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Abstract

Some formulas are established to caloulate the number of leaves on all structurally
different ordered trees with nodes, and the total leaf path length and the total node path'
length for those trees. Certainly, respective average numbers are obtained (the average path
length may be considered as the average height of random ordered trees with n nodes),
Actually, this paper presents a genei'al method dealing with some classes of combinaorial
problems on ordered trees;

1. Introduction

The present pa}jer aims at disoussing some combinatorial problems on ordered
trees with n nodes. The author proved:™ if we denote the numder of all structurally

' . 2n—2V
different, ordered tress with n» nodes by d, (it is known 1sh_at d,.=b,._1==% < " )),

n—1
| o o2
then the total leaf number of d, ordered trees with n nodes is —g-, d,,=~é— ( " 1) for
n-—

n>2, that is to say, the average leaf number is —'721 for n>2. “For the purpose of our

'discussion we will first give a new proof for this result, and then discuss other

combinatorial problems such as leaf path length, node path length, ete.

Throughout the paper, all discussions are concerning with d, different ordered
trees with n nodes, and all these trees are alike,

For each node &V of an ordered tree, there is a node path from the root of the tree
to N, consisting of a sequence of edges. If IV is a leaf of the tree, then the node’ pafh
is also called a leaf path. If IV is an internal node of the tree, then the node path is
also called an internal node path The number of edges ox the path is calleb its
length.

2. Leaf Number

Theorem 1. ILet L, denote} the total leaf number, then
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n—

Li=1,

2n—2
Ln="j;< 4 1) ’l/f n>2,

Pa"oof An ordered tree Wl‘bh n-nodss hag one subtree at least n~1 subtrees at

most. Thus, for n>2, we have the followmg recursive rela.tmn
| L Ln-i :

the contrlbutlon of the frees with 1 subtree
+2 dgL;

$,5>1,4+j=n~1
the coniribution of the trees with 2 subtrees
+3- 2 dhdiaLia :

€1, 83,8521, 83+ 83 Fdg=n—1
the contribution of the trees with 8 subtfees
+re > Aoy, L,

$1,42, o0, 1, T R o bty =n—l
the contribution of the trees with = subtress
+ can
+ (n—1)d3 2L,
the contribution of the tree with n—1 subtrees
=Ly y+2e > b,L;

§20,7>1,+f=n—2

+ 8- $1,4320,85>1, ﬁ2+¢,+-..+¢3=n_3bi‘b€’L“
eoee :
* ool L
+'r 61 Bgs 4 y=1> 0, 6,;;1_””_ 'Hr"n—'rb b@g , bir'x ("
e
-+ (n—1) b8 ~2Ly,
R ' - L1 o= 1’
1—-A1-42 & - | n .
and : PL(2) = i L,

then the generating funoction #(z) satisfies
L) =2L(2) +22B(2) L (2) + 8B ()2 YL (z)
doos Bt B(2)IL(2) oo t2

1 42
=z+zf’g@ RO 10 LA C Fr 4)2 (z)’

therefore . _
' _2.. 2 1
| YO=3ts Aim
Thus we have (1), and the theorem is proved.
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Corollary L. Let 1, denote the average leaf number, then

=" if n>2,
2
=1,

Iy

3. Leaf Path Length

Theorem 2. Lt P, denote the total leaf paih length of ald structurally different
ordered trees with m nodes, then o
P,=4"? if n>2, | (6)
P;=0, o
Proof The proof is analogous to the proof of Theorem 1, except that (2) has to

be replaced by
P”=Pn_1+2‘ 2 d{.P; o

¢,4>1,4+j=n—1

+3°‘1' fade>1, E;”‘ﬁ—n—-l dﬁdsiP;.
o+
+’l" i 1,8, o, ‘r?l,ﬂ%s_l.," Fh=n—1 dildfg' ° .d'i.,-_‘Pif
e
+ (n—1) dg-—‘z P,
+ Ly,
Py=0,
and (4) becomes o |
P(z) AT T )+ L @) —2,

wharo P (%) is the generating function of P, .
Corollary 2. Let p,de the average leaf path length, p,=P,/L,. then

1 (20—
gy >2,
= /2 (n—~1) i 1>
P1=0,

4. Node Path Length

Theorem 3. Let T, be the total node path length of all structurally different

ordered trees with n nodes, then
1( . 2n—2
Tn=__2__<4 1__( 1>)’ %}1,

n—
Progf 'The proof is also analogous to the proof of Theorem 1. In this case, (2)
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becomes _ A
. T”"—: Tn—1+2' E : d{T’

$§>1,8+j=n—1

+ 3 ° 2 . dgidi,Tgﬂ

$1, 42,891, $14é3Hig=n—1

+...+/p. > dﬁdiﬁ“'d;,_,Te,

$1, 83 b2 L, b bg b o dfpmn—1
ook (n—1) dg2T,
-+ ('n’"" 1) dm
(T'y=0) and (4) becomes
| TG =7 \/’i'”*_ o 7 OB @),
where 7 (2) is the generating function of 77, s.
Corollary 8. Let ¢, be the a/cemge'node path length, then
fo 248 1

"= T3\ 3
n—1

Let Hy=1T4~ Py, 1. e., the total internal node path length, and e,= ,/(nd,— L,),
i. e., the average internal node path length, then we can verify the following

_-interesting result.
Theorem 4.

en+1=p”°
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