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NONUNITAL POSITIVE LINEAR
MAPS ON C*-ALGEBRAS

Lx BINGREN (FEgi)*

Abstract

In many cases, studying positive linear maps on C*~algebras, we always assume that
it is wnital(i. e. it carries identity to identity). In this paper, the author discusses nonunital
positive linear maps on C*-algebras. First, similar to positive functionals on A4, if @ is a
positive linear map from C*-algebra A into B, then . ‘

2] =sup{le@ ] |a€ 4., Jal <1} =lim]@(,)] —hmu@w,)u

where {v;} is an approximate identity of A. Then the author proves that if @ is an n~positive
linear map from A into B, and|®| =1, then @ can be extended to an unital n—positive linear
map @ from A4 I, into B+ Iz(or into B, if B has 1dent1ty) This result can also be used to
generalize some results about unital positive maps

Let A, B be two O*—é,lgebras (not necessary with identity), @ be a linear map
from A into B. @ is called positive if @(4.)B,. It is known™ that if @ is positive,

then & is bounded. Let M,(4) = AQM,, M,(B)—BRM,, and &,~BRI,, then &,

is a linear map from M, (4) into M,(B), @ is called n—positive if &, is a positive
map from O*-algebra M,(4) into O*-algebra M,(B). It is-also known that if @ is n-
positwe, then @, is also positive from My(A4) into My(B), Vi<i<n. @ is called
completely positive, if @, is positive for all positive integer n. |
Proposition 1. Let @: A—>B be positive, then
|0] =sup{|#(a)| [a€ 4, o <L} =lim®(v) [ =lim|S(op)]

where {v;} s an approzimate identity of A.

Proof Because @ is bounded, we have

| a=sup {|B(a) [ |a€ 4, o] <1} <[O] <+ oo,
Now we define a linear map @, A4 I,—>B1 Iy as follows

D(a+Als)=B(a)+ralz Vo€ A4, AcC.

Wo say that @ ig positive. In fact, let A+AI, € (A1 14),, then A=h*E€ A, and A>0.
Let O(h)be the O*-subalgebra of A generated by . Because O(h) is oommuﬁative, by
[1], @, O (h)—~>B is completely positive.

Let B4 I BCB(H ) and Ip=Iy (the identity operator in Hilbert space H). By
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Stinespring Theorem™, there exists a nondegenerate representation {w, K} of O (k)
and a bounded linear operator V', H—>K such that
D(c)=V*w(e)V, YeCO(h).
If we define that w(l,)=1I;, then ¢—>V*w(e)V is a completely positive map from
(O(h) + 1, into B(H). In particular,
VP m(hAAL)V =B(A)+AVV
is a positive operator in H .
If {w;} is an approximate identity of O(k), by [1], we have
VVE=lmB@)E, VECH,
so that |V*V| <@[{@(fvt) |<a, and 0<V*V<aIH=dIB Now by A>0,
G(h+Al4)= @(h) + Al =D (h) +7\.V*V>O
“and ®@. ALI,—> B Igis positive.
- Now by[2]
a<[2|<|P|=[D(10)| =a,
| @ =sup{|@(a)||a€ 4., |a] <1},

Finally, let {b;} be an approximate identity of 4, a € 4,, |a|<1. Then
|2 (@) | =lim] D (vav,) | <lim| 2 (+}) | <lm|®(v) | <[ 2],

so that

80 we also have
| @] =} |D(v,) | =Lm[D(a7) ],
JThus the proof is complete.
Remark 2. From the proof of Proposition 1, we have also seen that if &,
A—>B is positive, then '
B(a-+0I)=D(a)+A|B|I; - | @)
(or if B has 1dent1ty ¢z, we can define @(a+Al,) =D(a)+A|D|es) is a positive map
from A.4.I, into Bj I (or into B, if B has identity). However, if |@]=1, & will
be unital, and it is also clear that @ is the minimal positive extention of @,
Corollary 8. If @, A—>B is n—positive, then |D,| = ||,
In fact, if {v;} is an approximate identity of A, then {V,®I,} is an approx1mate
- identity of M,(4)=ARM,. So by proposition 1
|,] =1im |, (o@®1,) | =1im| B (o)) @T,| =1lim| B (2;) | = | ].

Lemma 4. Let Cbe a C™algebra. There exists a completely positive linear map of
norm one. |
A; (OQM,)*—> ((O4-I) QMa)"
* suh that for each state ¢ on ORQM,, ¢ will be a state on(O 1 I,)RQM, and
($(@+AI)@M) = (@@ M) +1im ¢ (@ M)

Vo0, MEM,, LCC, where {rs} is an approzimate identity of G
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Proof See[3]. :

Proposition 5. ILet @, A—>B be n—positive. Then, ®, ALI,—>BiIp (See(1)) s
also n—positive.

Proof We can assume that |®@| =1, and consider the following maips '

(B®Mn> "'_> (A@M")*

(BHIOUY - Eo AL TORM,)
(the diagram is not commutative) and let f € ((B4Iz)®M,)%.
If g=f|sem, € (BROM,)%, by Lemma 4, in( (Bi-Iz)®M,)* we shall have
g</.
Lot A+I,QM>0 in (AL I)QM,=M,(A) +1,QM,, where hEM,(A), ME
M,. Then A=h"*in M,(A), M>0in M,, So

P (f~9) A+L QM) =(f— g)(@n(h)JrIB@M) f- 9)(IB®M)>0

This means that
o f>c25

Now let{us} be an apprommaﬂ;e identity of B, and {v;} be an approximate identity of
A. Then 0<®(v,)<Ip. By Lemma 4 and M >0 in M,,
B g (h+1,QM) = G(Dy () +IsQM) = goD,(h) +J(Is@ M)
=>go®, () +1im §(P (0)@ M) = lim go @y (h+uQ@ M)

=&y (bt LOM).
Because @, is positive, @, is also positive, so that
By (h+1.QM) >0,
Therefore _ .
@, f=D, 9=D,9=>0,
and @}, is positive. Hence @ is n—positive™ and the proof is complete.

Remark 6. By [4] and Proposition 5, we have the following result. If &, 4—B

positive, and let ¢, e € .4 such that t>a*e, ta=at, then
8]0 () >B(a)'D(a), [B]B()>B(a)B(a)".

Remark 7. Let L={®|®, A—>B positive, and |®| <1} (this is a convex set),
and @ be an extreme point of I, @ be a central element of 4 such that ®(a) is also a
central element of B. Then by [5] and Proposition 5, we have

D(ab)=D(a)P(D), VEEA, .

Remark 8. By[6]and Proposition 5, we also have the follovvmg result. If &, 4
~>B 2-positive, then for each A€ A,

|B]®(a"a)>B(a)B(a),
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