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NONUNITAL POSITIVE LINEAR
MAPS ON C* *-ALGEBRAS

Li Bingren (4= Pi P-) *

A b strac t

In many eases, studying positive linear maps on C7*-algebras, we always assume that 
it is unital(i. e. it carries identity to identity). In this paper, the author discusses nonunital 
positive linear maps on (7*-algebras. First, similar to positive functionals on A, if Ф is a 
positive linear map from (7*-algebra A  into B, then ;

||Ф ||=8ир{||Ф (а)|||аб4+, ||а |< 1 }= И т ||Ф (иг)||=И т||Ф (^)||l l
where {«г} is an approximate identity of A. Then the author proves that if  Ф is an и-positive 
linear map from A  into B, and || Ф|[ =1 , then Ф can be extended to an unital и-positive linear 
map Ф from A \ 1 a into В -j-IB(or into B, if  В  has identity). This result can also be used to 
generalize some results about unital positive maps.

Let A , В  be two 0*-algebras (not necessary with identity), Ф be a linear map 
from A  into В. Ф is called positive if Ф(А+) а В +. I t  is known™ that if Ф is positive, 
then Ф is bounded. Let Mn(A) = A ® M n> Mn(B) = B ® M n> and ФП=Ф®7„, then Ф„ 
is a linear map from M n(A) into Mn(B ) . Ф is called «.-positive if Фп is a positive 
map from 0*-algebra Mn( A) into 0*-algebra Mn(B ) . I t is also known that if Ф is n- 
positwe, then Фк is also positive from M k(A) into Mk(B), V K K n .  Ф is called 
completely positive, if Фп is positive for all positive integer n.

Proposition 1. Let Ф: A—>B be positive, then 
' |Ф |= ви р { [Ф (а)||в€ А , |а ||<1}=1гтФ (<) || = Н т |Ф (^ ) |Ъ Ъ
where {vi} is an approximate identity o f A.

Proof Because Ф is bounded, we have
a= sup  (||Ф(а) 11a£A+, ||a ||< l} < |® |< H -o o e 

Now we define a linear map Ф. A ^ -Ia—>B^-Ib as follows
Ф(а+Х1А) = Ф(а) + kaIB V^G-d, AGO.

We say that®  is positive. In  fact, let h+ X lA(0 (A + Ia) +, then h= h*£A , and A>0. 
Let 0(Д)Ье the 0*-subalgebra of A  generated by h. Because 0(h) is commutative, by 
[1], Ф. О (h)->B is completely positive. c

Let B + I bczB (H )  and I b= I h (the identity operator in  Hilbert space H ). By
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Stinespring Theorem1113, there exists a nondegenerate representation {яг, К }  of О (К) 
and a bounded linear operator V- H -> K  such that

< 5(c)= F M c)F , VcGO(A).
If we define that % ( I f ) = I b, then c—>V*m(c)V is a completely positive map from 
(0(h) 4- Ia into B (H ) . In  particular,

V*vt(h+MA)V ^ ( h ) + X V * V  
is a positive operator in  H , .

If {ut} is an approximate identity of 0(h ) , by [1], we have
F*F £-lim ® (tO £, V£ £ Я ,

so that ||F*F||<lim||(5('ot) ||< a , and 0 < F * F < a lH = « JB. Now by A>0,

Ф(Ь-\-Х1 A) =  Ф(Ь) -\-‘ка1в^Ф (К ) H-AiF*F> 0  
and Ф: A + I a — »В + 1в is positive.

Now by [2]

а < 1 Ф ||« 1 Ф ||-1 ® (и ) ||-« ,
so that

Ц Ф |-8ир{ |Ф (в)1 |абЛ ь, ||«||<1>.
Finally, let {vi} be an approximate identity of A, a S A +} []a| <1 . Then 

IФ(a) I =  lim \Ф(щащ) || < lim ||Ф(х?) || < lim ||Ф(щ) || <  ||Ф||,
X X X

so we also have .
|$ |-E m !® (« ,) |» lim I$ (« ,s) l .

oThus the proof is complete.
[Remark 2. From the proof of Proposition 1, we have also seen that if Фг 

A->B is positive, then
Ф(а+11А)=Ф (а)+ЦФ \\1в ' (1)

(or if В  has identity eB> we can define Ф(а+К1А) = Ф(а) 4-/\.||Ф|ев) is a positive map 
from A + I a into S -f  I s  (or into B, if В  has identity). However, if ЦФЦ =1, Ф will 
be unital, and it is also clear that Ф is the minimal positive extention of Ф. 

C orollary  3. I f  Ф; A —>B is n-positive, then ||Ф„|| — || Ф ||.
In  fact, if {'ty} is an approximate identity of A, then {V rf® In} is an approximate 

■ identity of Mn(A) =  A®Jf„. So by proposition 1

||Фй||=11т||Фп('уг®1„)||=Ит||Ф('ггг)®1г»||=Нт1Ф('Уг)1Н11ф |.
I X X

L em m a 4. Let СЪеа 0*-algebra. There exists a completely positive linear map of 
norm one

A : (0 ® M n)*— ^ ( ( 0 + I c)® M ny
such that for each state ф on 0 ® M n, <p will be a state o n (0 \ .I0)® M n and

($ (x+ X l0)® M ) = ф(х® М ) +Итф(Ко^®М)

\/x £ 0 ,  M S  Mn, h S  0, where {rt} is an approximate identity of G,
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Proof See [3].
Proposition 5. Let Ф:А->В Ъе n-positive. Then, Ф- A + I A-> B y is  (S ee(l)) is 

also n-positive.
Proof We oan assume that |Ф|| =  1, and consider the following maps

(B ® M n) * - ^ ( A ® M ny
Âj, ф* 'I’A

« В + 1 в ) ® М пу ^ > ( ( А + 1 А)® М пУ  

(the diagram is not commutative) and l e t / £  ( (B + IB)®M„)%.
If  д = /\в т п£ (В ® М пУ+, by Lemma 4, т ((В 4-1в)® М п)* we shall have

9 < f .
Let h + IA® M > 0 in (A + IA)® M n = Mn(A) + IA® M n, where h £ M n(A),  M £  

Mn. Then h=h* in  Mn(A ), Ж > 0 in  Mn, So
$ l ( f - g ) ( h + I A® M )  = ( f - g ) ^ n{h)+lB®M) = ( f - g ) ( I B® M )> 0 .

This means that _  _  •

Now let{ws} be an approximate identity of B, and {v(} be an approximate identity of 
A. Then 0=^Ф(-г;г)< 1 гв. By Lemma 4 and 0 in M n, ,

т д {к+ 1 А® М )= д (Ф п0ь)+1в® М )~доф п(к)+д(1в® М )
>дофп0ь)+1ш1 д(Ф(щ)®М)=Вш д°Фп(к+Г1® М )

=®tg(h+IA® M ).
Because Фп is positive, Ф*п is also positive, so that

Ф*д(Ь+1А® М )> 0 '
Therefore _

Ф*Л>Ф1д>Ф1д> 0, .
and Ф1 is positive. Hence Ф is ^-positive1-1-1 and the proof is complete.

Remark 6. By [4] and Proposition 6, we have the following result. If Ф. A—>B 
positive, and let t, a £ A  such that ta =  at, then

\\Ф\Ф^)>Ф(аУФ(а)) \\Ф\\Фа)>Ф(а)Ф{а)\
R e m a rk ? . Let Ъ={Ф\Ф._ A->B positive, and |Ф||<1} (this is a convex set), 

and Ф be an extreme point of L, a be a central element of A  such that Ф(а) is also a 
central element of B. Then by [6] and Proposition 5, we have

Ф(аЪ) =Ф(а)Ф(Ъ), \/Ъ£А'
Remark 8. By [6] and Proposition 6, we also have the following result. If Ф: A 

~*B 2-positive, then for each h(£A}
\\Ф\\Ф(а*а)>Ф(аУФ(а).
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