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Abstract

The purpose of this paper is to improve and to generalize the famous Fitz Gerald
inequalities, the Bazilevic inequalities and the Hayman regular theorem, by means of the
representation theorem of continuous linear functionals on the space of continuous funections.

I. Introduction

The research on the Bieberbach conjecture due to Fitz Gerald in 1971 is very
important, for it not only nimproved the estimate for the coefficients of univalent
functions, but enabled usto see more deeply the importance of applying the
“exponentaited” Grunsky inequalities. Concretely speaking, he obtained the follow-
ing “exponentaited” distortion theorems about the difference quotients and their
reciprocals: _

Lot f(2) =2+ as2?+ag2® 4+ be in §, namely f(2) is regular and univalent in
the unit disk A= {2:|2] <1}, and, let B,(n=1, 2, 8, -, N) be arbitrary complex
numbers which are not all zeros, and z,(w=1, 2, 3, --, N) be arbitrary points in
. the unit disk, then
2, e (LOILE 2 oes) < 2 BB Gmai) ™, (-1, -1 @)

i (z';i:g%) 1_3% R

- for I=1, 2, where(f(2,) —f(2,))/(2,—2) is interpreted as f'(z) when z,=2,,

In fact, Xia Daoxing already established a result stronger than (1.2) early in
1951. From (1.2) we have the following Fitz Gerald’s coefficient inequalities:

Lot f(2) =2+ as#®+azt®+ -« be-in §

:
=

N 1|2

2 IBILE”

u=1

ptg—

@p,q= ,21 Bu(p, ) x|~ l%aql/s; , 1.8) |

k=1

where
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[p=lb—gql, |b—q|<p, (p<9)
Aulp 0 #{O, otherwise &4
then , S ‘. , v
(%;q)2<;q<1v>0 o (1.5)

It means that the matrices (ap,q) are positive semidefinite. We well know that from
- (1.5) a series of important results can be obtained. In 1979, Kung Seng first
improved the Fitz Gerald’s distortion theorems (1.2) and ocoefficient inequalities
(1.5). In the same year, Hu Ke'improved Kung Seng’s results.

The aim of this paper is to make further improvements on the above mentioned
Fitz Gerald inequalities, together with the Bazilevic inequaity and Hayman’s
regularity theorem by means of the representation theorem of continuous linear
functionals on the space of continuous functions. -

~ Suppose K is a bounded closed set-in - the complex plane Denote by ¢(K) the
set of all bounded continuous funotmns on K. Endowed with the norm '

|7l =max ()|, £ () €e(K),
¢(K) is a Banach gpace. .
Denote by ¢*(K) the conjugate space of ¢(K). Let Ly, Lyand LEc*(K), A2 ()
be bounded continuous functions defined on K x K. We define
LiLs(h(z, ) =La(Ls (A, O,
|L|*h(z, ) =L TRE, D),

where 2 is operated by the linear functionals ahead of {. Here and later we suppose

that & (w) = ﬁ]oc,,w" is an integal funoction and define & (w) = io |en | w®

I1. Strengthened Dlstortlon Theorems

Is this section, we shall strengthen the Grunsky distortion theorem and the
improved Fitz Gerald distiortion theorem due to Kung Seng, Hu Ke.
- _ B .
Lemma. Suppose ) 0u®,%,>0, (otyu=0ay,) s non-negaiive Hermition, then
: . wyv=1

N

2 ¥ - -
< X Oy @Dy © > Oyl uly @)
umv=1 myr=1 .
holds for any complexs numbers {w,} and {y,} (u=1, 2, -+, N),

Proof Since >} duuh.My i8 non-negative Hermitian

¥ —
0< X oy (6w, — M) (€%, — My,)

my=1

N -
> Yy
wr=1

M= ﬁ

=
My

holds for any real numbers ,8 and A, This is a non-negative quadratic. form of A, so

1

- : N - ik -
OBy y — 2ARe (6"8 . §1 Cuply Yy ) +}‘49 " 2 Oy Y
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[Re (Gw g‘_;: ,uvmuyv )] 2 a,wuwﬂwv E “m/yuyv

Take B= —arg ( 2 a”,w“y,)), then (2 1) follows |
Theorem 1. Supposs fES, 2 a,,yzvﬂwy>0(a“,—ayﬂ, ®, v= 1 2, <" N),1>0,
m is & natural number. Denote by F, (t) the n—th Faber polynomial of f(2), e=1, —1

99 @) =F,(1/f () — (z"+7e), (2.2)
SO O . T S (O i (9%

then - 2
2 alegu) Lé”( [(—-l- gl g (z) M)mbl

Mg o L§M>L§_v)(@+ [<ln —‘—1{—1(—'2—-2-%)[—1‘—18—) D

3@ (o L) o

holds for any integral function (D(w) and continuous l'mear fwnctzomls L, L§¥ and
L‘“)EO*(]z|<p<1) (=1, 2, -, N). Particularly, we have

,“2—106 L L‘”’( (2)f (9] lsexp{ ZZ: OYA¢ )}) |
< 2wl IO lﬁ"' S @.5)

It is obvlous that (2.5)contains the result (1.1) in [5].
Proof "We first. consider the Lowner —Goluzin functmn“” 8

| F@)= =lim é'f (z, 4), |
where f(z, t) —e“’(z+a2(t)z9+a3 ® z3+ «+) satisfies the differential equation and
inifial condltlon

2 1 =1, DREALED 10—, @®

It is well known that thus obtained function set S* isa dense subset of S. For
f@ €S8 and F () =1/f({'™), we have™®

m £ g,’@) ~n PG, D=-2[ G, DAL, O,

] | 2.7
In(1-1/#7) =In (1) = =2 | h(s, DR, Dk, -
where ¢/ =27, {'={"?, |2|<1, |{| <1, In1=0 and
h(z, ) =k(@)f (2, 6/ EA—-kRF 1),
It follows that |
4rlmk(z, HImh(Z, O, (s=1),
T lFEDIP=! - : 2.8)

| 12| 4]3 Reh(z, t)Reh(g,'t)dt, (e=—1),
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Suppose
InFG = 3 yutl”,
By the properties of Faber polynoﬁnialsm’, we have
B 9:2(2) = —n g Yol — 62",
Hence | |

3 L 000 = 3 (2 mwwvm ) #71+ 3 260"

n=1 2,9=1

< 2 Yan??{"+ 2 ml"Z)

2yn=1

From vy,,=1v,, and Milin’s lemmat®

= - [0, gq#p,
20 WY pnYn= { -1
n=1 : P, ¢=Dp,

it follows that

H

]
fary

n

' 1 0D ~28 0{ 3} Lr+e 3 mzﬂ} |
| ~2n(|F G, O17/11-2))]

comparlng this expression with (2.8), we obtain

3L @@@PD =4 96, 9, O,

where ¢(2, t) =Imh(z, ¢) when s=1and g(2, t) =Reh(z, t) when g=—1,

(2.9)

(2.10)

(2.11)

According to Riesz representation theorem, for any L€O0*(|z|<p<1)there

exists a complex measure 1 (2) on |2|<p, which satisfies the condition|u|=|L|, so

that 17

Lp)=[,  #@du@, pe0(lzl<p<D).

Then from (2.11), Fubini theorem Cauchy inequality and (2.1), we have

B a5 3 20 @FD |)
S a, L<M>L<v>(4zj 96, D9, D)

w,r=1

I - o

0 V] u,w-»

x[ 3 ault ([lo, 0)2e(o@ )] Tlas )’

v=1

< % aus TP(41]g(c, 09(C, D)’

wy=1

2

[—]

N

x 3 anlPTP(41] 96, 09, 0.

 Using (2.8), we deduce

(2.12)
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2 Oy L(“’L(‘”( g (a)(z)m)"_‘r.

) (1 1P D N IRk
<2 oy Lg>L§><1n_LI_1_T_). ﬂ;zla L5>L§><1n o] ) (2.13)

Then for any 1n1;egral function @ (w), by Oauohy inequality

(@ [(L 35 Lwero)])

n=1

(2 lo ,[ > % Liu)Liy)on%)

X 2 0, L§P L(”)<1n _L%sz)[_l[f_)mp ]i/s)

< 3 0L TPOH (| PG, O/ 11-1)"])

N
X 3\ o IP (@* [ [F e, ) [*/[1-4L1)D)
holds. So (2.4) is true for any f €8,
Especially, we choose @ (w) =exp{w}, m=1, L =L =L'", then

é L o (exP{ g @ 70 })‘

wyv=1

<3 0 i TO(| 7@ O |7/ |1-) @.14)

The terms in the absolute value sign on the left hand side are

SAAY 35 () 8 ol 0) EA).

p! ap=1 \j=1 mv=

It is obvmus that they are non—negatlve If we choose L'™(|z/f(z) |"p) =L* (@),

p€0(|3|<p<1), then
& o 1072

=1
N
< 2 owl® L‘”’(!f (& O"/11-2]").
Wy V= .
So (2.5) is also true for any f €S, |
As 8" is dense in &, by the continuity of linear functionals, we know that (2.4)

and (2.b)are true for any fE€S,
Especially, wo choose L (p) =A,p(%,). From(2.5), we obtain™

3 iy | LBLE) oyl 51 2 g0 76

(z)f (9] }ls exp{ ) _;l;_ 92 () 55(

n=1

)

=1 2,2y n=1
ZN |f (2, 2,) |
< yx hy' £ _’i "o . 2.15
2 el |1—2,2,|" ‘ (2.1)

Analogously, from (2.4) we can obtain

N - 2 2,
am,)\,“h’z _i%%;;_}_.)__

myv=1

I f (o, ) [P, & N T 1f(z,“ zv) |* (9
<”% aﬂphﬂhp—mll—zugull ”g Cuphphy e 'll , (2.16)

g 3 LT}

n=1
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which is stronger than (2.15). Thus Thorem 1 is proved.
Theorem 2. Under the same bypotheses of Theorem 1, we have

u,§1 o L§ Lév)( [(hn(l—{—n.lsRe'yM) Re 9® @) Re ¢® (C) l <Ay -Az, 2.17)
»$1 0t L L(v><di [( e l-niRé*)f,,,,) Im g (2) ;[m g (Z)) ]) t < As- 4y, (2.18)
u§1 o ,,L{"’ Lw)( [(.’,@\/1_ (:bRe BE Re g7 (#) Im g° (Z))m]) ‘ ’ <4y 4,5, (2.19)

here

4= 3 oa‘,_t.L"‘)L“')((D* [(h; ———_———'ng Z?I’I ) ])<¢=1; 2).

Pamt'icularly, we have

py=1

exp { n (1‘+ fnlaRe')'M) Re g(E) © Re g(e> @) })

LW & lf ( D" ’ | .
<u§1“ L ( [1— z;]t ) B, (2.20)
wim(| L@FQ | { b ® ® }
Mz_: 0, L0 I ( el " exp N ) Img @ Im ¢® Q) ><B
- (2.21)
W) T b 0) () }l
Mg % LM L < eXP {’l‘b\/l (‘)’LR ')’nn)s Reg (z>Img (C) ) <B.
| (2.22)
It is obvious that (2. 20) and (2 21) contain (1.2) and (1.8) in [5],
Proof Suppose '
LODEPENOTS
It was proved by Goluzm thattt _
Voa™= -2 Jo bﬂ(t)bq(t)dﬁ) (P, q=1) 2; 3; '"): o
Yo | ) | (2.23)
wor@a-{,
0 1/22); 9=, (p: g=1, 2, '")o
Substituting (2.28) into (2.10), we obtain : |
L g0 = 2(1: gzpbp (£ Ba )i — 87" j " b5 dt)
=2jo ba(d) PINGEEEDSIXO) 7 )i,
Henoe ,
4J:Im be()Imh(z, Ot (s=1),
1 o BogP )= (2.24)

41: Reb, (t):Reh(z, Ddt (s=—1),
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4J: Roby(DImh(z, §)dt (s=1),

L Im 99@) = (2.25)

4|7 b, ReAG, D (s=-1).

Define ' ' .
5O () =-{ Imd,(t) (s=1) 19, 1) = {Imvh (z, t) (e=1),

Re b,(t) (e=-1), Reh(z, t) (e=-—1),
From. (2.24), (2.1) and Cauchy inequality, it follows that

ug s L L%”’(n 7 +ni oy BesP OReg2©) )"']

~ 3 oL Il ”j BP9V @, D90, )dar')” |

p=1 1+4+neReyu, Jo

(st forfi i wrec|

x( 3 alt” ([0, 1 )I0(f1 99 ¢ )
X ElawLé") (H 99 (z, 1) ) L(;)(g 7O, ) ))1/9

’
<(fLoet)<(rpir ) |

( : J’ H B9 (8, )i 2 oL (:I—-Ii §©C, t,))I@(JI’i 9 t,)_)ﬁi dt,dt’,)i/&
_ qujo ’) a

(raeiezs) (o e P

% é 0L LY)G el t) g(s)(c £) dt)

v o T(TT 6@ e, ) IO(TT d@t, £))]] r\?
PR R L ) )

=

1

X 21 Ol M)Lév) J 99, t) g(s) (g 1) (Zt) . : | (2.26).
Ag we have ‘
[T 11ma (o) 12ae - j (18a(2) |2~ Ro B2() dé = - (1-+neReya),
2.27)
j |Re () ]2dt~——J’ (1a(8) [*+R0 B3(9) ) b= (1 ~neRov)
we obtain from (2.26), (2.27) _.apd (278) :
%1 U ngjjgﬁ( . Re ¢® () Re ¢® ({) )'” l ? <D;-Ds, (2.28)

n(1+neReyu,)

here

D= 3 iz (o FEBLN o1, 9,

Analogously, we can obtain from (2.24), (2.25) and (2.27)

N R m |3
% “Zl Eam: Lgll:) ng( - (1 — ni‘Re—yﬂ ) Im g(s) (z) Im g(s) ( Z) ) ‘ <Dy Dy 5 (2 . 29)
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Z m{a
VL(M)L(V) . R Q) I &) \ <D D . 2.80
ol TP (e R0 O Im g )| <Dl (2.30)
Then, using the Oauchy inequality, (2.17), (2.18) and (2 19) follow from (2.28),

(2.29) and (2.80), Moreover, we know that (2.20), (2.21) and (2.22) also hold,
Particularly, we choose L* (p) =A,0(2,), then™
- x ® 2 JANO)
7 | S @) S (%) (%)f (zv) {lReg () Re gl (zv)}
e ”7\'.’-‘ M | 2,2, exp n(1+ngRe yuy)
N : . -
< X dwhidy If (2, ) ¥/ |1 —202 |, (2.81)

=1 .
. LCI () | 1m0 () I 4K (2) |
X Guhids I = oxp n (1 —nsReya,)

wv=1 | z,u, v

N
< 2 o | f (2, z,,)l /|1~ zuzul . (2.82)
Analogously, from (2 17, @. 18) and (2.22), we have

(e) s .
> ot T | LT @) |* o [ RO G2 G Bo g ()] 1* < ppyr (3.5)
pa=i o, n(l—l—'ns Re Yus)
5 T ’f(zn)f(z') Zsexp{ UngPGlm @06 ] <y, (.39
=1 Zﬂz n nene ‘}’n” . ’
N €) (8) 2 .
LG | o o g0 ) L2 g
u,§1 v Rty exp na/1— (nRe Yn)® <BB, (@.85)
here
le le .
B= v}\, If (2';,4, zg) ‘ 1,7\.”7\,’ ]f (zm v) I
,uz-:1“" T -zt ng o R AL

Apparently, (2.88), (2.84) are stronger than (2.81) and (2.82),
~ From (2.7) and(2.1), imitating the proof of Theorem 1, it is not difficult to
prove the following v
Theorem 3. Suppose fES, Mgla,wwﬂi,,>0(o—o,w=am,, w, v=1, 2, <, N), m is

a natural number, p is a complex number, then for any integral function @ and linear
Junctionals L, LY and L €¢* (D), where D is an arbitrary dosed subset of |2| <1
and w=1, 2, «, N, we hwue

oI PLP @[ (pIn F (e, ))) |

1

=

If

2% %4

< S 4L TP @* [(|p|In (L —e7) 7

Myv=1

X 3% o TP (@ [(lp|In(L—52) 1), (2.36)
Particularly, for () €3, FI g >1, |2 >1, we have
3 (ol (PG —FE)/ G-t |

ﬁ?l 2, 0* ([ (L—1/2,0) 771"

X 2 AL ([In (L —1/8,8) ~1#1]m) (2.37)
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Apparently, (2.87) contains (1.1) and some results corresponding to (1.1) in
(2, 8. |

1II. The Improvements of Bazilevic Inequality
and Haynan’s Regularity Theorem
Theorem 1. Suppose f €S, {ym} are the Grunshy coefficients of
90 =1/f@ =L+ 3L,
¢e=1/C, Oo=00(f)and o; are the Hayman direction and Hayman constant of f
respectively, In(f (2) /2) =2 i v, If g M’f |2/k< o0, then we have the sharp inequality

(=Bl -G [UE § nie= Fo| B )
gm[( ¢ "“’°-—7k)+"2=31@(7»——1-e ’“"°)n ] ] 3.1)

Th1s improves the famous Bazilevic inequality™® and Goluzm mequahty

)= emr)

I (‘}’1—6 i00+ 2“(7’1 1 —mGo)bn . - (3'2)
Proof From(2.4), it follows that for any LEO*(|z]<p<1)

31 1F @ O I" __ SR YOy '
L3t B2 312 0 D) ). (3.9)
Let L(p) =L’ (p) +xp(2), where ¢€O(Iz|<p<1}, L'e0*(|z|<p<l), @ is a real
number, % is an arbitrary fixed point in the unit disk. Assume (2, {) is a

continuous funetion on (|2 <1) x ([{]<1), which satisfies the condition
L(p(, 2)) =L (p(%, 2)).
Since [L|%(z, {)=0,
| L% (2, ) +20Re[L(p (20, 2))]+2% (2, 2)>0. (8.4)

Take L=1 (i. o. L(p) =p), It follows from |L Pp (2, {)=>0 that p(2, {) =0, So from
(8.4), we obtain

Particularly, it contains™

(Bn e Sl

_:_I'___ e~ f6o

B 9 (%, 2) |L'|2(p(, 1)) = RelL (92, #))1)%. - (8.5)
%MMMM%D%MW@DWM%N%%g%ﬁWW%)mw@&
we have lF( Xt . :

%o, %o < s 2
<ln PR 2 ,LZI " |93 (o) | )

wﬂwm%¥%}: $Lee@D)

7
>(Ro [L(n T 1 5 L6500 ). 6o

[1—202]° =1
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Apparently, (3.6) is stronger than (2.7). In particular, taking s=1, 1=2, we

have |
(i 2L 51 L jgioey 9)- 12712 (10| LD, feb -5 2 <1><z>g<1><<.:>)
>(Bo [(1n| L&D '~ 5 LG540 )]) : (5.

Assume 2= fre“’° - As o
0<af=hm(1 r)”lf(ﬂo)l/fr Hm1/f (2) =0,

{i_f? ggi) (Zo) =2n (’}'n -—% g~inb )r.15] ?‘ff,(g) 1+ {:} fl
we deduce - - :
| im(in JF G0 %12 S 1 @,y
tim(in A - 5 Lo @) o
<4<; ]n_.f_._ﬂz_i . ginfo 2)) . | | (8.8)
In | F o, 2) |*) _ |
r-»1 1-22 )— f (@ (1~zoz)2 T (8.9)

By the arbitrariness of #, and the cont1nu1ty of I/, it follows from(3.7), (3.8)
and (3.9) that

) ' 2 S o
(i 2 Sl o [ 25D 52 o)
2/ (z) had 1 _ . T\
>(Ro [2/(1n| 2L a fzoz)“’ ~Sl-gem)e@)]) . - G40
Assume ' '
I/ (%) = { me'®, 1<h<N, 0<a< 4o,
: 0, k>N,
This can be donse if we take du’ (2) =¢'* %1 22:;}1, e Pdrdl, z=ré? in (2.12),
. = _ _
Then o

|22 (]| LEL ) - |12 u P, 9+ BTG, D-ln(-D (1—0)
1—2g

-3 5 T@ L@+ 3, yZ"<“> L)+ 32 THEE)
_ p=1p

+31TE e - £ Inl @1
e (m | (|| 12-7e19)) = J (3G ) — w7
=e‘“l§1<7e‘-’”"°— Yk)ma. ' : | : (8.12)

L @) == I (0 Zymer +3* )= = 06 3 iy,

1L19(3 L g0 @2 ©)= 3 L|r @@ @) 1P 3l 33 mow [

n=1
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From (3. 10) and the arbitrariness of &, we obtain

: N 1 N 2
e — —'meo 2__
(2 1]1 rgl )(k— [ n—-l 12;11. Y )
y __-_1—_'— a ;
—~ik6o __ — pinbe
kg [( e 0% )+ En(y,. 6 ")yk ] (8.18)
Therefore (8.1) is true. Furthermore, when a;=1, it follows from
'gln »Y”_.'.___,e—-‘lﬂOo <_§_]n_:_t__ ‘

oy
that .

7h=% gine (‘n’=1: 2; 3; '")o

So the equality of (3.18) holds. :

Finally, note that yi,=—b,, so it is obvious that (3.1) contain (3 2) This
completes the proof.

Theorem 2. Supposs f €S, 0(f) and oy are the Hayman d@reotfwn and Hayman

constant of f respectively, {Yi} are the Grunsky coeﬁic'iefn,ts of f, In(f (z) /%) =2 Ziy,,z”,

‘then
C _ 1 a ' N 1 8\
<1 L 2“[39 (')’n —‘,;,"0_‘”9")] )( ¥oq . frb) lgl N Ym0 n )
2 ey 14+nReVan kz_#:{? L 4d+nReym) |/
: N 1 \ ' 1 WE
N /q n( 20 MYt —m>'Re (n - e“‘”‘“)
~ 2 ~ik8e ___ + k=1 . T n ’ (3 14)
=1 &™\F° L 1+nReyu, , )
: N 1 2
( 1 o 1 2n|:Im (?’"”‘—ﬁ e‘i”"")] >< Noq . ;E MY “—?71» )
2 Ty 1—nReYnm 27 |7e)— 4(1—nReyum)
N
' ' —— e p—inflo
% 7 ( 1 e—ikaa v ) 3 n( IE Y n 77") Im ('}’” ¢ ) i . (3 15)
=t 1—nRey,, ’ ’

-k— .
4nRe ('}’n __;_Lb_ 8—m_9°> Im (,),” ___3‘;_ e-—in@o)
1—a;exp S ‘

. A1- (nRey,)? ,
where my=0 when n>N, Especially, when n=1, (3.14), (8.15) démprove the
corresponding results of 9],

Pq*oof Assume Lz-—Li——L m=11in (2.17) and (2.18), then

>0, . (38.16)

It 'ITF fg)ﬂk .n(l—l—niRey,,,,) Ro g Rog®() )>0,  (3.17)
(i JE@ DI* ! ] G
ILI( iiz Al n(l—neReyam) Img"<ﬁ>1m9<’(z>)>o (3.18)

Im1tatmg the proof of Theorem 1, from (8.17) and (3 18), it is not difficuls to
prove
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/ 1 meo 2 ‘
(J_lni._ 2n[Be (10— - >] )lL’I’< 6D 2Reg<1><z>Regs&><z>>

2 i - 14nRey, i n(1+nRey.um)
(10 L@ _ Regd ()Rog® () \T)? )
><Re [L (hl l1=%2|7 n(l—}—_(;@Rey,,,;) )]) ’ o ‘ (3.19)

5 9Im g0 Tm g (0)

(s Mmbege=) 260
2

27 o 1—nReVas . . n(1l—nReyum)
>(Ro [£/(1n @] Tm 90 () Im g0 (2) ) . (3.20)

|[1—220|2 n (1 —nReyn)

where zy=¢', Assume : R : :

T n 0, k>N,

it is easy to obtain o | .
I (Ro g2 (@) =5 L (@) +J0®) = — 2o ( 3 mivin+2m),

I/ (tm g () =g T/ (g (&) =77 @) = — - 33 mivim— ),

where 7,=0 when n>N, Then (3.14) and (8.15) can be easily deduced by
substituting (3.11), -(3. 12) and the precedmg two expressmns into (3. 19) and
(3.20), :
Fmally, assume Lg (p) =L(p) = qa(zo) |25] <1, from (2. 19), we have ,

Re g (20) «Im g5 () | 2 f" (20)
‘ na/ 1— (”"Re')’nn)so <]11‘ (1- lzbls)f(zﬁoﬂ

Set 2g=re'®, Op=0,(f) and let r—1, then (8.16) follows, Thus, Theorem 2 is
proved. | ' |

1V. The Improvements of Fitz Gerald’s Coefficients

Theorem 1. Suppose f (2) =2+ax+ast+ - €8, {vpd (p, =1, 2, ) are the
Grunshy coefficients of g(1/2) =f~*(z), In(f () /z) =2 ﬁ: v, then

"pq2=2 L t;21 1 \ n(1+nReya,) ) D" | |
t 9
N{,w%mwgww ]_ |
3 __ 8 __ NV _ ® ’ '
p§=:'z P  |%[, 5 t=2f 8! 1+nRe'y,,,,, ' D’”‘ % (4.1)
N - e 1 ' 2. N2 Q2 '
= @
ME=2 5% § (n(l nRey,.,.)) E” 2
\¢ 2
ol g2 (um(«,a..-i-e-i«eo)) L
2 _
+Qn % 'aﬂ] ﬁl t' 1 nRe'y,.,, Fpn m? F] (4~2)

|
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where ayg, Bu(p, @) are defined as in (1.8), (1.4), and besides, we defing

o027} k-e, 0.0 Fons
Hy@ = Fo(75) - 1+zn, (L)) = S0,
- Dp=2 (;) a0 3 B,

24
HP— (20) g( )
[R

2 a Hg,’:,;’,, Eak,H i
s 8n| Re
P,=o2\1—aZexp

el |
Qu=c} <1fa,%eﬂ%{ b >] )} ‘

1+nReyu
c1l— nRey,,‘,, :

 Partioularly, we hava™
2 “pq%“’q/

'.. " - 2
: = 2 (PQ ,“pﬁ)% .
(4.1) and (4.2) extend and improve: the correspondmg results of [4, 9],
Proof From (2.20) and (2.21), we have

(4.9)

] —f(O |? o ioa | FOS 2R ¢ (&) Ro g (0)
2 (|([ LB -1 fZC@ GXP{_Zgi ey >0
o o | (4.4)
of | £ 2 s | FOFO 1P [2Im P () Im g ()
’Ll( f(zz—c -] "‘““‘“‘f %; "XP{ n:»%:t i»R?iyfn)( }>

_ (4.5)
Imitating the proof of Theorem 1 in section 3 we can deduce '

(| LA Q. /,l_w f(Z)f(O’ {2Reg<1><z>3egs><c>})

‘ n(L3nReYm)
>P, (Re [L'(u_zozi . ;__z__ P{ 2Ren g(i) f;ﬁi f:;’ @) })])” (4.6)
(| LOZLD | 12 [LOFQ [P o 2 sl gD )

>Qu(Re [L'(u'_z,,z] ¢

here z =6, g (zo) ;,271,(7,,5-,% e—inbo>.

L@ {2 g O,

Tt is not difficult to know that for any complex number sequence @i, @, ***, wx
and real number o, there exists

P {

So after some calculation, we have

o', 1<K =h<N,
0, Kb, ¥=k>N,
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L/(|1—Fg| ) =d* 3} Pa, . (4.8)
L,(I_z_ s)=6‘a§:}1 | @] *n, 4.9)
’ f&O-fQO |
&1 ( (2—2) (1- ZC) )
=fv»§1 p,i T 2 ZL’(ZE—H” ALY 7 (Ahian LA N

The terms on the right hand side of the above expression don’t vanish and
L (zm=17m-1) = g et I/ (Z“'lz"“i) =g,6'" if and only if
m=k—t+p+l=F—t'+p'+1, n=t4p" =t +p, O]
We can rewrite (x) as
b=k, p=n—t, p'=m—b+t—1, t =(n--m)+k— t+1
then it follows that
BAOESI(A

= (L an

when 1<h<m—n, as 1<#'<—i+1<0, this is 1mposs1ble so K (k) = (; when
m— n<k<m as 1<t/ <n—m-+", K(k) k+n—m; when m<h<n—m, asn>¢>1+
k—m, K (k) =n+m—F, Therefore, when n<m

n—|b—m|, |k—m|<n,
K = =
) () = Buln, m) - {O, _ otherwise.
)-

)= (4

V-3 ("% mw)m

m,n=1

Hence
J@ —f©
=D A- Z’ﬂ')

i

%: < ?1 Bi(n, m) Iak[9>5mzv,,, (4.10)
[FARQEA A :

) ) 2.
On the other hand, as
L (| L2 Rog 1)~ 2(| L2 e )

(4.11)

4 ld;a|9wk o

t o
- éz—t( ) 2 2 Zakak,agnr)G(r) L’(Zk 1+pzk' 1+p) — ED(t) Dy em
r

wobave
A e o)
-2 (n<1+ine~/m ) |42 2f39953’<2>1’)
| Sl + 3 (n(HfRem)) el ,  (4.12)

2R <1>( YReg® (2)
eXp{ :{((]1 +zq:Re§fn) }>
f@ |

( 2Re g (20) ) <
n(1l+ nRey,m)
2Re g, (%)

1
!
=ee 21: Ll ot 2 (n(1+ nReym,)) ED(% ) (4.18)

7(|L

=

[Re g(”(z)j t)

t=0
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Then (4.1) follows by substituting (4.8), (4.10), (4.12) and (4.18) into (4.6),
The existence of L’ Still remains to be proved. For this purpose, we prove that
for any k(1<<h<N), there exists L, € 0" (]2z| <p<1), such that
Lu(#150%) ;{1, if p=Fk, g=h,
0, otherwise,
Assume that @y is the linear subspace generated by #-2(|p—k|+ |g—F| =0), and
‘Uo—' l la(k 1) then

(4.14)

d(w()) Gk) >Oo
If it is not true, then there exists '
i Oy 201 (O=0),
pg=1
which converges to #, un iformly in | 2| <p<1, i. e,

To= 2 Op 12072,
»a=1

Set z—rre“’ (0<0<2m), and act L(p) —-—J ¢(9)d0 on both sides of the above

expressmn _then it follows that |
,’.S(k—-i) = 2 C ‘{rﬂ(p—i) (O<¢< P) .

Therefore we deduce 1=0, this is impossible. So d(w,, G) >0, _
By the continuation theorem of functionalg"®, there must exists linear
funotional L which satisfies condition (4.14), Then
L’—ei“ 2 wply € 0* (|z}<p<1)

is the linear functional we seek for. Therefore, (4.1) is true.
- Imitating the proof of (4.12) and (4.18), we have

naf | FOLQO 2Tm g (2) Im g (0)
lL'( ’”2 "XP{ I%L ;Re?'i) }> |
-| B 1ol + B Gammey) |3 B @)
, 2Tm ¢ (2)Im g (8) "
L( e;p{ ng(l zReI;,,i) }) _
| =e‘“<,§ it 3 (2RO 5 pp) (4.16)

Substltute (4.8), (4 10), (4 15) and (4.16) into (4.7), and note that « is.
arbitrary, then (4.2) can be easily obtained.
Finally, from (4.4) it follows that

hence ILIS(Q ("'f(?)z{(cz B 8)20’ 2\ 7\2
(| LOAD_* | FOID Yol (Re[L’(]l | 4 M)

“Ha-4)
o (4 17
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Substitute (4.8), (4.9), (4. 10) and (4 11) into (4. 17), then (4 8) follows by the
arbitrariness of «, Thus Theorem 1 is proved o :

V. The Grunsky Inequahtles of The Inveses
of Meromorphlc Umvalent Functlons

Theorem 1 Suppose F({)—Z-l—bii; +bg(§“'+ EZ’ G‘('w) -—F“i(rw);
==+ Byw 4+ Baw ¥+

G(’w’; ?(D 2 - qfw“"f‘q, ' I (5.1) '
. ;g=1
Then we have N
i Amnwmwn < i l‘ @+ i Bg:n)wm 2; | (52)
m,ne=1 k=1 T - m=n+2
where B{™ ds deﬁned as follows '
: ()] =+ 2 B&Puh, (5.3)

Proof By Theorem 8 of section 2, for F EZ, L,€0*(l<r<|{|<R<o), we have
bd LN — 3
2, Bl in( i =Sy )| <, B T (I - /D).

For L,c 0" (FIj (1:):<|?;| <R) therefore we have

,E LI (M |<B - R
hero

5-31 3 ImE@ED. 35

Suppose that G, is the linear subspaoe gaenerated by {w™"} (naép,, n= 1 2,8, ),
then d=d(w™*, G,)>0, If it is not true, then there exists a power seriey 2 O™

n=l

(0,=0) which oonverges to w™ umformly in Flr<| Cl <R), i. e.

w"“—EO’ ™ (0,=0), | (5.6)

Assume C,=F (|{| =p) (r<p<R), L(p) =i§ fw“}p (w)dw, | Aéting on both

sides of (5.6) with operator L(p), and using Oauchy formula we deduce 1 O this is
impossible, so >0, o

Then, by the continuation theorem of functionals, we know that there exists
L,e0*(r<|{|<R), such that - |

- LRl B .

Subsmtutmg (5 7), (6.1) and (5.8) into (5 4), (6. 5), after some simple
caléulation, we can easily obtain (5.2), This completes the proof of Theorem 1,

(8.7)




STRONGER DISTORTION THEOREMS OF UNIVALENT
No. ¢ FUNCTIONS AND ITS APPLICATIONS 441

Corollary. Suppose F({)={+byl 24Dl 24 €Y, {=F*(w)=w+Bw™>+
Baw™24 o+, {¥p,ot (p, =1, 2, 8, +-+) are the Grunsky coefficients of G (w), then

a*( Byt BY)+20bBy+b°B, <\|bl’+—%— a2, (5.8)
@ ( Bs+ByBy+ Bi+ Bi+) 2ab(By+B1By) +1* ( Bs +a B})+C*B,
+2(aeBy-+b0By) | <[o+aBE™ |+ [B]* 5 [al?. (5.9)

We are convinced that these Grunsky inequalities will be of significance to the
proof of Springer conjecture. |

The author would like to express his thanks to Professor Xia Daoshing and
Professor Yan Shaozong for their valuable suggestions. |
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