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Abstract

In  [ l ] ,  we discussed the НепЫп-Ramirez integrals and Stein-Kerzman integrals of 
strictly pseudoconvex domains. We found that there are many different ways to define the 
principal values of H -R  integrals or S-K  integrals, so that there are many different Plemelj 
formulas. In  the present paper, the similar problems of Cauchy integrals of classical domains 
are considered. The conclusions similar to [1] and the corresponding Plemelj formulas are 
obtained. Finally, we discuss the same problems for the Bochner-Martinelli integrals.

§0. Introduction

In [1] , we discussed the Henkin-Bamirez (H-B) integrals and Stein-Kerzman 
(S-K) integrals of strictly pseudoconvex domains and gave the general Plemelj 
formula. ¥ e  found that there are many different ways to define the principal values 
of H-B integrals or S-K integrals, so that there are many different Plemelj 
formulas.

Can the above situations happen for the other integral representations? This is 
the problem that will be discussed in the present paper.

Let Q be a unit ball. Then the S-K kernel of Q is (1—m') ~n, and we have the 
Plemelj formula of the unit ball in [1]. When the deleted neighborhood around the 
boundary point is an “ellipse” or a “rectangle”, the Plemelj formulas can be written 
as Theorem 1.1 and Theorem 1.2 in the present paper respectively. In § 1, we shall 
give other proofs for these two theorems. These direct proofs can be easily generalized 
to a more general situation. This is the content of § 2.

In ,[4], the Cauchy integral of Lie sphere hyperbolic space was considered. The 
elements of Lie sphere hyperbolic spaces I?iv (-Ю are the all complex vectors z = •  • •,
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zN) satisfying the following conditions 
f l + | 2J.0s '|S- 2 ? > 0

11—
By Biy we denote the boundary of RiV,

= 1.1  0 M + J L f -*
2 V - l  0 / 2

and by Li? the characteristic manifold of

Riv-
Let JSxv be the set of all complex vectors z = (zlt •••, %) satisfying

Г1+ \zAoz'\a — zz'X ),
I I; 1 | zA-oz' | <0,
Li? is also the characteristic manifold of RjV.

If q>(£) is continuous in LIV, then when z£ R lv or z£R*v, the Oauohy integral

FCLxv)"1 ! E 1y{z> £)<p(Oi (0.1)
J Zriv

. ___  У
exists, where H IV, F  (Liv) and £ stand for the Oauchy kernel (1 + zA0z'zA0z' — ,
the volume of LIV and the volume element of LiV respectively.

In [4], the limit values of (0 .1), as z approaches BIV—Liv or Llv from the 
interior of .Riv, were obtained. By the same way we can obtain the limit value of 
(0.1) as z approaches the boundary from the interior of R$y. These limit values can 
be represented by the Oauchy principal values.

In the section 3, using the results of § 1 and § 2, we prove that the limit value 
of (0.1) can be represented by a lot of distinot Oauchy principal values when z 
approaches В1Т—Liv from the interior of Riv, but it cannot be represented as the 
above when z approaches LIV from the interior of Riv, because the computation of the 
limit value of (0.1) in this case must reduce to that of the Oauchy integrals of 
polydisc, however the polydiso is the topological product of unit discs, it cannot give 
the various results. It is the same for R*v.

In [5, 6], the Oauchy integrals of matrix hyperbolic spaces were considered.
Let Ri(m, n) and R*j (m, n) stand for the matrix hyperbolic spaces I  — Z Z'>  0 

and I  — ZZ '< 0 respectively, where Z  is the mx»i(m<ft) complex matrix. If <p(U) is 
continuous on the characteristic manifold L/(m, n) of Ri(m, n), then the Oauchy 
integrals of Ri(m, n) and Ri(n) =  Rj(n, n)

V (Li(m, n ))-^  q> (17) det“* (I — ZU') U, Z ^ R z(m, n),n)

F (L ,(и))"1! <p(JJ)dern(I-Z U ')U , ZeR*(n)
J Ar(n)

exist. Here F (L j(m, n)) denotes the volume of Lz(m, n) .
In [5], the limit values of, (0.2) and (0.3), when Z approaches Lz(n) from the 

interior of Ri(n) and Rz(n) respectively, were obtained. By the same reason as 
above, it cannot give the various definitions of Oauchy principal value. But when Z 
approaches L£"-1) (1£от-1) is a part of the boundary of R/(m, n), it is formed by the

(0 .2)

(0.3)



matrix satisfying rank ( I —ZZ') =  m —1) from the interior of JRi (to, n), by the results 
in § 1, we oan obtain a lot of distinot definitions of Cauohy prinoipal value and 
Plemelj formulas.

Another important kind of Cauchy-Fantappie kernels is of Boehner-Martinelli 
kernels. Lu qikeng and Zhong tongdem gave the Plemelj formulas of Boohner- 
Martinelli integrals when % approaches the boundary from the interior or exterior of 
domain. It is natural to ask whether one can obtain the various Cauchy prinoipal 
values and Plemelj formulas if one deletes the various neighborhoods as in [1]. The 
answer is negative, this will be illustrated in § 6.
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§ 1. The Cauchy integrals on sphere

Since the ball is a striotly pseudooonvex domain, it is easy to see, the Stein- 
Kerzman kernel is just (1— Therefore, the Theorems 1.1 and 1.2 below are 
the special cases of the Plemelj formulas in § 2.1 and § 3.1 of [1]. We shall give a 
direct proof here in order to prove the Lemmas 2.1 and 2.2 in § 2.

We first consider the case that the deleted neighborhood is an ellipse.
Lemma 1.1. Suppose w= (щ, •••, un), m l—1 then

lim a>2„-i [ (1 -  «а) ~пй =1 —|  ,8->0 J О A \  Ci-r P /
where a = {и\гш/=1, a3(Re(l —wi))a+/33(Im « i)a> s 3}, a>0, /3>0, a+/3=£0.

Proof We first assume that ce>0, j8>0. Since the case of «=/3 was proved in 
[2], it is enough to prove it for the oase of аф 

Pick 0<|O<l, we have

l^coi;1—ij" (1 - pv 1) j„, (l~ P « i)~»u = I + I ',

where & = {u j w f =1, a3 (Re (1 — uf) ) 3+ /39 (Im uf) 9<  e3} .
Let

I' = o>Zn~i\ (1 -р й х)-ЧJaf
Set ui=reie, щ = v2, •••, щ =  <»=('u2, •••> «»), c?=t, /33=1 —£(0<£<1), then the
points of cr' satisfy

f (1—rcos0)a+  (1—t)r3sin3в<8*, от'=1 — r3, 
so

_ f-V(l-C(^+r3(l-2C) +  (2i-l)e3 
008 r(2*-l)

Let

a —arc cos- t - у /  (1 - t )  (i4  r3( l —2{)) +  (2i — 1 )s3 
r (2 * - i)

(1 .1)

then By (1.1), we have
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s /  ( 1 - t )  ( t+ r a('L^2t)) +
. r(2f-l) , ,.s .

о 3
It is not hard to see 1 — rs< —-S= — thus

v  t t

r=<*£-i[ ®f° (l-preie)-” d9 = 2ohL i Im ( s  К р+кЛ+2а>£-1 f ai, (1.2)
JB( s) J-a ' [ j>=1 J J £(e)

where В (e) -  j® = (щ, • • •, a?rt) i vv'<  -JiL— j-J ,

\ e(s) p ( l  — preia) p ’ Jb(*) ^  1- -рте81
Obviously

*-V(l-*)(t+ra(l-2Q),+ (2*-l)ea =r)/ as
;,r(2i-l) 1 ^  h

so a = 0 (sa), and it follows that

2а)2*-г\ av = 0 ( sn+1) i■ . JE(s) ■ . .
Let

Q, — \ /  ( l —t) (f -bra (1 ̂  2t) ) .+ (2t — 1) s2,

then r cos « == so

r* dn cr — ^  /Ta (2# — 1) ̂ i — (2# — 1) sa -h 2Q# 
r sin a ....- | 2 ^ 1 |  ■ ,

When p >  1 -:
K  = _ l f  U  . t~Q  . ^ r \ 2 t ~ l ) t - t - { 2 t ~ l ) s aT W } ~p;
K * p J s w l1 p .2 i - l  9 12̂ —1 1 - J

Set oj = (a?!, cc2, •••, Х2П-2) ,  using the sphere polar coordinates
Xi=sco9q}1} ^ ^ s a u x tp x c o s ^ , 'a!2n-2=:=smxg)18mq)2"‘8mg)2n̂ 3, 
v = s2n~s sin3'1-4 <px sin2"-5 ̂ 2‘ • • sin p2n-ids dpr  ••dp2n-3)

we have

.»-i c ^ - 4 - 1^  2tvn-1 fvvT"— L
Kp р Г ( п - 1) Jo Г  P)

t —Q
2 t - l

_ ad V  ^ (l~  5s) (2t —1) — t.— (2t — 1) 8a -I-2($ ] л2п—3
P |2i — 1| J Г

the absolute value of integrand is

t - Q  у  , 9 j ( l - s a) ( 2 * - l ) - * - ( 2 f - l ) g a+2Qj |~ i

ck,

{(1_p ir^r)a+p;
and its limit value is

(21-1)
„Sfl-3

p
j 2 t - l ^ s 3n-s [ ( H Q - l ) a- H ( l - s a) ( 2 t ^ l ) - t - (2{—1 )s 4 2 Q i \  * 

as p-> 1. It is not hard to prove that there are tjo> 0, 8>0, such that
( i-1-Q- 1 ) a+<(1 - s3) ( 2 t - l ) - i -  ( 2 t - 1)s9+2Qt>Vo$a - . (1.8)
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for ,e(°, У- ^ - f ) ,  в есе , S).

, J I l U l
Thus

"When p < n —l

By the Lebesgue theorem
lim J P= lim lim К „ =  0.
e-»0 jo-»l

/  2e s8
r _  2mn~r  f -H -Q -l

' ( n - i ) l  Jo I  2t — l

i - i  ( l - s 3) - t - ( 2 t - l ) s s+2Qi' j-» -»
| 2 f - l |

s8”~3 ds

2<wn-1 p r ^ + Q - l  
(и—1) ! Jo L 2t — 1 -

, \Ji(2t ~ l )  ( ± - r ? B ? ) - i - ( 2 t - l ) s * + 2 Q t  riBn-aRaii-3dBt
.| 2 t—; 1 1 ■* *

where ту 

Since

_  /  2g ea
V  V T  *

, s==T?i2.

i-l+Q 1n-s i-14-4/(l-0a+(2i-l)(l-i)r/ai28+(2#-l)ea _i2a s
97 2#—1 V ”  W - l

and

Ty8 |2#

1
^rq-j* (21 - 1 )  (1 -  rfW) ~ t (2 t~  1) в8 -  2Q ty

\ j t  t )  ■.
we have

T 2 V " 1 f1
r$5 £'

R an~3d R (2z)n~x f1 un~achi
» -i - f ( w) lo  (ад—£6 ■ s/l-' W8)'*-1,

i
where 6 — by—j  j . Let w=cos 9} then

I im /„ _ 1=  —
e-»0

(2 jf) ”- t
i r ( n ) ( i + b y - i  чл  7 l ' - b  \ io J - 1' d9‘

(еа<9+ 1 ) я- а(ба̂ - 1 )

0 (3

Since 6>0, - l < y q - | - < l ,  we have

“ 5  %  i ^ y o u o i ^ { k ^ f

X
•4(_1)1)+з+1_1 ^ _11

j r + g + l  Р+Я -* ^Xl+b)”-1 2 ^ '(1+b)
1__Vby - i  J .
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Then.

Im(Hm Л - 0  - t o  (1ю Л _0 | - ( T | y

Now we calculate

Л -Н ш ^ о -  f log r f f ( \  f 7T”"r s2- Blo g (l-re“) * .jO“>i 1 а д  1 —e*e 1 (n —1) Jo 

Since Im log(1—reia) = 0 (1 ) ,  so J 0= О(e”-1) .
In summary, we have

lim lim Г  — — —-
e->0 p-il й*2п-1

nvn 1 / 2  \»-i
( м - 1 ) !  2 \  1 + b  /

1 /  2 \» - i
- 2 U + 6 i  0

"S*
Substituting b =  -̂) =-j| into the above equality, we have proved Lemma 1.1

for the case a > 0, £ > 0 .
When a=0, /8>0, this was proved in [8].
When a > 0 , /8=0, Lemma 1.1 becomes

lim w it  i f  ( l -w i) -nM=l, (1.4)
e—>0 J <tj

where cri =  {«| ш '=1, Re (1—Mi) >  s } .
The proof is similar to the case /S>0. Taking 0 < p < l ,  we have

l=o)2n-i\ (l-jOMi)“nM+oi;1_i| ( l -p « i)  ~пи= 11+Г1)Jo i Jir't
where <r'i =  {m | m! — 1, Re (1—щ) <  s } .

Similar to (1.2)

l !i = 2o>Jn1_i Im{ 2  ITp+JTo 1 + 2cj2„1_i f m,Lf5i J Jvv'<2e-e>
1—swhere a=arc cos —- —. As in the case /3>0, we oan prove

f a v= o (l), / Р= 0 (е я"9_1), / 0=о(1), p —1, •••, л -1 .Jvv,<2e—ea
At this case

2тп~г s3n-3ds
(м- l ) !  J0 ( e - i^ e - e * - * » ) " " 1"

/ 2 s f 1 R3s- 3t?I2
“ ( м - 1 ) Л  e j J о ( 1— 1 Ra ) *

where ?7= V2s — sa, s=r]R,
The absolute value of the denominator of the integrand is

(1+7?as-a(1—Ba) ) =  [1+ (2s —sa) s _2( l —Ra)] ^ > 1 .
By Lebesgue theorem, lim /„ _ i=0, so lim Ji=0,The proof of Lemma 1.1 is complete.

e-»0 e->0
Using this Lemma, as in [2] , we can prove the following Plemelj formula: 
Theorem 1.1. Suppose f  is m  Lipa on ш '= 1 , v is an arbitrary pomt on
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им'=1, then . ;

( M m )  c*sU / ( , )  + „ . «.

Here the Cauchy principal value is defined as 

P ’ -J L -f  - iim  1 f f ( u\ u f
0)Sn- l J u u ' = l ( y )  ( 1  — ш ' ) П «->0 (Она—1 J<r — ’ f t

a
> У^~о>

where <г= {м|ш /=1, a2 (1—Кете') 3 + /32 (jimm') 2>  s2} (The definition of К -limit, see 
[9])

It is clear that this theorem is a generalization of Theorem 1.3 in  [2] (see 
[2 ,3]).

Now we consider the case that the deleted neighborhood is a rectangle. 
Theorem. 1.2 Suppose f  satisfies the same condition as in Theorem 1.1, then

(IT-lim)—-—f -/М У  .= b f(v ) + p .v .  - i — f
x-*v 0)2n - l J m '= l (1 —  z u ' ) n °>2n-l j  uU'=l(b) ( 1 — V l l ')

where Ъ - 2n-a
sv

|  э cosn~at dt|, and the Cauchy principal value is

defined as

Р . „ . — | / » ) -
1 .....  /ч /N" *0 0)a/ , - l J D t iv,s

.... —I—Г
0)2n - l  J uW‘

u,
0)2n - l  J uU'=l(b) (1 —  V u ' ) n e-»0 0)2a - l J b *(«.s) (1 — V u 'n)

D*(v, s) is the complementary set of D(v, s) on им! — 1 and
D(v, s) =  {m|им'=1, 1 —R ew ^ a s, [ImW |<)36}, a>0, j8>0. 

To prove Theorem 1.2, it is enough to prove the following 
Lemma 1.2.

lim
£->0 0>2/s—JШ- l  JD*(v,e)

U 2«- г,  p , g  sin (n -l)i Д1 (15)
12 Jo suit у  4 '

o sint }•

( l -И д )"  ^

Proof It is only need to prove

H m - J - f  — - i —s->0 J B(u. e) (X— Mi)n Я.
Since

D(®, s) =  {ад|гт' — 1, 1 —R eW <ae) U {u\m !~1, |1тш '|< /3е}
— {и | им'=1} U {и I Щг= 1> 1—Rem'>oce, | 1тш ' | >/3s} 

it is known that (see [8])

limwi^i f (1-йз.) ”ям = 0,
e->0 J m ’= l

1—Re«»<ae

l i m ^ f  ( 1— 2ft_a.
e-»0 J m ’= l

iImnj|</Js

Thus we only need to prove

lim a )it if  (1 - uf) 1 - faCC‘S®cos"-21 d t . (1.8)e->o J«S'=1 . _ . JF Jo sm t 4 7

(1 .6)

(1.7)

1—Beut>ae, llmut I >Bs
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When /3=0, (1.8) is just (1 .6). When a = 0, by [1]

I
я_й sin(w —l ) t<sosn-?t -db=-io sint “'l' 2 *

(1.8) is just (1.7). So it is enough to prove the theorem for1 the ease <%>0, 
It is not hard to see that

1 f -/f"® . С*-»Л d$
— J2ft—1 Ji ......4  '

* d U C - . * r > T i * r * «

&>2ft-l Js(e) (1 —  m ) П <*>2n-t rei9) n'

where
8  (e) =  {w 1 m f=1, 1—Re Ux>as3 | Im щ, | > /Зв},

M (s) = {'У | vy/<.2a8 — (a2+jS2) s2},
ДГ(в) - { « |2 м  — (о Р + Л в * < ^ < 1 - /8 » в»}.

Since • :

Г 0 (1 -  rew) - ad e + [ * ~ \± -  reie) -4 9  = 2 Im (В* -  Д,) +  2 (® -  a -  6),
J  -<5г-Ь) J a  ___

where

and

71— 1

Д 1 - 2k=1
n—l

k-1

k( l-hre-iby  1о2 (1+яГЙ)*

^ ( l- r e ia) fc ~ l0g f1 “  Ге<̂  '

a = arc cos as-  Ъ = s in - ^ -  
r r '

heuce

I 1=2co2»-iIm (S j—5 2) v + 2co2?ih. i (ov—a — b)v
J M(e) J M(8>

= 2co2ft-iIua [(̂ S   ̂— 2  f̂c— ^°)] j*  ̂(я; — а — б)1»,

where

/ 0= f  lo g ( l+ re _i6)«j, / й= 4 -[  (H - re -®)- *̂ , & -1 , •••, n—1,J M (s) lO J M(8) '

JT0= f  - lo g ( l—reia)v, K u= ^ - \  ( l - r e ia)~lcv, k = l, •••, n - 1 .
J M(8) Ю J M(e) {

Since l+re~ib =  l  +  V  г2—$ ава —'ifZs, we have
2%п~г — (aa+$a)ea

/й =  Ы > - 1) Jo s2®-3 (1 + V P —/Ŝ s2"—»/3s) ftds.

‘ The absolute value of1 integrand does not exceed s211-3, so Jlc = 0 (sn *) and

/ о - J  l o g ( l + f O « “ T ^ Z i5 - J e s2»-3 log (1 +  V  та—jS2 82 —i fields.

Thus. Im Jo—О(e”-a) . On the other hand, sih.ce 1—reia—a s—i  V  г а— (1—as)2, we 
have ImjK'0==0 (sn-1). By the inequality
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.. ft
|sSn-3(as-Wl-— s3- (l-«e)a) 7 й | <(«a4-/S3)“2s-I: ( Л з -  (а2+/32) e2) 3re-3,

9 _ » - l  /•V'2«s-(ce»+/8»)8“ __________ • : -
К ^ Т Г Т — Чл I e""“8( « e - i  V  1 - s 3-  ( l - a8F ) " ^ s  =  0 ( e ^ ft- 1) 4(ro—l)Jo

Finally
2%п~г fV2ae -(аа+йа)е3

......... s3,*-3( « s - W l - s 3- ( l - « 8 ) 3) ' (!i-1)ds ,

[ гда«-з R  _  _ i_  V l - ^ 2- ( l - a s ) 2 ] - ^ d R ,  
\ a s  /  Jo L as

P («) Jo
2зР»-1 / 4 ^ 1  гг

Г  (гг)

where 17= s/2as — (a2+/32) 83 , s=rjR. Since
. . i ■ •" •’

—  V l-r /2i?2- ( l - « e )  a -  f —  (1 -  P3) (2 -  as) + -£ £ - ]*  -  О (e~*),

it follows that limZ'„_1= 0. Using the same method, we have (sr —a —6)v= o (l). 
6->0 , J Jf(s)

Henoelim I 1= 0 , ' ' ;
6->0 ■

Now we calculate I 2 4 -

»+ l.
= 2o)2„1_iIm|^ 2  -Pft- Po} — ( S  Qft—Q o )l+ 2(U2n-i f (ro — 26)^,(\ft=l /. \ft-l . / j JW(e)

where ^ (s )  =  {o)|i?3<'a^,‘̂ l —/S3s3}

P0 =  f log(14-re~ib) % :  (1 + re~iV}~4,_;b= 1, • • • > w—1 ,
J N(e) № JN(a) 1 '

Qo= f lo g ( l- r e ib)v, Q ft=-r[T ( l - r e 4b) - 4  Jc=l, •••, ra-1 .
J 2/(8) tv J Щг) .

It is clear that
f bv = o(l)

and

so

lim f от ** Ilm яг[ ( V l - /32в3 ^  2]
6—>0 J2f<a) s-»0 i  (fll) 1 \n)

, lim 2co2n-i f (sr — 26) -u=1.
a-*0 J N(s)

On the other hand
fVl-yg»*» . . _____

P *"T r » - i J j ,  •“ - • ( I W r ' - j S V  -W e )-* *

A-i (flv—Xj Jo

. f% ^-aP2»-3( l - y 4/ l ^ ^ ^ s ) - % P 4 o ( l ) ,  ал;
« U  (fll —  1) JO

where y = V 1 —/33 s3, s= yP . When e-»0, Pfc tends to a real number and limImPB=0,
' ' e-»0

(K A :< n -l) . Similarly, Im P 0=Im Q o=o(l). Since 1 - reib= 1 —V v 2- ‘,82s2 —i/3s)
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Qic 2vcn~1
Ь Г (п -1)

fv'i— й»еа __________s2»-3 (1 — V l —s2 — ̂ g 3—̂ gg) ~fcds.

It is clear that

£  s3"-3 (1 -  V I - s 2- ,3  V  -  £/3e) - fc(fe= О (в*-*-1) ,

|j i  узп-адзп-здд1 /*Vl — /?263 .
Jo s3»-3 ( l  -  V l  -  s2 -  )8 V  -  ifie) ds

i f 1 Ran~3dR 
""Jo (1 — V 1 — Ba) fe '

when Jo<n—l,  the integral of right side converges, so
]imQft=real number.

(1 - y ^ /T - lF - iP a )*

6->0

it .follows that lim Im Qb= 0 (Jc<n—1). Finally
6 —>0

e "-i - f ^ s2”' S(:L~ v / ~ s2 ~ m )
ds 2scn~1 ({у

Г (п )
Note

so

and

Since

Г1== y an-aR2n-z( l _ r V l — Ba —i s / T ^ f  ) - (n-»dR
m

: on-s—»
l i m l m T ^ - ^ -  
e-»0 JL (jftJI

Г, = ( 1 -  ls /y a-r jaBa- Ф ) -b-VdR.1 (n) Jo

(уа-7)аВаУ =  ( l —/32e2 — 072Д2)^ = 1 —aJ22s+ 0 (g 2),
(1 -  V 7 2 -  V-й3 -  i/3e) "-1 = ( « ^ - ^ " - V ^ + O C s ”),

and nan-aRan~s = (2«e -  (aa+ /32) sa) ̂ B an~3, hence
2rcni f 1.

0 Jo
(2«) rt—1

Й ?T* r(ri) Jo (ccRa-^i0)n
k

n-X ' V-Ran~4B (2 c7t) *n-1 f 1 »,n-
Г

un~adu
I'(w) Jo («—$с)п 1'

where c= — An easy computation shows that a

Im( £ т а М  =arot* T - S  4 d- Im(T^r)

_ ero te j - S  * *  ( m tg  j )-
and

limlm Q„_1= - |^ .(2 " -V - :2 » -a arc tg ^ + 2 ’- аЛл),

where A„= g  ( - l ) fc+1 sin b (arcig J-). Hence

limJ2—1—2n_a( l —— arctg )
’ e-»0 \  SC SC /

By [1], (1.8) holds.
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§ 2. Two Lemmas

It is not hard to generalize Lemmas 1.1 and 1.2 to the following Lemmas 2.1 
and 2.2.

Lemma 2.1. Suppose y =  (y%, •••, y f), yy'^ l,then

[1“ (!'1+*!'2)] 'Г  ’
where o-(e) =  {y\yy '= 1, aa( l —y i)a+ fisy t> s a}, con- i, у stand for the volume and the 
element of volume of yyf =“1 respectively.

Proof When N = 2n, this is just Lemma 1.1, so it is enough to prove it when 
IV = 2я+1. It is known1-43 that

e .
( l-p ty i+ iy a ) )  f y -  1,

J y S '= l

so we only need to prove that

lhu Ihu (l-p (2/i+ % 2) ) _ ^ +̂  *

where cr'(e) =  {y[yy'=l-, а2(1—2/i)2+ fi2yl< ss} . Let

I  = o) 2n\ (1-р(У1 + гУа))~(П*^У
J  0"4«)

and suppose a> 0 , fi> 6 . Set yi + iy^re® , v =  (y3) •••, ysn+i), then

I = o)2n f vf (1 -  preie) ~ dQ,
J P(e) J - a

where P (s) ==|,w j

a = arc cos * ~  V  (1 - ft ( t+ r2 (1 -  2 0 ) + ( ^ - jV  ? ^  1 - # = ^
r\M — X)

Using the same method as that of the proof of Lemma 2.1 in [4], we have
2(a __N f  n 1

(1 -p re ie) ^ ^ = 2 Im  j S t — T \---------~
^к~г (h— (1—pre<a) H r

-2 log 7Г------- jj-l +  2e,1—ere*® J1 + \ / 1 pre'

so

where

1  =  2соЛг1]

4= 2fl(UjyLi1
M e )

IIо
4 af lo g -

J w  1

f .  .

‘{ s  £“+£“}+ L ,

v

( * - y )  ( f - p r e ia) HrГ , Л.=1, n;
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Im  Zr0= о (1 ), lirQZfc==0(e”-A!) , K J K r o - 1 .
p->i

Similar to the proof of Lemma 1.1, it is easy to show 

Since

n/‘aia = .______
2 t - 1

r,<a_  t~ Q  u V r \ 2 i - l ) t - t - ( 2 i - l ) s a+2Qt- ,
\ 2 t - l \

where Q =  V  (1 — t) ( t+ <ra (1 — 2t) ) -b (2i — 1) sa, hence

J rt=lim Zn—7— T
(0->l • / „ J-

2orn~^
f  2e 6 » \  1 л

( -± K (*  #  1 * " 1

, nA (2*-1) ( 1 - s3) (2̂  — 1) sa+2Qt
ъ—  ' \ 2 t - l \ .  J " 4s

2tnT~* : f1 r±t£ii1 J o L 2i — 1

,  — ( 1 - r m - ^ ( 2 ^ - l ) e 2+ 2 ^ r ŵ ];3ti_lj?2n_¥ ^  ,
. . 2 t—1 J

/  2kwhere 7)=^—̂ ==— —j , s=7?B. As the proof in § 1 

a t —l+ Q  _  Ra . a v .
2£-l 

-2 1
2*- j r { ‘(2 < -l)( 1 - « - ? - ( 2 г - 1 > б 8+ 2 ^ - 1 ( 1 4 т )Т(1-В *)Н о(8).

Thus

/ = lim J n
6 —>o

2я;п“ *

_  (2я;)я~2- ,rf  cosn~?9 sin в сШ / , _  /~ Т ~ \
~  Г ^ + ^.) Jo (cos0-&5 sin0),l~* '  ~У

Ran~adR

Note that
з

. cos : ^  e  sin 6 J 1 e+ l ) n~s (еш —1) / , _  1 - 5
(cos#— £5 sm6)n~v ъ (l+5)n-̂  (l+cte219)B~^

’-1 )  ( f 1 - 5  \
i ~  {d ~ T + b ) -

J
i ( l + b ) r̂ i:

* (e2i9-l) (eai9+l)"~^fl
( l + d ^ o y - v

n*Vl _l 7ЛИ_? ''l +  ̂ 62i9) nT?

( w - - | + ^ - l ) . . . ( W- | — p )

i ( l+ b ) n~? ^ J0 (l+ d eaie) n̂ t 

%1 OO GO
L s  si ( l + 5 ) ”_ 2 H ( = o

=real number+ a -̂ r  -----—-
2 (l+5)?

p\q \ ( -  l)8dafVt<3,+a)9 (eai9 - 1 )  dO
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Then we have

Mm lim I = —- —
e-»0 p->l

(2%) ”4 3V

■г (’*+ т )  2 (1+6)'

_ ___I f  2/3 \
n-|- 2 \ «4-/3 /

« 4

Lemma 2.1 is proved when a> 0, y3>0.
When a=/3, it is just Lemma 2.1 of [4].
"When ri=0, j3>0 and a> 0 , /3=0, the proofs are similar, we omit the details. 
Lemma 2.2. Suppose у  =  (ylt • ••, Уя), yy'=^, then

lim o)n~x [ . ( 1 -  f 8S cos'1'2t dt
e-»0 Jl5*(pi,s) ШГ l  A JO  S i l l#  - J

where D* (pi, e) is the complementary set of {y J yy'= 1 ,1 —yx<ae, | y21 </3s} on yy- = 1. 
The proof is similar to that of Lemmas 1.2 and 2.1.

§ 8. The Cauchy integrals of Lie sphere hyperbolic spaces

Replacing Lemma 2.1 in [4] by Lemma 2.1 in the last section and using the 
same method in [4], we can obtain the following results, which are the generalizations 
of [4]. Because the details of proofs are similar, we only state these theorems and 
omit their proofs.

Theorem 3.1. Suppose <p(£) is in Lip p  (0 < p < l)  on LiV, then the Cauchy 
principal mhie

B „ ( m ,  O f ( S ) i - ^ r f L „ ) - 4  H „ ( n ,  £)?>©£
JZi ivCr) e-*0 J0(8)

exists. Here r]o =  eie,‘(t) 1, 0, *••, 0) РогР Po £  Biv—Ljy, P 0= (  . ) 4- V  2 P N~a)isa
\ i  — ъ J

real orthogonal matrix, %= eiea(t, 0, •••, 0)РогГ Po,

(?(e) = {£\£eLm a ^ m il+ y o A v ^ M '-y o i') (l-4f)]a 
+  /33 [Im (1+г,оА у'оШ Г - У о£') (1-5оО З  W } ,

Theorem 3.2. Suppose p{£) is in L ip p (0 < p < l) on LIV. Let

■ . ■ J LIV

I f  % approaches »7o=eie°C*, 0, •••, 0) Po Po €  -Biv ~  Liv /row Йе interior of RiV
satisfying the following condition

11 + ^oA^olAI' -  111 + zA0z'£A0£' -  ssf' | -1<  Ж (Ж= constant),
then

J biv(7)  ̂ \  i p  /
1+&Г19

, * 4 J T  « ■ И ' *  °> ° ) ™ >
d0

( l + t e i9) ^ a
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wherep.v. I is defined in Theorem 3.1.JInvCy)
In particular, when 0=0, we have

*-»4o
where

И т Р |» - з > .Л  Я и С ^ й ^ й г - И т Г С З Д - ^  и „ (ъ , £)<p(£)l8-»Чо J £iv(") e-»0 J G'(s)

G \e) = {$\££Llv, Ее{ (1 + voAov'otM'~Vo?) (1 - io£')}>s}.
Namely, the limit value of Cauchy integral cm be represented by a certain Cauchy 

principal value.
Theorem 3.3. Suppose f(z)  = u(t)+ iv(я) is holomorphic in Riv continuous in 

RivULiv md u(£) is in Lipp(Q<p*^,l) on L1V, r\= ei9a(t, 1, 0, •••, 0) Р ^ Г Р о ^ В ^ — 
Liy, then

-p .„ .  г с а д -1 ( u ( f ) i ( H ir (v, o - B „ ( £ ,  v) ) iJt ivOy) v

* l ( T ( t ,  e ) -T ( t ,  -e))dd+ v(0), i

where T(t, в) = (1 + teie) p .v .V (L iV) -1 f is defined in Theorem 3.1.J Viv(y)
In particular, when 0=0 we have

u(1 )U h „(v, Й - Я „ « ,  ч) ) |+ » ( 0 ) ,J -ZilvC0®) v

where p. v. V (Liv) -1 1 is defined as lim V  (L1V) -1JsivCoo)  ̂ e-»0 JG'(e)
That is to say, under the conditions of Theorem 3.3, v, the imaginary part o f / ,  

can be represented by a certain Cauchy principal value of Cauchy integral of u, the- 
real part of / .

Theorem 3.4. Under the conditions of Theorem 3.1, the Cauchy principal value 

p .v .V O w )-1 f Я „(чо, Я :у(чо, { )v (O ie->0 JDbCl o.e)
eceists, where Db (%, s) is the complementary set of

{£ | £ G Liv, Ее { (14- Ao£' ~ Vo%') (1 ~  %o£') } <  «s},

Im {(1+rjoAorfo £ А Г ~VoF) (1 ~  *o£‘') } <fie}

m i .v , zo-e‘-(«, 0, 0)Р„-»ГР„, * } .

Theorem 3.5. Under the conditions of Theorem 3.2, we have

lim (г) =p. v. V  (iiv) ■"1 Я iv O/o, f ) <P (f ) £
г->Чо . J-Е iv(b)

d9
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where, p. v, V  (L iV) -1 is defined in Theorem 3.4.J iiv(b)
Theorem 3.6. Under the conditions of Theorem 3.3, we have 

№ „ ) - '(  « (0 -т (Д .у (ч , n))i
JluvCb) Ъ

+ ъ^ * { ° л (‘“Щ ^ Л Л - " , о ) Ъ 1Г Р » )± (Т (Ь в )-Т (1 ,-в ) )М + ф ),

wherep. v. V  (Lif)~1l and T are defined m Theorems 3.4 and 3.3 respectively
J -EivO) '

§ 4. The Cauchy integrals of matrix hyperbolic spaces

Replacing Theorem 1.3  in [2] by Theorem 1.1 of § l,and using the same 
method as that in the proofs of Theorems 3.4.1, 3.4.2, 3.6.1, and 3.6.2 in [5], we 
can obtain the following results, which are generalization of the corresponding 
theorems in [6]. In order to save space, we omit their proofs.

Theorem 4.1. Suppose <p(U) is in Lipa (0 < a < l)  on LT{m, n), then when

Z = U'o\ jFo£Ri (m, n) approaches Q^Uо \ ] F o the limit value
\  0 Zx) \ 0 Zx)

of the Garnhy integral

F (^ )= F (L / (to, n))*1 ! <p(U)det ( I - ZtJ')~nU

exists and equals

p. v. V  (Lx (m, n) ) -1 f <p (U) det (I -QU') ~nU

+ - § (m—l,  « - 1 ) ) - 1

„ f  J n ’ l 1 °\v \ -M l=3M —n
where the definition of the principal value is

l im F (£ iO , n ))-1 f cp (U) det (I — QU') ~nU
e->0 J D(e)

and
D (s) =  {171u e L x (m, n) , a2(Re det Sx)2+ /32(Im det St)2> s 9}, 

St -I-QU'-UT'„+QT'«, Т .-щ (° 0 | J fo, y - ~ .

In particular, when /3=0, we have

\rmF(Z) =p. v. V  (Lx(m, w » -1 f cp (U) det (I -  QU') ~ntj,
s->6 , j b,(m,n)(<»)

where the definition of principal value is

liraF (Lx(m, п))"1!  p(U)dei(I-QU')-nU.
, , *-»0 J  Li(m,n) . .

Redetsi>s
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Namely, the Umit value of Cauchy integral may be represented by a certain Cauchy 
principal value.

Theorem 4.2. Suppose p(JJ) is in Lipa (0 < a < l)  on Lr (n), then when 

Z=U'o ( P ^  jFoG^K^)^ (p>  1) approaches Q* = U'o(^ ^  ] V0, the limit value of
\0  Ztf \ 0  Zi]

Cauchy integral F  (Z) = V  (Li (n) ) -1 f ф (JJ) dot (I —ZU') ~nU exists and equals
J LxCri)

p. V. F C ^ W ) " 1! Ф(JJ)det( I —Q*U')~4J
J XijCri)

x f  “ V o ) d e t a - i 7 ^ i ) d e t ( I - Z 1P 0 1-Y a,
jL jC n -1) \  \ 0  U l J  '

where the definition of principal value is

lim V iL ^n ))-1 f ф(и)йв-Ь(1-0?и')-*и
e->0 J  D’(e)

and D'{s) = {U | U £  h (n ) , a2 (Re det SJ) 2+/32(Im det S2)2< s 2}, 

when /8 = 0, we have

lim F (Z) =p. v. V  (Li(n) У 1 f ф(JJ)det (1 - QJTJ') ~nUt
г->е* J l m

where the definition of principal value is

И тГ С М м ))-1 ! ф (JJ) det ( I —Q*U') ~nU,
s-»0 J Lx(n) _

Redtes2>8

That is to say, in  this case, the limit value of OaUchy integral may also be represented 
by a certain Oauohy principal value.

Theorem 4.3. Suppose f (Z)  =  u(Z) +  iv (Z) is holomorphic in R1(m} n) 
continuous in Rj(m, n) U Li(m, n) and u(JJ) is in  Lip a(0<os<l) on Li(m, n), then

for an arbitrary point Q=I7o

V(L,(m, л ) ) -1 Г l u ( U ) ( B ( Q ,  U) -H (U ,  Q))U
' ' ■ J z ,I(m,nXy) Ti 

l t  2/3 V -1 d e t C I - ^ i ) - 1 
2Va+/ 3  7 V ( L J m - l ,  n -1 ) )

xf d.xrf1. ЛгЛит^т-тфг.г^Ъг+Хо),J L ,(m ~ l ,n -1 )  \ \ 0  Ux/ ' Ъ
where H  (Q, U) =  det (I  -  QU') "я, T {Z1} XJf) =  det (I  -  (.I  -  ZJJ’f) x~ \

When /8=0, we have

«. r(L ,(m , » ))-» ( U ) - E ( 0 ,  ® ) t f + < 0) .

\ V o  on h im , n), ZxZ'KF"-»



Namely v can be represented by a certain Ocmchy principal value ofu. Here the definition 
of principal value is the same as that of Theorem 4.1.

Theorem  4.4. Suppose f  (Z) = и (Z) +iv (Z) is holomorphic in Rj (n) , continuous 
on Ri(n) U Li(n)} and u(JJ) is in Lip « (0 < a < l)  on Lj(n), then for an arbitrary point

< 2 * - w (  * f \ r 0, Z ^ > I ^  m L ',{a -i),w ehm e

(V (£ ,(» ))-»(JLi(nXy) ъ
1 / 2 / 3  \" -1 det (I-Z iZ 't)-1 
2 \ a-f-/3 / V(Lj(n))

jTjj(n~ly \ \ 0  UJ / г

where E*(Q*, U) =  ( - 1 ) ndet(Q*L)ftd e t( I - Q*U’)
T* {Zu Li) =  ( - 1 )  Met (Z, Uf) det (J -  VxZ'f) det (I -  ZfJp  ̂  .

Z<» denotes the infinite point of homogenous coordinates (Z1} Zf) = (0(я), I (n)) in the 
Grassmann manifold.

When /3=0, we have

v m  =p. V . V f u(U)-^-(H*(Q*, U) - H \ V ,  Q*))U+v(Zf),
J  £ ,(» )(« ) t

i. e. v may be represented by a cortain Cauchy principal value of u. The definition of 
principal value is as that of Theorem 4.2.

Replacing Theorem 1 ,3  in  [2] by Theorem ,1.2 of § 1, and using hte same 
method as that in  the proofs of Theorems 3.4.1, 3 .4.2, 3.6.1 and 3 .6 .2  in  [6], we 
also obtain the analogues of Theorem 4.1, 4.2, 4.3 and 4,4. The details are omited 
here.
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§5. On the Bochner-Martinelli integrals

On the Boohner-Martinelli integrals^ Lu Qikeng and Zhong Tongde1-73 proved, 
the following Plemelj formula.

Suppose D is a domain in  R2n, Q=8D is an orientable, C2 manifold, / ( 2) is a 
continuous complex function in  Q and satisfies Lipschtz condition, and К (2, £) 
is the Boohner-Martinelli kernel. Then, when w approaches w0£ О from the interior 
or exterior of D, the limit values of Oauchy integral

F(w) = \ f  (2) К  (2n_t) (2, w)JQ
are expressed by the following formulas respectively

^<(адо)=Р-'y-J0 /(2)-ST(2»-i)(^ w o ) + y /( w 0),
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Fe (wo) =p. v . Ja /  0 ) К (2^1) {%, Wo) —J  /  (w0) .

where p. v.\ is defined as lim , and Ss (w0) is the ball with the center Wo
J Q 5-+0 J £J—£? Г1 j$a(W?o)

and raduis s.
For the Bochner-Martinelli kernel, we can raise the same questions: Are there

q
various definitions for the Cauchy principal value as above? Will the value also

change into different values by virture of the different definitions?
The answer is negative, the reason is as follows: In  the proof of the above 

theorem, the deleted neighborhood around w0 is Now if the deleted
neighborhood around w0 is (w0) rather than Qf\Ss (w0) (Me, (w0) is a
neighborhood of w0, and it contracts to the point w0 as si—>0), then we oan take e* 
sufficiently small, such that Q П M8l (w0) czQf]Se (w0) . Since the Bochner-Martinelli 
kernel is well defined in  Cn— {w0}, and it is a closed form, hence, by Stokes formula, 
the integral on Q f) Ne(w0) is equal to that on Q П MSx (w0) .

That is to say, no matter what neighborhood is deleted, the results are the same. 
The reason why the kernels disoussed above have the different Cauchy principal 

values is that either these kernels are only well defined in  the interior or they are 
not closed forms.
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