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Abstract

" In [1], we discussed the Henkin-Ramirez integrals and Stein-Kerzman .integra.ls of

stricﬂy. pseuidoconvex domains. We found that there are many different ways to define the

. principal falues of H-R integrals or 8-K integrals, so-that there are many different Plemelj

formulas. In the present paper, the similar problems of Cauchy integrals of classical domaing

are considered. The conclusions similar to [1] and the 'correspon_ding Plemelj formulas are
obtained. Fin'ally,x we discuss the same problems for the Bochner-Martinelli integrals.

§ O . Introdut:tion—

‘In 11, we d1scussed the Henkin-Ramirez (H-R) mtegrals and Stem—Kerzman
(S—K) mtegrals of strlctly pseudoconvex domains and gave the general Plemelj
formula. We found that there are many different ways to deﬁne the prineipal values
of E[—R mtegrals or S—K mtegrals so that there are many different PlemelJ
formulas '

“ Can the above situations happen for the other 1ntegra1 representatmns? This is
the problem that will be discussed in the present paper.

Let 2 be a unit ball. Then the S-K kernel of Q is (1L—zu")"", and we have the
Plemelj formula of the unit ball in [1]. When the deleted neighborhood’ around the
boundary point is an “ellipse” or a “rectangle”, the Plemelj formulas can be written
as Theorem 1.1 and Theorem 1.2 in the present paper respectively. In § 1, we shall
give other proofs for these two theorems. These direct proofs can be easﬂy generalized
0 a more general situation. Thig is the content of § 2. Y

In [4], the Cauchy integral of Lie sphere hyperbohc space was .considered. The

elements of Lie sphere hyperbohc spaces Ryy- (N ) are the all eomplex veotors z="(z, -+
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zy) satisfying the following conditions
{1+ |24 |2 — 22’ >0 A0=_1_( 0 1 >+11N~=,
1—|24¢’| >0, 2\-1 0/ 2
‘By Byv we denote the boundary of Ry, and by Ly the characteristic manifold of
Ryy.
Let Ry be the set of all complex vectors z= (2, *++, 2y) satisfying
1+ 2402’ |3 —22'>0,
: '{1~|onz’|<O, '
Ly is also the charactéristic manifold of Riy. |
If @p(§) is contintous in Ly, then when 2€ Ry or #2E€ Rj¢, the Cauohy integral

V)|, Hu, O9©F ©.1)

exists, where Hyy, V (L) and £ stand for the Oauchy kernel (L-+24p72dq7 —2&’ )—%,
the volume of Ly and the volume element of L,y respectively. -

In [4], the limit values of (0.1), as 2. vapproaches Biy—Lyy or Liy from the
interior of R;v, were obtained. By' the same way we can obtain the limit value of
(0.1) as z approaches the boundary from the interior of Rjy. These limit values can
be represen‘ted by the Gauchy principal values.

"In the section 8, using the results of § 1 and § 2, we prove that the limit value
of (0.1) can be represented by a lot of distinct Cauchy principal values when 2z
approaches Byy— Ly from the interior of Ry, but it cannot be represented as the
‘above when z approaches L;y from the interior of Ry, because the computation of the
limit value of (0.1) in this oase must reduce to that of the Cauchy integrals of
polydise, however the polydise is the topological product of unit dises, it cannot give
the various results. It is the same for R}y.

In [B, 6], the Cauchy integrals of matrix hyperbolio spaces were considered.

Let Ry(m, n) and Rj(m, n) stand for the matrix 'hyperbolic spaces I—Z27'>0
and I—ZZ'<0 respectively, where Z is the m X n(m<n) complex matrix. If (U) is
continuous on the characteristic manifold L;(m, n) of Rr(m, n), then the Cauchy
integrals of R;(m, n) and R;(n) =Ri(n, n) .

V(um, )] p@)et"I~20)T, ZEBulm, ), ©0.2)

Li(
V@), p@ ot I-200, ZER@) 0.9)

exist. Here ¥V (L;(m, n)) denotes the volume of L;(m, n). :

In [B], the limit values of (0.2) and (0.3), when Z approaches L;(n) from the
interior of R;(n) and Rj(n) respectively, were obtained. By the same reason as
above, it cannot give the various definitions of Cauchy principal value. But when Z
approaches L™ (L{™ Y ig a part of the boundary of B;(m, n), it is formed byx ‘the
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matrix satisfying rank (I—ZZ"y=m—1) from the interior of B;(m,n), by the results
in§1, we can obtain a lot of distinct definitions of Cauchy prmolpal value and
Plemelj formulas.

Another important kind of Cauchy-Fantappie kernels is of Bochner-Martinelli
kernels. Lu qgikeng and Zhong tongde'™ gave the Plemelj formulas of Bochner-
Martinelli integrals when 2 approaches the boundary from the interior or exterior of
domain. It is natural t0 ask whether one can obtain the various Oauchy principal
values and Plemelj formulas if one deletes the various neighborhoods as in [1]. The
answer is negatiw}e, this will be illustrated in § 5.

§ 1. The Cauchy integrals on sphere

Since the ball is a strictly pseudoconvex domain, it is easy to see, the Stein-
Kerzman kernel is just (1—2u")~*, Therefore, the Theorems 1.1 and 1.2 helow are

. the special cases of the Plemelj formulas in § 2.1 and § 3.1 of [1]. We shall g1ve a

direct proof here in order to prove the Lemmas 2.1 and 2.2 in § 2.

We first congider the case that the deleted neighborhood is an ellipse.

Lemma 1.1. Suppose w= (uy, u,,), w’ =1 then

tmost |, @i i-1-5(35)

where o= {u|ur’ =1, o® (Re(L—uy))?+ B (Im uy)*>e?, a0, 80, a+B+0,

Proof We first assume that «>>0, 8>>0. Since the case of =8 was proved in
[2], it is enough to prove it for the case of o+ SB.

Pick 0<p<1, we have

1= w;,,l_lj (1—puy) Myt wé‘,,l_lj ‘ et puy) Pu=T+1,

where o’ = {u|wn’'=1, a®(Re(1—us)) 3+ R (Imuy) <%},
Let

I= w2n-1j (1 = pal) —“’12-
Set ug=716", ug=10q, ++, Uy=0y, V=g, ***, V), &°=1, B=1—-1(0<i<1), then the
points of ¢’ satisfy

t(1—rcosf)®+ (L—8)r7sin? §<<é?, @5’==1—fr”;
£0

r(2t— 1)
Let

t—«/(i t)(t+r9(1 2t))+(2t 1)8
~fr(2t 1

@ =2arccos

then —e<f<e. By (1.1), we have
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1> .t—w/(l t)(t+o~9(1 2t))+(2t 1)é’

| _ L /r(2t 1)
28
It is not hard t0 see 1 o~9 <<= —-— thus
«/ t t

- I ' - wé:?‘l“.l]’E(;;)- ’UJ. (1 pfl‘ew) -n d@ 2a)2n-1 { E K p+K 0 }-I—ngn._l J’E(B) cm;, 1.2)

N G 28 &
vt B6)=fo o, w15 T,

e _’1)______ B : 1 .
= J 5 p(l—pre?)? ! Ko -JE(;;) log 1—pre' >
Obviously o A .

t—~/(1 =D GO 2t>)+(2t 1) ~0(&*
T Tr@-1) — ~1-0(,

S0 @ = O(s”), and it follows that A
; o 2w2n_1‘]"()alv'=0<‘8n+1)“ ‘
Let - '

Q - «/ '(1%t) (i Mﬂ = 2tj )L—I~.'-(2t.—_ 1)&?,

=9
then rcose= S S0

\/¢’(2t l)t t—(2t 1)3 +2Qt |

rsma-= |2t 1,

When p>1- - = ‘ coro ‘ o .
e 1 ot Q .\/fr*’(Zt_ 1)t t—‘(2t —1) "+ 2Q% }—1’-
Ky me) {1 T RS Y.
Set v= (w1, ®g, ***, Ban—2), USing the sphere polar coordinates

1 =8C08 @y, T2=8§ sm P1C0S P, ***, Dan—2==8 sin @y sm @2+ ++Sin @ay_g,
p=s-3gin¥—* g, gin-5 @t ++SiN Qo oS dipy+ .dg'pzn:_’ 3
we have e e ’

1 &_ea,, | L
T m—1) Jo . U Pt 2t 1

joN (L= ss)(2t T = (=D 130 | ns 1.
Izt 1' 8 } 38 ds,

the absolute value of 1ntegrand 1s

D A

and it 11m1t value is

| 26— 1|78 [ (5 Q—1)%-+4(1 =) (26— 1) —6— (2—1) 6+ 241 ¢

" as p—>1. It is not hard to prove that there are 1,0, §>0, stich that

(E+Q—1)*+i(1—s%) (26—1) —6— (26— 1) 2 +2Qe>ns - - o L8
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——_—_2—'
for tE(O, \/_ ) o€ (0 a)
Thus ’ : )

o SR »/f;{ = ,

== 97&"3 n—n-1

| B 0( 7 -t ) = 0<e_ ).

When p<n~;1v ‘ - L B .
llm.f —Ilmth_ 0
e—0 gm0 p-rl

By the Lebesgue theorem

QL “/7? TriQ—1
Jo-1= (n— 1)J '['2161
\/t(2t—1) (=8 —1—(2—1)s"+2Q¢ ]~<“_‘1’ 59"-3013
261 o
P J[H—Q 1
('n 1! 2¢~1 ‘ : . .
- Iy 7 -1 o
\/t(2t 1) {d— nf%zt) 1?51 (2?3 1)8 +2Q75 ] SR8 IR
Wheren J t ,s nR
Since : -
g t—=1+Q g t— 1+\/(1 t)9+(2t 1)(1 t)'r,”R”—l—(% —1)e? _
K p %=1 _+0(8)
and

?—lé%m—{t (2t -‘1) (1—7"R%) ~t (2t~ }) g~ 2Qt}§

et ey oo f i) emboo,

1—4¢ i (___,_{3._
NI
we have A , S o
Hm T e ot =i J~1 : © Ran- 3de _ '(2@)»4 j»l iy |
§-0 -l I'(n) F(’”’) 0 (u—"l./b \/1~Tu§)""1'

(et VRl

i \2
where b=(T:%_> . Let u= cosd, then .

sl ) .
e 1+b - _
Since >0, 1<%:g—<1 we have: |
1.3’;5“];”'1 ’ <§‘W() ")_1{2(14-1))““1 §, qZ( DGOk ”(iﬂ?) o
X[( N 1),,+q__'1]‘ _qf(i;l?bj”‘?'%—*_,(1-4—:1&)”.‘1}’

p+g+1l . - ptg
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Then

T (i J p-s) =Jim (I Jps) = “"1)! _%_( - i - )1 -

Now we oalculate

. — 1 . — 2q" % JJW—T 913 it _
J°—£1.?K°_JE(G) log T O~ Tt s?—3log (1 —re")ds,

Since Im log(1—reé®) =0(1), 50 Jo=0(e").
In summary, we have

i - 52 k)™ 3

1 . .
Substituting b=(—i-z_—t-> é% into the above equality, we have proved Lemma 1.1

for the case >0, 8>0,
When a=0, 8>0, this was proved in [8].
When >0, =0, Lemma 1.1 becomes

ﬁngwg,s_ij (L—g) =1, e

where oy = {v|uw'=1, Re(1—uy)>s},
The proof is similar to the case 8>0. Taking 0<p<1, we have

1= wz,,_;j (L pi)* u+w2,,_1j (A= pity) =Ty + I,

where o = {ulmo =1, Re(1—ug) <s&}.
Similar to (1.2)

n—1 . °
Ii=2051 Im{ S K+ Ky }+2w;,3_1 j as,
p=:

P’ <26 —g2
4
where a=aro cos - &

. As in the case 8>0, we can prove

JE’ 2 a,l;=o(1>: J’p=0(sn-—p—1), J0=0(1): p=1: **% 'n“-io
V' <26 —62 ’
At this case | | | |

201 J«%_Ga'_ gy

So-s= (n—1)! (6—i~/26—8—5*)"1
2a"1 / 28—¢° )"-1 J’i _ R*-%dR
(n—l)'\ & o (1—img~t o/1—R¥)*’

where n=x/2s—s&?, s=nR, L
The absolute value of the denominator of the integrand is
n—~1 " n—1
A+n?e2(@1A~R))"Z =[1+(2s—8"s2(1—-R")] 2
By Lebesgue theorem, hm Jp-1=0, 80 lim I} =0.The proof of Lemma 1 1 is complete.

-0

Using this Lemma as in [2], we can prove the followmg Plemelj formula:
Theorem 1.1, Suppose f ds in Lipe on w'=1, v ds an arbitrary point on
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‘Zl/ljb,=1, then o _ .
_ n—1 1 Fw)u
( ]m) i1 wr=t (1—2')® Gom)® "9\t B f@)+p.o g1 Jur=1ep (1 — qu’)® °

Heye the Cauchy principal value is deﬁned us o
___f_@_"}ﬂ.__=1.jm 1 J fu =&

L wzn—ij =1 (L—wu)" o0 @ams Jo (L—ow)"’ ,3
where o= {u|uw’ =1, o (1—Révir')®+ B* (Imvw)*>s?} (The definition of K-limit, see
[o). |

Tt is clear that this theorem is a generahzatmn of Theorem 1 3 in [2] (see
[2, 81).

Now we consider the case that the deleted ne1ghborhood is a rectangle.
Theorem. 1.2  Suppose f satesﬁes the same condition as in Theorem 1.1, then

(K—lm)—L j f@U __4r0)+p. 0. 2 J fwu

w0 Wageg =1 (L—2u/)" Oy Juw=10) (1—ou/)*’

-1 . [aret; 8 o IR . .
where b= 2; {—VE—L  cosmg f’i-ng(—.n—}ﬁdt}, and the Cauchy principal value is

2 in ¢
defined as :
1 J‘ . fu lim L j S
LAR Y A (L —aou)" PP P L—ou™)

D*(v, &) is the complementary set of D(v, 8) on wu’ =1 and |
D(v, 8) = {ulww’'=1, 1—Revu/<as, |Imvu'|<Bs}, x>0, B0,
To prove Theorem 1.2, it is enough to prove the following

Lemma 1.2.
o 71, aretg 8 3 - :
lim ——1——J d =1- 2 : {——-—-J' , " o2y Mdﬁ}, (1.5)
-0 Wan_1J D¥(0,8) (1 u:,_)” o 2 o sin ¢
Proof - It is only need to prove
. 8 .
Yim 1 J‘ u _ 2n~—1 {_;— jarctga‘z‘ cos™ 21 31]1(91,—1)# dﬁ}
50 ap-1 JDwse) (L—uy)® w (2 Jo sin ¢ ’
Since

D(v, 8) = {ulwz;'.;_i 1—Roow’' <as} U {uluw' =1, |Im | <Bs}
—{u]wu =1} U {u|w’ =1, 1— Revy’ >ocs, |Imw’l>188}
it is known that (see 81) '

mopts [ @-@)mE=0, (1.6
hmwf L —u)i=2re, @

 [Imfyf<Bs

Thus we only need o prove

o . .. 2n—1 arctga Sin(’h:—l)t

Jim wy. j o (- uy)T"u=1~ J’ cost3 A~ df, (1.
o0 2 ) e (1 ug)~hu=1 w Jo . ’ ~gin? d. (1.8)
1—Reui >as, | Imus | >0s : .
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" When B 0, (1. 8) 1s Just (1 6). When a=0, by [1]

. % g, SI(n—1)F | _m
}oos" R R 5

. 8) is just (1.7). So it is enough to prove the theorem for the case x>0, B>0. . -
It is not hard to see that

1 J W = 1 @(J'-a —FJM) o
Won-1 Js@ (L~uy)® @1 Ju® \N-@n  Jo [ (L—re’)™

1 (7 J”"’ a0
oo U 1 e =Tt

where °
8(e) = {u|uw'=1, 1-Re us>as, |Imuy| >/88}, x
M (s) = {'v]'va <2as—— (as-l—,BQ) 87}, . . :
N(s) {'v|2as— (a? +,82) 89<fva <i- B ”} | . |
Since - = : o

j - )(1 mew)~nda+j (1-—4“@“’)’%6’-——*2Im(Bi-B;)+2(av——a—--b),‘

where
B;= 7§ 1 1 (L+re~t)
A k(L4re®)® et _ !
—_— o 1 - k — ot
Bz—'-’glw. 19g§1 re'),
and . o
 @=ar0 co8 -'1—";—0‘5, b=sin 2= Bs
heuce _ ‘ _ .
I =205, Im j (By— B3) o205k, j (w—a—b)s
M(e) M(s) ' _— , .
_ 1 N 97'--]j _ ’ -1 I _ . e’
= 2wz Im [(E Ji— Jo) (?:.1 Ky Kq)]fl‘2§)2_nf1 . € @ b)}’”y
where : T
Jo= j o JoE (A7), J,~,»=_-.]0_J o QT H5, b1, -y nd,
> |- Y& K Vb'____.‘__ i ~%k,, 1 -
K, JM(B)log(l reév, Ky ]J (1 re ) 0, 70 } A1_,. N
Since 1+re~® =1/ r?— g™ ~iBs, We have
o "t (VIR -3 33 ~%
g T VP i)

" The absolute value of’ 1ntegran& does not exceed s™2, so Jp=0(e"%) and
o N TP ey T e
J0=IM( log (1+1e” b)w——lﬁhj T gn—s log (14 /72— B —‘fb,@s)ds :

Thus Im Jo=0(s"*). On the other_hand, since 1- ré"=ag—i~/r ~—(1 —a8)?, we
have ImK o= ~0(s™%). By the inequality ' S




It is clear that

SINGULAR INTERGRALS IN SEVERAL COMPLEX VARIABLES
No. 4 - - (III) ——CAUOHY INTEGRALS OF GLASSIOAL DOMAINS 475

] 9"‘3(058 @\/1 s7— (1 as)”) “”I (a”—i—,@”)-?s"‘ (\/2053— (6®+B%) %) -3,

n—1 V3% =TT
K;a=-7g—1%—a(%:-1-)-[0 i §¥-3(ag—14 \/1—82—— (l—as) )"‘ds—O‘(s’?‘,f"i‘}e e
Finally o . B
Y2 vm' '
Kyi= lzv(n) i s”” 3(as '1/\/1 —s ——(1 oas)”) @-Dgg !
O N=1 /. -1
= %W(n) (7’)- )“ J Rsn-3 [1____\/1 "7 (1 as) ]"(”"1)(ZR

where 1= /2as — (a®+8) s, s=nE. Smoe

] —0(6-7)

it follows that th 1—0 Usmg the same method we have j (:n; a— b)fv=o(1) :

N %.)2 -[L

Hencelim I =

-0

Now we caloulate I,
1 o7 —.'b- Jw—b ..... d@
& w2”_1j (o) Q’(J —(@~b) + b ) (1 fre“’)” i
1 n—1 o
~ 2052 Imf (5] Pu—Po)- (2 G )} +20i [, =200,
where N(s) {v]P<ov'<L— %}

O—J log (1+fre ), Pi= —]19—". (1+fre“”)"‘/v Io 1 n—1,
- ib ___l A -
Qo JN( log (1 re )v, Qs kj (1 re ) fv, k 1 1,

.J.N( )nb‘,,j=o"(1):"_l ,. -

and R o ,
im | - == 292:4-2 Snf.k,_
., w5l Fy ””Wl ’3 € ] m) ,
50 v, = - «
llm 20-)27;--1 J (m; 26) ID =
On the other hand ' | R
. 2(";”_1 : rVIfB”s’ on8 T Y
P"‘— kI (n—1) }, s (1+‘V”' /8 8 —’I:,BS) ds
e 2 T (1 [T B i) oo D)
kI (n—1) Jo reRs A
2" (* -2 IS (1w —:"'?__.."‘ HIDE A o S
TH D) o B =y VT F —ige) HaRro),
where y=~"1— 87 6%, s= ‘yR When 6~>0, Py tends to a real number and lim ImP;,=0,

e—0

(I<k<n—1). Similarly, Im Po=Im@Qy=0(1), Smoe 1—re?=1—y/
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Q-

~1 N yoyery TPy e
2" J' 1-8 §2-3(1— o/T— 5 — Boe%— i8s) Mds,
Tt is elear that ‘ |

N INCES)Y

js’”“” (1—a1— s2 ,3’ 3 —iBs) *ds=0(e"*" 1)

Ulgssﬁng(l R B)"‘dl I D )
v g uRe) a8 = y«/l B® —iBs)"
<[ BB
< =,
(1—~/1-EH" :
when 7a<n 1, the integral of right side converges, so "
- lim @, =real number

N 80
113 follows that 111(1)1 Im QE—O (70<n 1) Fmally
= §in=3 - @1 Jo — 2””-1 J’y_ J" =1,
Qp-1= T ( ) J’ (L—A/77=s" —iRBs) ="V ds = T < . o> T~T,,
Note o '
27"t 2 -2 D3 ' 5 37y ~(n—1)

=Ty J B A=y IR ““/1*7 )R

S0 I 9
T Y  I 2"‘ 2 Cm"
];]_I-)](Z)lImTJ_ T ( ) |

and ' N

7,= 2P ) j SRS (1 «/7 =7 EF —if8s) *dR,
Since

b (1 o a0,
(L=~ =B —iBe)" = (aR*—iB)" 8" +0(s"),
and 73R8 = (208 — (a+/8%) %) """, hoenco

. _ 201;”'1']'1 Qo) M-3 77 (2m)"" 1J1 w2
BT @-mrT T i

where c¢= Lﬁ—,‘ An: eagsy computation shows that
1 w2du )_ -_n—-2 1 . e ie
Im(LW arofg - — 3740 -2Im( )

a5 GG o i ),

and ;
2m"”
lim Im Qs =7
~ where h,= %2 (—1)r+t. On-aB _ging (arctg 35). Henoce'
A ’ %(as—}-ﬁg)k/ﬁ - B/ c
312 prote &4+ 2.
limly=1—2 (1 — arctg_,le +"av-'bf".)

' (2&7?«;;—: 273 aro tg %4— 2""-‘%,,),

s-20

By [1], (1.8) holds.
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§ 2. 'Two Lemmas
It is not hard to generahze Lemmas 1.1 and 1.2 to the following Lemmas 2.1
and 2.2, ‘
Lemma 2.1. Suppose y= (yl, i , ~yN)‘, ¥y =1, then

. 1
I tign] o1 L( 28 )
181_1’101 “n-1 j o(8) [1 (y1+®y2)] =1 ( ot+B ) ’

where o(8) = {y|yy =1, o® (1 —y0)?+Bi>6"}, CON—:., y stcmd for tﬁe volume and the
element of volume of yy' =1 respectively. BTN '

Progf When N =2n, this is just Lemma 1. 1 s0 it i enough to prove it When
N=2n+1. It is known™ that

wxr-lj (1 p(y1+wfya)) Ey =1,

s0 we only need to prove that

lim Hm eyl Ia’(s) 1- P(?li+’bf’/2)) (H?) Y= ""( ail_eﬁ ) ?’

where ¢’ (&) 6{;[;:1;1-—1 o (1— y1)2+/82fy4\s’} Let
I-ozt | G-plutis) Py
and suppose a>0, ,8>0 Set g/i-}-@yg——a'e"’ v=(Ys, ***, Yans1), then
T=as .[ P(s) ’vj C pm‘“) " @

NI

¢ =arocos 4= = _t‘)..(t—!q:z*;t(112t)).—i-(2t 16 t'=a,, 1=,

where P(s) = { IW< 2 .8 }

Using the same method as that of the proof of Lemma 2.1 in (41, We have

n 1 2 L
P -5 — 21 2
[La-en 'ﬂm{g(is——-)(i prew)"'*er RS e}

50
I=205, T 3} L Lo }+ I,
&= ’
where ) ' . .
L*=2awyvl_1j o= 0(s?), - -
: P(e)
Ly= 2J log 2 ",
’ “JP@ . 1+\/1—p/rew o

Ly= U ]0 1, '_?';kn'.‘ .

jP(s) (70———%—) <1 pre®) ’”‘7
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Similar to the proof of Lemma 1.1, it is easy to show
- ImLy=o0(1), lix?Lk=.0,(s”f"), 1<h<n—1,

Since

-q-,em;_-t——,Q Jw”(zt—i)t t—(2t—1)¢° +2Qt
2—1 |26 —1]

where Q=+/ (1—1t) ¢-+r?(1— 26))+ (2t—1)e" , henoe -
R (& )'f t+Q 1
Jy=lim L,= —_—
# o1 R AT I [ 2t—1
o (”“‘2‘)” (““'z‘)
—n+

\/75(2?5 D A=) —i= (= 1>6”+2Q”] -. s";“vsds.

0

i lzt i
=( - )W< 1)J [ 42-th1

—nal
~/ t<2t 1) 1= n”?ﬂ)—tl—(% 1)8”+2Qt] T e pneyR,
D 26—1] R ’

. 23 ___:-82", 2 TR
where n—(———ﬁ T) , §= 'nR As the proof in § 1 L

. 2
n_st 1+Q R +0(zs),. .

2t 1 D)
" |2t T (@D Q- By - (24— 1)89+2Qt}2.__"(

) A-~RYT40(s),

Thug

T =lim Jy=— 12"’”"_%. ~ ' .RS"'%ZR =
- (““7)T<“"'2‘) [Esf‘q’( )«/1 34] ’
___;-~(2av)”~‘ J? cos"”'?HsmﬁdH J
_J’(@fl) ? (cosf— @bsmﬁ) = t
Note that o - |
o cos" 2P ging =1 Sl (eﬁ*°+1)"’”f(em —1) <d='“’1—-'b)
(cosO—ibsin®)™F © (14byF  (1+de™)% 1+0/°
Je 1 J (e®0—1) (eﬂ=°+1)”'ffoza
i (L+b)" % (L4dg®0) ™%
__ 1 J (67 —1) (1+§eﬂw)”‘f o
G(1+b)"E e (L-+de¥) "2 |

_ 1 (T e (n—72—+q—1>-_~-(nv—.-2—~'p) NG ER, A0S {3
_fzi(l—l—b)n'——%slflﬁjo 2 2 plgr TG

=real number+¢ % —
{L+06)"z .




SINGULAR INTERGRALS IN SEVERAL COMPLEX VARIABLES
‘No. 4 h (III)—CAUQCHY, INTEGRALS OF (CLASSICAL DOMAINS 478

Then we have

1 ‘ 1
o 2 2" 2 1 1/ 2
h-%hﬂlI:w (W)l _02_5_ ol .'_;_2—(06*![—8,3> °
8 P N-1 Iw<n+_§_) 4 (1+b) a3

Lemma 2.1 is proved when &0, 8>0. I
When a= g8, if is just Lemma 2.1 of [4]. r
When ¢=0, 8>0 and «>0, 8=0, the proofs are smcnlar we omit the detaﬂs
Lemma 2.2. Suppose y= (v, -, yx), ¥y =1, then

o on-1 aetgy o gin(n— 1)t }
| 1 Sy 27w (™ PRy S
limogts [ (- @) Fg=1- 2T [ ey A g

where D*(py, s) és the complementary set of {ylyy’ =1, 1- —yy<as, |ya| <Bs} on yy =1,
'l‘he proof is similar to that of Lemmas 1.2 and 2.1.

§ 3. The Cauchy integrals of Lie sphere hyperbél_ié spaces

Replacing Lemma 2.1 in [4] by Lemma 2.1 in the last section and using the
same method in [4], we can obtain the following results, which are the generalizatioﬁs
of [4]. Because the details of proofs are similar, we only state these theorems and ;
omit their proofs. S < : |

Theorem 3.1. Suppose p(§) is in L1p p (0<p<l) on Ly, then the O’amohy
principal value

PV T, Hivlo, D9 =1V Tae) ™, Huv(, f)«p@f

- 1 1
ewists. Hero no=e¢ (4, 1, 0, +++, 0) Pg*I"Po€ By — Ly, Po:(i -4

>+\/2 I®-D s g

‘veal orthogonal matriz, 2o=6*(t, 0, -, 0)'P511‘P0, 7——-%

6(e) ={£1¢ € Iny, @*[Ro(1-+mo AubEAeE — ) (1~ 78 )12
| +B° [Im (1-+nodoned A" —mof’) (L—2ef)1°>6",
Theorem 8.2. Suppose p(§) s in Lip 1_0(0<p§1) on Lyy. Let

F@=V ()" j Hiy(z, O)p(@)E, 2€ R,

If 2 approaches 770—6‘ °(t 1, 0, 0)-P51FP0'E Biy— Ly from the inerior of Riv
satisfying the followzng condition
|1+nvono§Ao§’ noZ’l I1+ZAoZ’§Ao§’ — 8| <M (M = constant),

then

lim F) =p-0.V Tu)™,  Huvlmo, O0@E+5(og)

&

1 i iOo( 160 1+t3""9 \ voe ) —1 dﬂ
gy o (e (e 1 0 ORI
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where p.v. J ts defined in Theorem 3.1,

Zev(n)
In particular, when B=0, we have

lim F(z) =p.v 'J-LW(OO)HIV (", f)‘l’(f)f: ]éi_glV(LIV) - -{G’(B) Hyy (7']0; f)q’(g)é:

210
where v _
& (s) = {£ 1€ € Ly, Ro{ (L+mAhEAL —noE)) (1—7of')} s},

 Namely, the limit value of Cauchy integral can be represented by a certain Cauchy -
principal valve. . - | |

Theorem 3.8. Suppose f(2) =u(?) +iv (2) s holomorp'hic in Ry continuous in
" RiyU Ly and w(§) s in Lip p(0<p<<1) on Ly, p=6"(, 1, 0, +++, 0) Py I'Py € Biy—
Lyy, then '

o) =p.0. V() [ u(@)ZHnwn, © —Hiv(E, 0)é

R (3 0. )

X%—(TG) 0) —'T(t: —9))(,1&—[-4)(0),
where T(3, 8) = (L+16%) %, p.o.V (Lry) =2 j .

In particular, when B=0 we have
o) =p ¥ Tyt w@F(Hnla, & = Huo (€, D)E+0(0),

Lyv(

is defined in Theorem 3.1,
(Y :

where p. v. V (Lry) '1J’ is deﬁned) as lmol V(L) | v

That is to say, under the conditions of Theorem 3.3, v, the imaginary parbko'f fs
ocan be represented by a certain Cauchy principal value of Cauchy integral of u, the

Syv(e)

.feal part of f.
Theorem 3.4. Under the conditions of Theorem 3.1, the Cauchy principal value

Pp. V. V (L)~ j (b)Hlv("Io; f)?(f)f'—‘ 161_1;-51 V(-LIV)_iI ssﬂlv(ﬂo, §)¢(§)§

1
Lyy v Ds(6,
ewists, where Dy (o, 8) s the complementary set of

{€]€ € Ly, Ro{(L-+nodimhEf — o) (L~ 7F)} <o},
- Im{(A+nodonb EAE —mef’) (1 —26")} <Bs} |
NP - gn-1 arctg & _ . 1 ¢
on Ly, #%=6%(t, 0, -, 0) Pa'I'P,, b=T{-"2”-—L % cos? ﬂt;’lﬁgﬁi ds }
Theorem 3.5. Under the conditions of Theorem 3.2, we have

‘31_1,333 F()=p. fv V (Ly) "IJ (b)H v (”}o, Op@)é

J Lry
o.___._l A {60 ( {60 ‘1+te—i9 ) Ve DP-1 ) . dg
+o 20 jo q)(e M L0, e O)Po T'F L+t 773
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where p. v. V (Lyy) —ij is defined in Theorem 3.4.

Lyv(d)

Theorem 3.6. Under the conditions of Theorem 3.8, we have
V) =p. 0.V T | al@® T (Hun, O —Hu(€, 0)é
1 Ao 100 { 10 1+t6_w ves —1 1 _ _ .
+b %jo uf o (o L0, ,0)P; rp_o)ﬁ_(fp(;, 6)~1G, ~6))dB+0(0),

where p. v. V (Liy)~ I

1 . and T are defined in Theorems 8.4 and 3.3 respectively

§ 4. The Cauchy integrals of matrix hyperbolic spaces

Replacing Theorem 1.8 in [2] by Theorem 1.1 of § 1,and using the same
method ag that in the proofs of Theorems 3.4.1, 3.4.2, 3.5.1, and 8.5.2 in 5], we
can obtain the following results, which are generalization of the corresponding
‘theorems in [B]. In order to save space, we omit their proofs.

Theorem 4.1. Suppose p(U) is in Lipa (0<a<<1) on Li(m, n), then when

: » 0\ (1 0
Z =U{)(g Z1>VOERI (m, n) appfoaohes Q=U, ( 0 Z'1

of the Cauchy integral
F@) =V T, ) p@det (T-2T)T

Ly

)V‘,EL?"‘”, the limdt value

exists and equals

p. 0. V (Le(m, m))= j ., POt I—QT) U

le("h

+_;.(z%%_)”’1 dot(I—Z:25) ™V (Ly (m—1, n—1))~2

v _ 1 0 det(I—UZ})
! 141
* JL’(m—i’”‘l) P (UO ( 0 U:l) VO) det (I — Z1[7'1> i -

where the definition of the principal value is
¥ (L(m, ) [ p@)detT~QT) "0

and

D(s) ={U|U EL;(m, n), o (Re det 83)>+ £ (Im deb §1)*>5%,

— . _ 0 0 ’
§.=1-QU'~UTs+QT, To-=va( ’ Zi)vo, y=%,

In particular, when B=0, we have

lim F(Z) =p. 0. V (Lz(m, n))™

III("b ﬂr) Co)

- o(U)det(I-QU")~"U,
where the definition of principal value is | ' '
P (T, ) p@abI-QT) T,

Redetsi>e
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Namely, the limit value of Cauchy integral may be represented by @ certain Cauchy
principal value.
Theorem 4.2. Suppose qn(U) is ‘in L1pa (0<a<<1) on L;(n), then when

1
Z =U6( ,)VOER, (n), (p>‘1) wpproaches Q*=U, (O 2 ) Vo, the limit value of

<4y,

Cauchy integral F(Z) =V (L;(n))- j p(U)dot (I— ZU’) ) eaists and oquals
p. v. V(L (n))-ij q)(U)det(I—Q*U’) -

<ai'—8,8 )" V (L (n—1)) det (I — Z1.Z4 )]—1

. / 1~-n o
x j e ® (U (O Ui) Vo )det (I—UZh)det (I — Z:T5) T,
'where the deﬁmmon of pmwzpal value ts |
11m V (Le(m)) —1j' gv(U) det (1 QTN
and D'(g) = {U| UEL,(n), o?(Re det Sg)s—l-,B”(Im det §5) <8},
— = — — 0 0 \—
Sz — Q*Q*r +Q8ﬁ_ UQ/* - Q*U’Q’S"’ Qz == U:)< O - )UO.. »
when B=0, we have C
lim F () =p. 0. V (TLu@) | p@)aotT-QT) ™0,
where the difinition of principal value is

Hm ¥ (L ()" j  p@dtI-QT).
Redteszzas
That is 10 say, in this case, the limit value of Catichy integral may also be represented
by a certain Cauchy principal value.
Theorem 4.3. Suppose f(Z) =u(Z) +iv(Z) is holomorphic in Ri(m, n)
continuous in By(m, n) ULr(m, n) and w(T) is in Lip a(0<a<1) on. LI(m n), then

for an arbitrary point Q=U, (3 Z )Vo on L; (m n), Z1Z'<I®Y we have
1
vQ=p. 0. V (T, )2 2w (HQ O)-HT, Q)T

28 "t det(I—Z.Z)~*
+"2‘<a+,8'> V(& (m— 11n 1))

(o (1 0NN
% J. Iy(m—1, n—1)u(_U° ( 0 U:L) V-° )“ (T (Zi; Ui) —T(U1, Z1))U1+'v (0) 2

where H (Q, U) =det (I QU’) (%, Uy = det I- U1Z )det (I—Z 0>,
When B=0, we have

V@ =p. 0. VT, W)Y w@) 2 EQ DY -HT, DIV +200).

Ly(m,n) (o)
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Namely v can be represented by @ certain Conichy principal value of u. Here the definition
of principal value is the same as that of Theorem 4.1.

 Theorem 4.4. - Suppose f(Z) =u(Z) +iv(Z)is holomorphic in- R3(n), continuous
on Ri(n) UL;(n), and u(U) s in Lip a(0<a<<1) on L;(n), then for an afrbztrrary poing

Q= Uo (0 7 )Vo, Z. 7> IV o I (n— 1) we have
1

o @) =p.0. 7 )Y, | u@) LH @, T)- BT, PNV

L))
_~( 28 >,._1 det (I — Z,7)-*
oa+,8 V(Lz(n))

fwhere H* (Q" U) (— 1) ”det (Q*U) *det (I — Q*U’) -
T*(Zy, Us) = (—1) ndet (Z, Uy)det(I— U1Z Ddet(I —Z, 04, . 4
Z. denotes the infinite point of homogenous coord/mates (Zy, Zy) = (0‘”), I “”) in the

Grassmann manifold.

. When ,8 0, we have - o ,

o@)=p. 0. VL[ w@FE@, T)-H'T, Q*))U+fv(Zw),

. 6. v may be represented by @ cortain C’auchy principal value of w. The definition of
principal value is as that of Theorem 4.2.

Replaomg Theorem 1.8 in [2] by Theorem 1.2 of §1, and using hte same
method as that in the proofs of Theorems 3.4.1, 3.4.2, 3.5.1 and 8.5.2 in [B], we
also obtain the analogues of Theorem 4.1, 4.2, 4.8 and 4,4. The details are omited
here : ‘ - :

§5. On the Bochner-Martinelli integrals

 On the Bochner-Martinelli integrals, Lu Qlkeng and Zhong Tongde™ proved,
the following Plemel] formula.
Suppose D is a domain in R*, Q= aD is an orienfable, O? ma,mfold f (z) is a
continuous complex function in £ and satisfies Lipschtz condition, and K @n-0 (2, 19}
is the Bochner-Martinelli kernel. Then, when w approaches wq E.Q from the interior
or exterior of D, the limit values of Cauchy integral '

F (’Ll)) = J.Qf (Z) K @n-1) (z) ’l.l))

are expressed by the following formulas respectively

Fuwe) =p. 0| F@OE an@ ) +5 f w0,




484 | OHIN. ANN. OF MATH. - Vol. 4 Ser. B

Fo(uts) =p. 0. j f(z) K cn-1y (%, o) ——-f(wo)

where p. @ I is defined as lim and Se (wo) is the ball Wl'bh the center W

-0 —QHSa(wo)
and raduis s. :
For the Bochner-Martinelli kernel, we can raise the same questions: Are there

various deﬁmhons for the Cauchy pr1nc1pa1 value as above? Will the value —;— also

change into d1ﬁerent values by virture of the different deﬁnmons?

The answer is negative, the reason is as follows: In the -proof of the above
theorem, the deleted neighborhood around wo is QN S, (wo); Now if the deleted
neighborhood around w, is QM M, (wo) rather than QN&,(wo) (M (ws) is a
neighborhodd of w,, and it contracts o the point w, as g;—>0), then we ocan take g
sufficiently small, such that Q N M, (wo) QNS (o). Since the Bochner-Martinelli
kernel is well defined in C"— {wo}, and it is a closed form, hence, by Stokes formula,
the integral on 2N S, (wo) is equal to that on QN M., (wo).

That is to say, no matter what neighborhood is deleted, the reguls aro the same.

The reason why the kernels discussed above have the different Cauchy principal
values ig that either these kernels are only well defined in the interior or they are
not closed forms.
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