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Abstract
The purpose of this paper is to improve and to generalize the famous F itz  Gerald 

inequalities, the Bazilevic inequalities and the Haym an regular theorem, by means of the 
representation theorem of continuous linear functionals on the space of continuous functions.

I. Introduction
The research on the Bieberbach conjecture due to Fitz Gerald in 1971 is very 

important, for it not only improved the estimate for the coefficients of univalent 
functions, but enabled us to see more deeply the importance of applying the 
“exponentaited” Grunsky inequalities. Concretely speaking, he obtained the follow
ing “exponentaited” distortion theorems about the difference quotients and their 
reciprocals:

L et/(z ) = 2 + а 229+аз23Ч—  be in  8, namely f ( z ) is regular and univalent in 
the unit disk d = { 2: |2|< l } ,  and, let /3^(p,=1, 2, 3, •••, N) be arbitrary complex 
numbers which are not all zeros, and 1, 2, S, •••, N) be arbitrary points in
the unit disk, then

/(* * )/OO
■) |<  2  A A ( i - v v ) _1, 0 = 1 ,  - l )  ( l . i )

N

2  A A
p ,v = l

/(*») - / & ) 1
l —ZpZv

>
N

2  A,Д=1
/0 » ) (1 .2)

for 1=1, 2, w h e re (/0 ^ )—/ ( 2у) ) / ( 2д—g„) is interpreted as/ ' ( 2) when 2̂ = 2̂ .
In  fact, Xia Daoxing already established a result stronger than (1.2) early in 

1951. From (1.2) we have the following Fitz Gerald's coefficient inequalities: 
L et/(z ) = 2+ а 22а+ « 3гаН—  be-in 8

■Op,e- 2  A O , 2 ) K l s- k a a|s, (1-3)1
where
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then

Я) =
P -
0,

\ъ- я \< р , (р < я)
otherwise

(1.4)

2<,q<N̂ 0<, (1-6)
I t  means that the matrices (%,e) are positive semidefinite. We well know that from
(1.6) a series of important results can he obtained. In  1979, Kung Seng first 
improved the Fitz Gerald's distortion theorems (1.2) and coefficient inequalities
(1 .6 ) . In  the same year, H u Ke improved Kung Seng's results.

The aim of this paper is to make further improvements on the above mentioned
Fitz Gerald inequalities, together with the Bazilevic inequaity and Hayman's
regularity theorem by means of the representation theorem of continuous linear
functionals on the space of continuous functions.

Suppose К  is abounded closed set in  the complex plane. Denote by c (K )  the
set of all bounded continuous functions on K .  Endowed with the norm

1/1 -m a x  1/00 I, /(« ) £ c (K ) ,06 к
c(K )  is a Banach space.

Denote by с* (K )  the conjugate space of c(K"). Let LX} L% and L  £  с* (K ), h(z, £) 
be bounded continuous functions defined о п Г х  J .  We define

Q ) 0) ,
| z | 2(A(z, 0 ) ,

where г is operated by the linear functionals ahead of £. Here and later we suppose
oo oo

that Ф(ги) =  2  cnWn is an integal function and define Ф+ (w) — 2  I cn |n=0 n=0

II. Strengthened Distortion Theorems
Is this section, we shall strengthen the Grunsky distortion theorem and the 

improved Fitz Gerald distinction theorem due to Kung Seng, Hu Ke.
N

Lem m a. Suppose 2  (avii=a^v) is non-mgative EermiUon, then
P ,v= 1

N

2
fl,V = l

2  N  _  N
^  Oi/ipiD/JCf, • 2  ЫциУрУ»

p ,v = 1

holds for any complex numbers {a^} and { y ^ ^ i i—1, 2, •••, N ), 
Proof Since 2  «лА/Ли is non-negative Hermitian

(2 .1)

0 <  S
/l,V = l

N  _  /  N  N
— 2  ЫцрООцХр 2Ше (d® 2! МррЯцУр) d- 5] о̂црУцУр

\  H,V=1 /

holds for any real numbers /3 and A. This is a non-negative quadratic form of X, so
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Г /  N  _  \  - |3  У  _  2V
I Re I 23 ^nv^nVv) I ^  23 * 23 я^УнУи.
L  \  = l  / j  f l ,V = l l i ,v = l

Take /3= — arg ( 23 «л*®/#*)), then (2.1) follows.
A' _ _ ■

Theorem  1. Suppose f £ S ,  2  «л*жлж*>  0 (<v= ay/i, j*, p = l ,  2, N ) ,l> 0,
p ,v = l

m is  a natural number. Denote by F n(i) the n-th Faber polynomial of f ( z ) ,  8 — 1, —1

& K *0 —JP.CV/C*)) ~  (*-+58*),
n  = A z) . r / CO..._______

* - C  / ( * ) / ( £ )

(2 .2)

(2.3)

* . a  [ ( ь  (2.4)-

holds fo r  any integral function Ф(и) and continuous linear functionals L ^ ,  IJ^  and 
£ 0 * (\z\ < p < l )  (р>—1, 2, • 2V). Particularly, we ham

<

К

(2 .6)

I t is obvious that (2 .6)contains the result (1.1) in  [6].
Proof We first consider the Lowner -Goluzin function113’13-1

/ (2) -lime*/(2, t),
f-» -t-0O

w here/( г ,  t) =e~t (z+a2(t)z^+as (t) 23+  ••*) satisfies the differential equation and 
initial condition

1 / ( m ) - - / ( m ) A ± | | / | | - , / ( z, 0) - v  (2.6)

I t  is well known that thus obtained function set S* is a dense subset of S, For 
/  (z) £8*  and -F(£ ')=  V / (£'_1), we have1133

ь О -  -2 j“ к*, о т ,  о*.
Ь ( 1 - 1 А Т )  - I n  (1 -С )  -  - 2  £  0 K L  о * .

where z! — z~x, £'==£-1, |г [< 1 , |£ |< 1 , ln l= 0  and
Д(г, 0  =  /г(0 /(* , t ) / ( l - k (#)/(2, 0 ) .

I t follows that

4 f Imfe(s, t)Im/s(£, t)dt, (g = l) ,
b J Z M l l l - j  J° (2.8)

l1 - ^ !  4 [°°ЕеД(й, *)BeA(£, *)*, ( e = - l ) .
*■ Jo

(2.7)
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Suppose

3n-F(*, 0 -  23 (2.9)
m ,n=1

By the properties of Faber polynomials1-153, we have

P^C*) -  23 7 ^ - e z \  (2.10)
p=i

Hence

2  f  -  2  ( 2  « у ,.? » ) « -Р +  2  1 - Я ) ’
n = 1 П  p ,g = l \  n—1 /  n= l «

■b8( 23 ■урл̂ С”-!- 23 УрпС̂ п) •np,»=i p,»=i '
From 'У»р=7 рП and Milin’s lemma1103 

it follows that

2  i  й*>«Й ЧГ) -2 K e {  s  i « ) ’+ e  2  w f c }
Л=1 7l t  J)=l #  Р,л=1 J

. - 2 [ J n ( |J ( 2, O I ’/ | l - < l ) ] .
comparing this expression with (2.8), we obtain

4  23 ~  №  («) W i Г) =  4 Г” g (2, 0  9 (L  t) (2.11)
Л  n = l 76 JO

where у (a, t) =  Im/i (z, t) when s = l  and g(z, t) =R e A(z, t) when s = — 1.
According to Riesz representation theorem, for any L £0*(\z\ < p < l )  there 

exists a complex measure /л(z) on |z| < p , which satisfies the co n d itio n || =  ||L ||, so 
thatC173

~ -  [0 , q+p,
23 пУтУцп'~'\ -
ft= i [ j p  \  q = p }

■b ( ? 0 - f ll ?>(2)dp,(z), P>G 0(M <P<1).
J  |я |< р

Then from (2.11), Fubini theorem, Cauchy inequality and (2.1), we have

|  i r f > ( « ) « C )  П 1’
23 a ^ L i^ W U l  f g(e, t)dt) |9

li,v= 1 \  J 0 /  I

<
1 /9

xL s <̂ >( s s,(C' *<>)] й л0
N  _________/ Г е о  \ «»

<  23 W U l \  g(z, t)g (l, t)d t)
H ,v= l \ J O  /

N  _________/  f  oo \  7»

X S  p(«, O K C , 0 # )  .
f i ,v = l  \  JO  /

Using (2.8), we deduce

(2 .12)
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2  « w b S W ’f i  2  А  й ‘Ч»)йв ( о У\  4 «=1 n  /

2 ALfe-l,»--)*• 2  (2.is)
\  j l  —C | '■ '■ |1 —Cl '

№

Then for any integral funotion Ф (ад), by Oauohy inequality

\ ± ^ Щ ф  [ ( i  s  i  ) ’ ] ) | s

< t  |о4 1 ^ ^ ( ьЛт г ^ г

N

(2.14)

< 2  a»vWW®*i(bx\F{z, Ol'8/|l-ClOm])U,v=t

X s  « ^ 1 ^ ( Ф +[ ( Ь | j?(e, D I 7 | l - c m )

holds. So (2.4) is true for a n y / £$*.
Especially, we choose Ф (ад) =  exp {ад}, m = l, 2 # ° = » t hen

2  (expU 2  А |)fi,v- 1 \ L Z n=l n J /

J№,K=1
The terms in  the absolute value sign on the left hand side are

S  (rW1) 2  «„^4hs€>« )W 6 < (D ) .P=1 p \ \ £ /  ni,-,n„=1 \J=1 / U,v=\ M=1 / \j=l /
It is obvious that they are non-negative. If  we choose L '^  ( | z / f  (z) | u(p) =  (ф) ,
рз̂ 0 (  |»| < p < l ) ,  then

2  ■»,,,№>gV |.Ш Ш I" exp {i. 2  A s m w ®  })jb&,P=l \ | j i, ы л=51 Vh J/

< 2  О I,,/|1-<I‘).
0.V=1

So (2.5) is also true for any /£ $ * .
As $* Is dense in  /S', by the continuity of linear functionals, we know that (2.4) 

and (2 .5)are true for a n y / £ $ .
Especially, we choose £ (A4) Qp) =  (2̂ ). From (2.5), we obtainC5]

£  « .А Д . A i t i l i b A  ' • „ J *  2  A ^ 7 }
jt,v=i 2,A, l ^ n=1 w J

! /(« » , О  l'8“C IS -  I ,/^=1 |1 - 2 W3„P
(2.15)

Analogously, from (2.4) we can obtain

2 j
/i,V = l

/ f a ) / ( C )
Z/ifiv

8 Jexpj 1  v v  A
2  n ' ( ^ ) s £ e)( i ) }

<  S  " 1 T l / ( ĝ  С) \ Ь . "sb « V i' 1/(гда C ) lfo /о  1C\
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which is stronger than (2.16). Thus Thorem 1 is proved.
Theorem  2. Under the same hypotheses o f Theorem 1, we have

Д « » .Д » > £ Г («  [(■ l
w(l+?ieReynn) Re f n i f )  Re ̂ e)( 0 )  ) < Л * Л ,  (2.17)

[ ( ^ j —A g ^ y I m Sr<e (s)Im Sr< e(0 )"])|‘ < 4 i - A ,  (2.18) 

'R e^ O D  1 т ^ > ( 0 ) т] ) | а < Л - Л ,  (2.19)

(1 — nsRQJnn)

2  а » Л « Х г ( ф  Ч — п -  1,v=l \  L'nV 1 —4 i \ / l -  (wReynn) ;
here

Particularly, we have

s  а„м»ш(
fl, V=1 \

/ ( * ) / ( £ ) exp 7
. w (l+ w 8 R e 7 „ n) ■Еввг>(«)Ввй»(о})

’ (2 -20>

Д exp{ „(Tz^Be-) Im«S?WImsSr>® } )< B ,

S  c c ^ L ^ i
H ,v=1 \

/ 0 0 /(0  
. *c l \ / l -  (пШуш)

(2 .21)

< 5 .

(2 .22)
It is obvious that (2.20) and (2.21) contain (1.2) and (1.3) in [5]0 

Proof Suppose

fc (M )“ S b *  (£>**•
. . P—1

It was proved by Qoluzin thatul:i

7^3=—2 | o bp(t)bq(f)dt, (p, q —1, 2, 3, •••),

Г  bp(t)bq(t) dt =  {°' qi=P>
U ° ll/2p, q - p ,  ip, q = i, 2, •••).

Substituting (2.23) into (2.10) , we obtain

~  9п}(«0 =2(j0 j t z % ( t ) b n( t ) d t - s ln bn(t)bf(t) d t)

=  2 jo b*(0(^§bp(<)«p-e .^ b p (< )e p^ .

(2.23)

Hence

•±  В е й » -
ЧЬ

' 4:[ Im hn(t)Im h(z, t)dt ( s = l) ,
Jo

4j" R ebn(t)Reh{a, t)dt (g = —1),
(2.24)
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П
Im g (̂ (z )

4 ^  Re bn (t) Im  h (z, t)dt (g—1), 

4 ^  Im b„ (t) Re h(z, t)dt (e — — 1),
(2.26)

Define

B,Qh(z,t) ( s = —1)„ 
From .(2.24), (2.1) and Oauohy inequality, it follows that

-  w .4 j o**-)’
/  16?^ П оо Гоо I m

-  n r W i? ®
о Jo li=i\  l+nsRe-y,

x ( J > , , № > ( n / ,><A < » )д - ,( П г " а ,  < »))M

X ( n  d t ^ y . /  16nl
\  l+ w s R e ^ n ■)'

a co too \ m a N /  m \  / m \  m \
-  П «*><</) • 2  «v ^ K h ^O», « Ы п / ’й, <,))П*Л

о Jo | m=i /  \i=i / j=i )
а  со Гео | m  12 N  /  m  T m  \  m \  1,

-  m s ? ®  • « д Ч - п ^ а ,  т п л щ )
0 JO  I j= l  | n ,v = l  \ j =1 M=1 / i= l  /

1/&

(  16 nl adtj
\  l+ n s R e y n

, N  _____/  Coo \ n

X  2  « „ £ ? • > x n  / * ’ 0 ,  < ) » ' " « ,  < ) * )\J0 /
ДГ __—/fbo \u

x 2  t )d t)
u , p—l  V  0 /

(2.26)

As we have

j o \bnbn(t) |*d<—i-Jo-(l&*(0 |8-R e  & »0))^ =  -^-(l+w sR ern„),

j j R e  6.(<)l2^  =  f j ~ ( l 5*(0 |a+R e &a(t))df ==-!-( 1 -т Ш 7ю),
(2.27)

we obtain from (2.26), (2.27) and (2.8)

S  a ^ w i — r r r 1

here
Ж •***>&( И(1+„ Х „ ) ) Т <Л,Д“ <*‘*0

( i _ 1 ’ 2 ) -
Analogously, we can obtain from (2.24), (2.26) and (2.27)

(2.29)
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2  C b j p w l * -/».«>=1 \ П
l \m I a

Re <Z>r Z>2. (2.30)
■ n s / l -  (w R ey ^ )3

Then, using the Oauchy inequality, (2.17), (2.18) and (2.19) follow from (2.28), 
(2.29) and (2.30). Moreover, we know that (2.20), (2.21) and (2.22) also hold. 

Particularly, we choose L (ft)(<p) = X/ip(zll) ) then1153

2  cC/ipXftXt,
li,V = l

f  (%pdf Ĉy) ■ expi
« (l+ «sR e ynn) J

(XfipX/x'kp |jf (й̂ , йу) | *е/ 11 ẑ Zp |
H ,v= l

V

H ,v= l
* J i bn (g„) bn #  feO 1

P l w (l—wsReynn) J
w

^  2  ДДи 1 jf (̂ /л, 2j>) I 6/  11 %/i%v |!.

Analogously, from (2.17), (2.18) and (2.22), we have
N  ___

U ,v h fh v
fl,V = l

N  ___

^  ̂ CtppKf&V
/l,V = l

N

^  1 CCpvK/thpH,v=1

У Ы Ж )
«л

Ж ) Ж )

Ж ) Ж )

te orp /  &Rq ̂ e) fa ) Re g f  Ю } 8
Pl  w(l+ros Rey^) J 

fe f l lm g ^ (z ll)lm .g^(z'v) 
и(1—»sRe y nn)

h

expj-

<BB',

<BB'.

(2.31)

(2.32)

(2.33)

(2.34)

J Ш е ^ Ж Ж з Ж )  \  a^ nTi, (e> QF<> 
6 П  И^ 1 -(« В е у „ )^  J ‘ (2-85)

here
b = 2  <vM * - l{,(- ^ 4 ) -1- - ,  R '=  s  «д а '

|1 — V 4  Л»'=1 |1 —Й ^Г
Apparently, (2.33), (2.34) are stronger than (2.31) and (2.32).

Prom (2.7) and(2.1), imitating the proof of Theorem 1, it is not difficult to 
prove the following

N  _  _
Theorem  3. Suppose f ^ S ,  2  « ^ ждж»'>0(а„д=а/4„, ,it, г> = 1, 2, •••, IV), m is

n, v=i

a natural member, p  is a complex number, then for any integral function Ф and linear 
functionals Iff*, and L (li)€c*(ТУ), where D is an arbitrary closed subset of |g| < 1  
and p = 1, 2, ••*, N, we have

2  a ^ L r W i ^ U p b x F i z ,  й ') ) - ] )
H ,v -1

2
! i ,v = l

Nx 2  £Г (Ф+ [ (Ы Ml -  Й?) -1)M] ),v,v=1
Partmdarly, for F (l)  € 2 .  IC»I>1, 1 &l >1.

It,v=1

<  2  «^дЛ Ф +( [ 1 п ( 1 - 1 / ш ~ |г,|] т)

(2.36)

/4,W=1

ДГ
x 2  ^ д х Ф +( [ ь ( 1 - 1 / а а ) - |р|] т) .

V ,v = l
(2.37)
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Apparently, (2.37) contains (1.1) and some results corresponding to (1.1) in
[ 2 , 8 ] .

III. The Improvements of Bazilevic Inequality 
and Hay nan's Regularity Theorem

Theorem 1. Suppose f £ S ,  {уы} are the Grwnsby coefficients of

(̂0-! //( • )-:+ sn=0
2= 1Д , $0=eo(f)and  af are the Hayman direction and Hayman constant of f

со oo . ,

respectively, In ( / ( 2) / 2) = 2  2  У»й\  7 /  S  I Vn I a/^ < ° ° , then we have the sharp inequality
n = l  fc=l

(t ^ v - S I  I ) ( S t  w s- S H s 4  )
(3.1)> 2 %fc=i '{T  ] Г •

This improves the famous Bazilevic inequality0,43 and Goluzin inequality. 
Particularly, it contains1,63

(1
V2

In
a f

n y n-  — e~ ne° n

(3.2)

(3.3)

( r i  -  <r4e° +  S  n(yn -  — e~M°\bn
n = 1 \  П  /

Proof From (2 .4), it follows that for any L £  O* ( 121 <  p <  1)

Let L(<p) =  L'(qj) + 0/93(20), where (p£Q (\z\< р < 1 ) , X'^C7*( 12j < p < l ) ,  a? is a real 
number, 20 is an arbitrary fixed point in  the unit disk. Assume <p(e, £) is a 
continuous function on ( |г |< 1 ) х ( |£ [ < 1 ) ,  which satisfies the condition

L ' ( < p ( z ,  20) )  ~ L ' ( < p ( e 0,  « ) ) .

Since |Z/|â ( 2,
|L 'iV (2, О + 2 ® Е е [А '(7 (^ ) ) ]  + * ŝ 7 < ) > 0 . (3.4)

Take L = 1  (i. e. LQp) =  <p), It follows from \L \scp(2, £) >0 that ^ (2, £ )> 0 . So from 
(3.4), we obtain

^ 7 0 IL '[3Qp(2, D ) > (R e [L'(<p(20, 2) ) ] ) 2. (3.5)

Substituting p (2, 0 = b ( |F ( 2 ,  D IV11 - ^ 1 0  - y  2  ~  51»4 й) S'»4 0  ) into (3.5), 
we have

l{i-n йо)
V *  (1 - |< * о Г( 1 - | 2 о | 3) г 2 Ж  Ю I^ 6)^ | 2)

x | £ Г  (ь )

Es K *  2  )])’• (8 .6)
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Apparently, (3.6) is stronger than (2.7). In  particular, taking 6 =  1 ,2 = 2 , we 
have

( b  -  g  i  М Ч О  Is)- l£ T (ln | * g £ \ ‘ - §  ± & > ( г ) Ш )  )

(3.7)>(“• № Ш ‘ - 1  )])'.'
Assume z0= r«<e°. As

0 < O f= lim ( l- r )a |/(2 0) | / r ,  M m l//(z0)= 0 ,
r -» l r -* l

1 л-<Я9о )ci5] z f( z ) 2
n 6 ) > /(« ) " l - 2 4

we deduoe

lim fln j—(̂ .!Х Г ) - ] п  
I 1 —z0z I / / ( 2) (1 - 202)S

(3.8)

(3.9)

By the arbitrariness of z0 and the continuity of L', it follows from(3.7), (3.8) 
and (3.9) that

( ijn -L -s*
\  2  at nSl

> (R e [£'(; 

Assume

t t f  n = l

ы \ ^ И Ш

Г) |£'КЧ т^ 1Ч 1  £<*•»*!•«>)

« Ж - <***>( 1 - 2 02 ) г

J b '(* * ) ~
' ще1а, l < K i ^ ,  0<а<4-оо^ 
.0, i> N .

N
This can be done if we take dpj(2) =  eia 2  "^.^>+1"- Vpe~l*edrfd9} z=rew in  (2.12), 

Then . ,

|£Т(:In | *) - 1  д т  .y («, o + b j - e ,  o - M i - a D ( i - 5 D )

S j »  V  и  v  (jo +. 2  Ут £' (S') i '  (W + 2  -r £' Ю £'«')p,e=i p.a=i p=i #
1

+  S ~ £ ,. ( 5 0 - b ' ( P ) - 2 - r - W e,j>=i p  fc=i л
(3.11)

• |£ '|* (b ( |-7 ^ - | . | l - M | - ) ) - g £ ' ( i ( ^ ) ' + ( ^ » )  -  ( r / + r / ) )
/ ( * )

^ /  1gia  ‘4^1 I .ifcfo^  в y BW
k=l\JO /

(3.12)

^ 'W 'W ) -----£ ' (» S ') '» * ’+ ? ) -----ne“ S  ЧКЛ»,
\  p = l  ✓  f t= l

■|Ь'|*(2 i  »?>(«)*?>(£))- 2  f k 'W ’W) Is-  2 »
A f t = l  W /  tt-1 71 I n=sl

ff 12
2  шуы I '.fc=i 1
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From (3.10) and the arbitrariness of a, we obtain

I X !  \  w -  s » ^  ч>г>|.2  a.f I
yn~  — e~in0a 

n

>

S * 1n-1

S^K t  e"m ~ r,)+S n(n - i  <r" 'X .

»=i fc=i

(3.18)

Therefore (3.1) is true. Furthermore, when «/=1, it follows from

yn-  — e~im
7b

2 1 , l<  Ь  —  
2 a /

that
1 .  

7 n = —  « n
( n - l ,  2, 8, - ) .

i

So the equality of (3.13) holds.
Finally, note that y ln — — Ъп> so it is obvious that (3.1) contain (3.2). This 

completes the proof.
Theorem % Suppose fdzS , 90( f ) and af are the Hayman direction and Hayman

oo

constant of f  respectively, {уцщ} are the Grunsky coefficients of f ,  hi ( /  (z) / 0) “* 2 2  Уп%*,
n=l

then

ж

2 n [ H e (

l+wRey„ / \ ^ i  к

n
N 1 S ШУ ш +  —  у<ь

k = l
4(l-f-nReyX> 

a
*  (X  „,ш \ ,  w “ + b ' » ) - X * X ‘r " ' )§ Ч т ‘ ,И>- Г . ) +  ' 1+иВеу, ----------- (3.14)

1 , 1  
' . 2 Ь ^ Г

2 n [ ! “ ( ^n n e
1 —wRey„

-inft>\ 8 \ /

—
» /  \ k = l  Ю

7b
N  1  .

S  УкУы— ГУпfc=l________ 7(1
4(1—fiReynn) 

1
. K g  Im(y" ~ ¥  e~<ng°)

S Чй ( к e m° 7*)' ” 1 -  nB,eym

4n Re (yn -  ̂  e~in6°) Im (yn e~M°J
1 —os; exp > 0 ,

(3.15)

(3.16)
\ / l -  (mReyn(t)2

where rjn= 0 when n > N . Especially, when n = 1, (3.14), (3.15) improve the 
corresponding results of [9].

Proof Assume Aa= At= L, m = l  in  (2.17) and (2.18), then

1 ■Rep®(2)Re^)(O )> 0 , (3.17)
1 1  \  l i - C I

| £ | 2( l n -

1 n (l+ nsP eym)
in*, 01* * lm<j';>(z)Img'»(Z))>0. (8.18)11 — 2  ̂|1 7i(l—fisRey™)

Imitating the proof of Theorem 1, from (3.17) and (3.18), it is not difficult to
prove



436 OEM. ANN. OF- MATH. Vol. 4  Ser. В

1 , 1 ^ ] n  —

r /  1 Ma
2n[Re Vn~~n~e )j

«/ l-bwReyn

> (Re Гг/Лп lg/ / ( g)l R e^C ^R eff^C z) \ ] \ a
V L V | l - i 0z|2 ft.(l4-.nReyW() : 7-U '

i p i i L  !>(», D \s 2 R e ,^ (g)R e.^>(Q  
■ |l - z £ |s «(l+nBey*,) /

(3.19)

2w[lm (y„ - 1 \ n 2_  е-Шо )
n ) \  l l ^ i a l i n l  F (z> О Г 2Im ,^1)(g)Imffi1)(D

1 -п Ш у пп Г  Y 1 ,1  - z l  I n (l-n R ey m)

(Be [ У '( ь  )г//<!)1 (8.20)
V L \  11 —zzq Ia гг(1-«гКвупя) /  V  3

■where z0=ei9\  Assume

L '( f )
rjt0ia, 1<&<JV, 0 < a <  +  oo,

.0, k>N,
it is easy to obtain

£ '(Re ,,<»(*))- i  £'(■*.“ «> + s F « )  Г - S ^ d i  Ч Л + 1 -Ч .) ,

t 4)'£ '( 9 f > ( « ) - # .“ ( * »  -  - 4 ^ “ »?йГ»я-2 i  \  s=

where ?j„=0 when n > N . Then (3.14) and (3.15) can be easily deduced by 
substituting (3.11), (3.12) and the preceding two expressions into (3.19) and 
(3.20).

Finally, assume L2(q>) —L(<p) = <p(z0) |z0| < 1 , from (2.19), we have ,

<tln A f  Ы
» V 1 -  (wReynn) 2 ( i - Ч*о|а)/(*>)а

Set z0= reie\  d0 = 90( f )  and let r-> l, then (3.16) follows. Thus, Theorem 2 is 
proved.

IV. The Improvements of Fitz Gerald’s Coefficients
Theorem 1. Suppose f ( z )  =z+a2za+a3z3-!—  £$, {ypq}(p, q=±, 2, •••) are the

CO

Grimsby coefficients o f g( 1/z) = / _1(z), ln (/(z )/z )  = 2  2  у»2", then

^  J _ (  2
m  n  \

l

2j),g=2

n = l

, * | N  ... 13

+ P n sj?=2 L

) * Jv
I р й

* K1 Й  tl \  1+пВеу^ I D*'n\ (4.1)

- Ш  \ - Л Ут 7 ^ - > >
jr

2p=2 L г5- 1«. (4.2)
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where ам, /Зи(р, q) are defined as in  (1.3), (1.4), and besides, we define

ft (*) -  f ’i-jfo) —Jr - Л [ft w ] • - 1  «sx  

В й -З п *  s f  <Ь0Р*..,r=o \ rp / i fc=i
•2V -r__

Щ,}п= т ~ *  S (  t 2
r = 0  \  i f  /  fc=l fc '= l

Р„ =  аД 1 —afexp
8ть

<
Е е (г „ —

2 '
>

• l + 7 i E e 7 „ n

г /  1 Ч"s \8ti[bn ( у . )_

» 1-TiEey™ /

, -a

Particularly, we havam
N  _  „ 2

2  ^pq^p< eq ^ —  t——r 
p,q= 2  A  —  G if

N

S  Ы а>Р
p = l

G-8)

(4.1) and (4.2) extend and improve the corresponding results of [4, 9]. 
Proof From (2.20) and (2.21), we have

|£ |» ( | ( |Л й 5 Л О | i - * j l-s. шло
it, l « .(l—пЕеуад) J/

(4.4)

Ш .  W f a f f i P l W
1 * L 7i(l—7iEeyni,) J/

(4.5)
Imitating the proof of Theorem 1 in  section 3 we can deduce

, j r | i ( [ / ( » ) - / ( £ )
z -Z

| i T ( / 0 0 -/(g)
z - Z  . i - ^ l 2-

/ ( g ) / ( P  , ^ ? f 2Be;jg y(g)Begy(C )h
«С 0X̂ 1 ^(l+nEey^,) J/

P . (B . [ £ ' ( | l - i 02 |- ‘ -  (*-8)

f ( z ) - f ( Z )  
z~Z|L T (

>Q„^Ee I f '^ |l  —i 0«|

|i-€ -a . / « / ( O %xp{ M E i£ M iE s S ! lQ .l )
4 l тг(1—7iEey„n) \ !

-4 . /(g ) 12__ f 2Im  .^1)(g0) Im ^ 1)(g)exp
i\a

7i (1—TiReyn„) (4.7)

here 2o= 6<9°, (z0) ~  2n(yJ-r-^- е_{яво̂ .

I t  is not difficult to know that for any complex number sequence xlf xs, •••, xN 
and real number a, there exists

хф {а, ! < & ' =  & < IV,U (^-t-v -V ) .

So after some calculation, we have
0* Js'=le>Na
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fe=i

L ' ( \ I ^ L \ a) = e^ ^
\ |  2 I /  i s .

ii'is(

« в |а®в,

(4.8)

(4.9)

/ ( * ) - / (  D  H
(*-C)(i-*0 I /

В В'oo oo

-  2  S  ®*eyS 2
fc,B '=l p ,p '= 0  f = l  P=1

The terms on the right hand side of the above expression don’t  vanish and 
j j  (zm-izm-i) _  xmeia, IJ — xneia if and only if

т —Ь — t + p + l = k ' —t '+ jp '+ l, n = t + p ' —t'+p, (*)
We can rewrite (*) as

k=Jc', p '= n —t, p ' = m —Jc+t — l ,  t'—(n—m ) + k —t + 1, 
then it follows that

|д,|‘ (1'/ (т / (Рг т Г)" 2  (”+2 1̂ да1%18)гл .ч  (2—0 ( i —K) ' '  m-n=:tV' fc=i '
when K jc< ^m —n, as К О , this is impossible, so К (к )  =  0; when
m —n<k<sm, as K f ^ n - m + A ,  К  (к) — k + n —m) when т < й < п —m, asra> i'> l-b  
k —m, К (k )—n+ m --k . Therefore, when

тгп\ o r  \ [ n - \ h —m\3 \k - m \< n ,
[ 0, otherwise.

Hence

|£ Т ( | Л ^ ( 0 | >) , | £ ' ( | т | 3) Г _ | | 1 | „ |

On the other hand, as

£ ' ( | ^ | 2 [Ее9<и(г)], ) - £ ' ( | ^ ® - | 8 [Ве<?.(г)]>)
t

я«в

(4.10)

(4.11)

OO OO OO

2 2 -M  ) 2  S  2 L' ( ^- 1+̂ ' - 1+0  = 2 C v iK,
r = 0  \  ^  /B ,B '= 1  p=c—r  p '= r  m =2

we have

^ 1 /  2  y i ^ /
("=o t! \и(1+№Ее7яя / I V
I N 2 00 н /

S K I * ® »  + 2 - Т Г 1I b = i  f = i  ®! \

C B e jf  (» ) ]* )

9 \ t  I
. 2w(H-wKey„n; /  | вЗ ,®в (4.12)

T / (  I / ( « )  2  o r e  f 2 R e  f a )  R e - ^ 1) ( g )  V \
Vl i  Pl п(1+пЕе7йй) ])

i( l+ « ,R e y „ n)

W s  ы ч +  a 4 - (  )* s d s * .) .\в З .  t!  \  w (l+ w K e o w ) /  bs2 /
(4.13)
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Then (4.1) follows by substituting (4.8), (4.10), (4.12) and (4.13) in to  (4.6) „ 
The existence of L' Still remains to be proved. For this purpose, we prove that 

for any Jc(K1c<N), there exists Ljc£ 0 * ( \z \< p < l ) ,  such that
if p=*k, g<=h, 
otherwise.

Assume that Gu is the linear subspace generated by ( |p —& | +  | # — & | =  0), and
®о= |й|а№_1), then '

dQeo, Gk)> 0 ,
If  it is not true, then there exists

Z S(2!:s-i£«-i) =J ̂  lJ
10, o

(4.14)

( а ЙВ= 0 ) ,
p ,g = l

whioh converges to a>0 uniform ly in |»| j  X» 0e

%= S  < V V - \P.8=l
1 f®*Set 8= re*9 (О<0<2ят), and aot L (cp) =  T— I (в)dd on both sides of the above

2jfJ o

expression, then it follows that

ш 2  (0 < r< p ) ,
p=i

Therefore we deduce 1 =  0, this is impossible. So d(x0) <?*,) >0.
By the continuation theorem of functionals’116-1, there must exists linear 

functional Lu which satisfies condition (4.14). Then

£'=**“ S  <BJn,eO\\e\<ip<l)
ft=i ’

is the linear functional we seek for. Therefore, (4.1) is true.
Imitating the proof of (4.12) and (4.13), we have

\щ > ( \  Щ Щ - , ,VI l «(l-wReynn) J /
I n  a ~  i / о \ t  I n  a

4  2  K l 2̂  + 2  т г( ,л 1  -  v ) 2  ДВА  , (4.16)I г=? t! \  w(l —wReynn) /  |fc=2

ы ч + 1  S  «*).• <4-16>
Substitute (4 .8), (4.10), (4.16) and (4.16) into (4.7), and note that cc is 

arbitrary, then (4.2) can be easily obtained.
Finally, from (4.4) it follows that

hence

|£'|a(

|L |^ i

/ ( * )  - / ( O  2

/ ( g )  - / ( 0

( 8 - 0 ( 1 -

(8- 0 (1 -8 0

/ Ж Ю Г ) ;
■*C 1 — a f

m  ia-
8

(4 .17):
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Substitute (4.8), (4.9), (4.10) and (4.11) into (4,17), then (4.3) follows by the 
arbitrariness of a. Thus Theorem 1 is proved.

Vo The Grunsky Inequalities of The Inveses 
of Meromorphic Univalent Functions

Theorem 1. Suppose F(£) = 1  +  &1Г 1 + + ••• €  S ', G (w) -  F~*(w)
= w 4- Biw"1+ BsjW~s+• • •

lo g £ M _ e ( 0  _  I -
g  P ,9 = l

Т/гвю аде have

2
m ,n - t

where BJf ft) is defined as follows

i, w *J

< 2 ^ -fc=l n Я» +  2  Д Г Чm=n+2

(6 .1)

(6 .2)

[6‘( w ) ] ^ - « r * +  2  (5.3)
я=й+2

Proof By Theorem 3 of section 2, for P £ S ,  L^^O * ( l < r <  |£| < F < o ° ) ,  we have

^  A  b * ( >  (2) _ j ( j y )  I l »l » ( -  M l  -  V € ) ) о

For £ 0* (F  ( r <  |'£ | < P ) ,  therefore we have

2  -Э Д in  )  1 < B , (6.4)
t ,v = l  \  w — g  / |

here
1в - .2 т - Е е д ( [ в ( « ) 0 < £ ) 3 - \*5=1 /0 • ■ (6 .6 )

Suppose that 6?̂  is the linear subspaoe generated by {w "} (пфрь, n= 1, 2, 3, •••)>
CO

then d=d{w~'i, Gf) > 0 . If  it is not true, then there exists a power series 2  G'nw~n
«=1

(0^=0) which converges to w~n uniformly in  F ( r <  | £ | < P ) ,  i. e.

«г**- (O ;=0)o (6.6)
П«1 ..

Assume CL=F(I£|  =p) (r< p < R ), L(jp)=*-^-ф <ufq>(w)dw. Acting on both2i7F J (7,0
sides of (6.6) with operator L{p),  and using Cauchy formula, we deduce 1=0, this is 
impossible, so d> 0 .

Then, by the continuation theorem of functionals, we know that there exists 
Л ^ О * (г<  H \ < R ) ,  such that

(6.7), I о, пфр.
Substituting (6.7), (6,1) and (5.3) into (6.4), (6.5), after some simple 

calculation, we can easily obtain (6.2). This completes the proof of Theorem 1.
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Corollary. Suppose F (£) =  £ + b̂ 1+ b2£~a4-• • • £ £  = F~x(w) =w+Biw~x+  
Baw~a+ ' ”f {ур,й}(p, <7=1, 2, 3, •••) are the Grmsicy coefficients of G{w),  then

a2(  5 3+ i  S l)+ 2 a 6 5 2+ b a5 1 < | b | a + l  M 2, (6.8)

|а3( д 5+ а д + В 1 + у  B |+ )  2аЪ(В4+ В1В2)+Ъа[ в & + y  5 f )+ C 2Sa

4-2(асВ3+5сВ2) |< |с + а В Г 1) [ Ч — |Ь |а+ | -  |a |a. (6.9)

We are convinced that these Grunsky inequalities will be of significance to the 
proof of Springer conjeeture.

The author would like to express his thanks to Professor Xia Daoshing and 
Professor Yan Shaozong for their valuable suggestions.
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