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Abstract

In this paper we give a uniqueness theorem for a minimization problem. Meanwhile we
provide a uniform uniqueness theorém for L, (1<p<co) simultaneous approximations

including mean simultaneous approximation and Chebyshev simultaneous approximation.

- Let X[a, b] be a compact set containing at least m+1 points and K an
n—dimensional Haar sﬁ’bspa,oe in O[a, b], where nis a natural number. Let F (@, y)
be a nonnegative function of two variables from X X (—oo, o©) to [—oo, oo] and
suppose that there exists ab least one element P € K such that | F (s, P) | <o, ‘where
F(w, P)=F(w, P(%)) and || =sup |

Our minimization problem is to find an elemenf PEK such that
|7 (o, P)|=int|F( Q) I,

such an element P (if it exists) is called a minimum to F on K.
The author in [1] considered this problem and has established the main theorems
in the Chebyshev theory including the theorems of existence, alternation and

uniqueness under the following conditions:
(a) lim F(s, §) =00, Vo€ X;

191 -s00

(b) For each #€ X and each y
Hm F<m; 97) =F<w) y);
(2, n’)’;’%@, K] » :
(¢) For each #&€X and arbitrary points y1<<Y2<Ys
F (w: y2> <m&X{F ({D, yi): F (ﬂ}, y3)};
(d) For each & X and each y "
. g:ga; . .

(e) For each #€ X there exist two extended real numbers f~(#) and f*(a),
—co<f~ () <f* (#) <oo, such that F(w; y) is strictly decreasing with respect to y in
(—oo, f~(@)) and striotlya increasing in {f* (=), o), and F(w, y) =F(z)=int
' v ‘ o Yy

F(s, y) in (f~ (@), f* (o)), where the angular brackets <dr> is used to denote that
(—o0, &y, for instance, means (—o0, d] whenever d is finite, ‘and (—o0, &) -
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otherwise.
In this paper we mainly prove the following uniqueness theorem.
Theorem 1. Under conditions (@) ~ (¢), £ has a unigue minimum on K if and
only if \the'cardinwléty'of the set
G={QEK: fi<Q< fa}
is not greater than one, card Q<<1, where _
fi@ = inf g, fa(@)= sup

F@,)<IF Fan<ir

Proof Necessity. First we show that eaoh element of G (if any) must be a
minimum to F.from K. In fact, PEQ implies F(w, PY<|F*| by (e): Hence
|Fw, P)| <|F*|. On the other hand we always have |7 (x, P) | = | 7* ” from
F(w, P)=>F"(2). S |F(», P)|=|F*| and P is a minimum to F.

Now we can easily prove the necessity of the theorem. Suppose on the contrary
that card @>1. We can then agsume Py, Pc@ and P, + P,. This means that both P1
and P, are minima to F on K . This is a contradiction.

Sufficiency. If possible, we assume that bqth Py and P, are minima to F on K
and Py P,. Without Toss of generality we may further assume Py € G because card

G<1. Henoe | F(», Py)|>|F*|. According to Theorem 7 in [1], Py is the unique
 minimum to F on K. This contradiction completes the sufficiency of the theorem.

This uniqueness theorem is analogous to the one for another minimization
problem with a mean norm by the author [2, Theorem 4], but in that paper

' o fi=f~, fa=f". _

The content of this minimization problem includes as speo1a1 cases a number of
important approximation problems, such as '

Generalized weight function approximation F(», y) =W (z, (a:) y) S

Weighted simultaneous approximation #(z, g) = - {2 A f,(zv) yl|? } A;=0, 1<

P < OOM'J’
Dunbam-type snnultaneous approximation F(w y) —sup |f (®) —y|,where Z is a

geot of bounded functions on X3,

As an example we take F(w 9y) = {]f‘(w) yl”—l—]f“(m) y[”}p 1<p <oo in
which we suppose that f~<<f* and f~, f*€C[a, b] for s1mphc1ty, although our
result is still valid for more general cases. Define

Ii=171e={[} @ lras .

~ The apprommahon problem is to find an element P € K such that
| IIF(w P)|=inf | F(», &I,

3t

suoh an element P (1f any) ig called a best apprommatmn to ¢ f‘ f*) on K When~




No. 4 . UNIQUENESS OF MINIMIZATION: PROBLEMS 485

p=00, F(w, y) =max{|f~(«) —y|, |f*(®) —y|} and |+| is a Chebyshev norm, which
was considered by Dunham™. When p=1, F(z, 9) =| f~ (@) —y|+|f" (@) —y| and
| ] is a mean norm, which was considered by Carroll and McLaughlin in [6]. We

have the following uniqueness theorem, in whichf = (f*+ f~)/2 and f*=(f*—5-)/2.

Theorem 2. (f~, f*) has a unique best approwimation on K if and only if the
cardinality of the set _ : . S o
o - G={QeK: fi<h< it
8 not greater than oné,I card G‘<1, where ‘
JFa=f", fa=F* when p=1,
fi=fa=Ff when 1<p<0,
Fa=f*=f*, fa=F~+|f*| when p=co,
Proof As1<p<oco the theorem immediately follows from Theorem 4 in [2].
As p=oco we only need to determine f; and fs in Theorem 1. Now in our case
F*=f* and F (s, y)<| f*| means :
max{|f~ (@) —y|, |f* (@) —y[}<|f*].
or equivalently, using the identity max{|u|, {v|}=(Ju+v|+[u—0])/2,
|7 @)~y +f* @) <[F].
Henoce
F @) +5* @) ~ [ |<u< S @)+ - @),

or equivalently

@ = fl<y<f@+If

Thus
ful@) =, inf y=f"(@)=|f,
fa(e) = sup y=f"@)+|f].

This theorem provides a somewhat uniform description for uniqueness of L,
(I1<p<<oc) simultaneous approximations.

I am indebted to Professor C. B. Dunham for examining my manuscript.
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