(0T(T%  0, oo)).<Ф(В(Ог(®, 0, oo))),
Using Theorem 6 with S ^ T , n(x) =m(x) =£>, \ /x £ X , we can show that for eaoh 

X , {Tnx}„eoi converges to a fixed point 2 of T. The uniqueness of g easily follows 
from (ii).

Corollary 7. Let The a continuous m aking of a complete metric space (X , d) 
into itself. I f  there exist p, q(~I+ and a contractive gauge fumtion Ф such that for all 
x, у £  X  and for all r7*max{p, q} any one of the following conditions holds:

, ( i ) D(Ot(T%  0, r) U0*(Т%  0, r))< 0(D (pT(x, 0, r) \)0T{y, 0, r)))„
( ii)  d(Tpx, Tqy ) ^ ( D ( p T(x} 0, p)\}OT(y,0,q))), 

then for each x £ X ,  {Tnx}nQ(a converges to a unique fixed point & of T .
Proof If (i) is true, by Corollary 8 with S= T, n(x) —p, m (x) =q, X  the 

■conclusion of this corollary holds. If  (ii) holds, without loss of generality we can 
assume p~>q. For any f  £ X , 0<£, j K r —p, letting .x=Tl£, y=Tp~Q+1£ in (ii) 
we have

d(T*+i€, Т*+1£)<Фф(От{Г£, о, p) и От(Т*-*+!£, 0, q)))
<,Фф(От(£, 0, r))),  V0<i, j< r -p ,

which yields
D(Ot(T%  0, г))<Ф(1)(рт(х, 0, r ))), V»€X .

By Corollary 4 with n(x)*=p, V®£ X , we show that for eaoh x £ X , i  {Tnx}nS(a 
converges to a fixed point e of T. The uniqueness of 2 easily follows from (ii) .

Remark 7. Corollaries 6, 6 and 7 improve and generalize the main results in 
[2, 8, 11, 12].

Theorem 7. Let T be a self map of a complete metric space (X , d) satisfying:
( i )  D(Ot(x, 0, oo))<oo for each x £ X ,
(ii) there exists a nondecreasing function Ф:В+ satisfying (Фх) such that 

for all x, y £ X
d(Tx, Тау) (D (0T(®, 0, oo) {jOT(y, 0, 09) ) ) .  (20)

Then for each x£  X  (Tnx}nea converges to the unique fixed point 2 of T a
Proof By the proof of Theorem 6 with S=T,  n(x) =1, m(x) = 2, X,  we 

see that for each xQ X  {Tnx}neoj-^»z£ X .  Then for each e> 0  there exists N £ I + such 
that n>iV implies d(Tnx, 2) < s .  For any m £ I + and n>N, from (20) it follows 
that

d(2, Tm2) < d ( 2, Tn̂ x) +d(Tmz, Tn+Sx)
<  s + Ф (D (0T (Tm-4, 0, 00) (J 0T(Tnx, 0, 00) ) )  
<8+ Ф (тах{2е, Б(Ог(2, 0, оо))4-8})в (21)

Since s is arbitrary, (21) implies
sup{d (2, Tmz): m £  I +} (В (От (2, 0, oo)) ) t (22)

On the other hand, for any l < i < j < o o  by (20) we have
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(24)

(23)

By Lemma 2, (24) yields В (0T(z, 0, oo))=0  and hence z=Tz. The uniqueness of 
« easily follows from (20) .

R em ark  8 . From Lemma 2 we see that Theorem 7 is an extension of 
Hegedus043 and Theorem 2 of Park and Rhoades0-53.
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