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LINEAR GROUP OVER A CLASS OF RING R

Y u  AM BlNGCHENG ( £ .  £  Д )  * *

Abstract

Let В be a commutative ring[1] with identical element 1 and maximal ideal Mt where 
N and N  is an ordered indieatrix set. Let the mapping

/:В-*ПВ/М ,

be a ring homomorphism from В  onto П  B/M(, where П  В/M* is the direct product o f
iZN i£N

residual fields B/Mt. In  this paper, it is proved that if  A € GLn(R),  then A = B H t ........H*_i,.
where res B = 1  and H i, •••, H 4_i are the symmetries. Furthermore, the bound of the positive; 
integer number К  is investigated. In  particular, the author gives the smallest number 1(A) 
of symmetric factors in the products which expresses the elements of Gn=  {A € GLn{B) \ det. 
A = ± l } .  Consequently, the 1(A) problems discussed in [2 , 3, 4] are special eases o f this; 
paper.

§ 1. Introduction

In 1975, H. RadjaviC8:i showed that 1(A)< 2 n —1, if R ^ F  is a field and A £ Gn« 
He also conjectured that Z(AL)>2w—2. In 1978, F. 8. Oater133 showed that this 
oonjeoture is false and proved that Z(AL)<w+2. He conjectured furthermore that l (A)

V'
> n + 1. However in 1979, D. Z. Djokovic and J. MalzanC43, negatived the above 
conjecture again and solved the problem on the field F  thoroughly.

In this paper, we extend the results in [4] to a olass of ring R} give the 
symmetry generation theorem for GLn(R) and the method of constructing symmetric 
faotors. The method of this paper also oan be applied to the discussion for the length 
of generation of QLn(R) by transveotions. In particular, the Theorem 1 and Theorem 
2 in our paper still hold if symmetries are replaoed by transveotions. Sinoe local ring 
is included in ring R  in our paper, as a matter of fact, this paper has given the lower 
bound of the length of generation by transveotions. This question has never been 
solved over looal ring before now.

§ 2. Main results

Let AL £ GLn (R) and FA be the set of all submodules in Rn that contain the
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columns of I —A. 8  a is the submodule of F A, containing the least number of 
generators. m (SA) denotes the least number of the vectors of SA which generate 8a- 
mT(A) denotes the least number of the oolumn vectors of I-TAT~l which generate 
I-TAT_1 (where T  £  QLn (R) ). We define the residual number of A as follows

res A = min{m2-(A) | T £ GL„(B) }.
If В is a field, we have

m (8a) =res A =  rank ( I —A ) .
We know that the homomorphism of group /*: GfLn(R)-^-GLn(R/М{) w ill be 

induced by homomorphism /<: R->R/Mi.
An element A £ G L n(R) is called a symmetry if res A —1 with detA =  —1. 

Assume that A£G-L„(R) can be expressed as A ^ B H f -H ^ t ,  where H-s are 
symmetries and res JB==1. Then we write the least number К  of the factors in the 
preceding expression as К  =»S(A). Fy(b) denotes the nXn  matrix with b in the (i, j ) 
position and o’s everywhere else.

If A£GL„(R) and resA —r, there exists T £G L n(R) such that
/ JJfr)

TA27_1= •X' *

(1) is called the normalization of A.
у * *

(1)

Obviously, if A is similar to matrix В i. e. AooB, then we have 8(A) —8(B). 
Therefore, we will use the same notation for both similarity and equality.

Lemma 1. For any m £  N, there exists an element К  £ f )  Ms but M}.
j< m  }> m

Proof It is sufficient that take
К - Г К О ,  0, •••, 0, 1+ М т, •••).

Lemma 2. Let ’Dw GGLr(R), and let fiD(r)Фal1 \/a£R/M t and \ / i£ N .  Then, 
there exists an element T  £GfLr(R) such that the element at the position (r’, r —1) of 
T D ^ T '1 is 1.

Proof Let D(r)= (o y ), i, j = l ,  2, •••, r.
. 1) If ar,r_i is a unit, we take 27 =  I + A fr_i,!- i (6 r,r-i~ l)«

2) Now let us assume that or,r_i is not a unit. Then, for any ££iV, from f tD(r) 
Фа1 \/a£R/M t, there exists Tt GGLr(R /M t) over field R/Mh such that the element 
of T ^ f tD ^ T T 1 at the position (r, r —1) is 1. Since the mapping /  is a surjection 
from.R onto Л  R /M b there exists Tf£GrLr(R) such that f tT = Th y t£ N .  Therefore,

i£N  ,

dhe element of TD^T*1 at the position (r, r —1) is a unit. This amount to the case 
of 1).

Lemma 3. Let A £ G L n(R), and let А =  Вх--'Въ, where res Д=*1. i=*l, 2, •••, к. 
Then m(8f)
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I - T A T - ^ T C I - A ^ - ^ T i d i ,  da, dt)

=  (ri, r%, n ) (*)

Formula («•) implies that Гг, r2, •••, r t oan generate the oolumn vectors of 
1-ТАТ~г. Hereby m (8TAT-i)<:t=m(8A)-

Similarly, we can prove wi ($a) ($rдт-O* So m (8a) =т(8тлт-0'
2) We prove Lemma by induction on k. The result is obvious for к= .1.»
Suppose the result hold for k—1. Clearly

By the assumption of induction, it follows that m^Sfl^k — l .  By formula (**), it 
is easy to have m(STA.T-̂ ) <&. From 1), we obtain т($д)</г.

Lemma 4. Let Abe m  element of GLn (R) with resJ. = r. I f  A satisfies cmy one 
of the following conditions:

1) In the normalization of A, f D (r) =  a l  for some j  £ N, where а Ф ±  1.
2) Assume that in the normalization of A, fjD (r)= I ,  res(f}A) = r  and 2^Ж,- for 

some j £ N .  Then 5(.4) Фг.
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Ax -  TBT^TH xT-1- -THr-xT-1= B'Hi-H'r-x,
AxE'r-x-S'E’v H 'r - i .

According to Lemma 3 we have m (8Al̂ _s) < :r — l .  But

/

AxH U =

— a
* a

: a

#•
: Ox jr(n-r)
*

i) If аФ ±1, m(SAre;-i) ==r- This contradicts w(^4lSjJ.1) < r - 1.
ii) If <z=l and 2tfzMh then

/ 2
— *

I - A iH '- ! » — *

— *
: - c i

\ - * /

(#«■)

.Prom the hypothesis of Lemma i. e. m(8fiA) —r and from 1) of Lemma 3, we obtain 
m (SfjA) =  m (SAl) =  r. Then we know that r  column vectors in O' are linear

/ *' \  . 
.independent. Since O' =  I • Ox V r — 1 column vectors in Ox are linear independent.

Hence m(5f^lSAl) = r  by formula (**). This contradicts m(BAim_f)<,r~l. So 8(A) фг. 
Theorem 1. Let A be an element of GLn(B) with resA = r and m(_8A) =£. In 

the normalization of A, i f  fjD(r) Ф a l  \/aO:B/M} and Vj £  N, then

where q < r ,  res.B=l, H t(i=^l, •••, q —1) is a symmetry and i< 8 (A )< r . In 
particular, we have 8(A) — t, i f  there exists some i £ N  such that res (/«A) —r.

Proof We use induction on r =  res A. If r = l ,  there is nothing to prove. So we 
.assume that the results hold for all A with res A <  r — 1.

Since res A =r, there is no loss of generality in assuming that

A-
A(r)

* _J(n-r)

!By Lemma 2, there exists T <r) £ G L r(R) such that 1 lies at the position (r, r - 1 )  of
:27(r)j)(r)27(r)-1 =  ̂ r )< get

p ( r )

B n~ r \

Then
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Set

Then

Bet

We have

where

TAT-1-

to

$£■ J(n-r)

*  ••• ••• e ' l . r - i *

*■ ••• ® r - l , r - l
. . . . . .  1 *

Г + 1 .Г - 1
• jr(n-r)

•» ••• • "  a » ,r -1 ■*

'-A\a

1

/  • .

1 l , r - l

2 71 =
1

~ a 'r+l,r-l

® Л , 1— 1

J ( n - I - )

2 V № X =

0 o 1(.

® r l " ‘®r, 1 - 2 i d f f

* ..........# 0 •K-
T(»-0

 ̂* ......... -X- 6 *

-A3

Е ' г -

1 .

' 1 0 0
0 0 1
0 1 0

J ( .n ~ r)

АзН'^-

/ Г
• *

* .. * 1

* .. 
!

• *
J4n-r)

' * •• • *■

I Я Г 1'

* * *• *•
J(n -r+ l)

dll *** »r-2

i) If Vj 6 IV and Wa,£R/Mj by the assumption of induction, i t
follows that

A z H '^ B 'H 'v - E '^ ,
where 

Bo
q -  К  res (A2H'q _i) <  r -1 ,

Since A2 = 771TAT_1Tr1, putting T ^ ^ T jT ,  we have
1.
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A = T2B'T^TzH'xT^ • • • ТаЛд-хТ*1 =  BHr -H^x, 
where res#=1, is a symmetry, g,< r . So tf<8(A )<r by Lemma 3.

ii) Assume that / ^ '  - 1) =  6Д b ^ B /M ,,  \ / j£ N \  and I b ^ R /M i ,
a, where AiU A 2 =IV, П iV2=0. Then, we replaoe Hg_i by

' / 1 .

' l

- к  0 1 
к 1 0

Я''_х =

V

\

7
where Г)М {, кф [J Жг. It follows that

<etf« «елч

* • •• tt

\  •» • •• *
jCn-r+l)

- M K - _0 = я ' _ 1в

ЛЯ1-1-

If %£IV3, we have 

Hereby, we may deduce 

Therefore
\ jh e R /M w

Assume that i£Nx.- Sinoe a(._1)f._2+&ar_i,r lies at the position (r—1, r —2) of 
and fiv_i,r lies at the diagonal of Dir-1), we haye

Hence

M A z H '^ - M A s H ^ x ) ,

/ М - ^ Ф Ъ Л ,  f i £ N ,  Vb{£ R / M t.
This amount to the case of i ) .

If res(/jA) = r, obviously, we have t= r .  Hence 8(A) =L 
Theorem 2. Assumethat A £  OL„(B), m(Sf) =  t and resA=r. We have A =  BHX 

°“Н й in the normalization of A, i f  f jD(r) =  bjl for some j  £  N, where resB=1, U; is a 
symmetry, q<,r and ^ < 8(A )< r+ l'. In particular, i f  Ь}Ф±  1 or 6,= 1 but res(/,A) 
==r and 2 фМ}, we have 8(A) = r + l .

Proof There is no loss of generality in assuming that

where

A-

2 )(o =

H(r)

* J(n-f)

ац ■"air\

ari • • •arr /

\>

Set
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1

0  1 

1 0

J (n -r )  /

Then.

(1) I f f iD P  +  bjl, MjeN, \/b}e H /M h then АНй= В Н г~ Л й_г by Theorem 1, 
where res B —l,  Hi is a symmetry, 9 '<res(JLiTg) So A = B H f - H a and t<S(A ) 
< r + l  by Lemma 3.

(2) Assume that =  bft, Vj£  Wl, where bs£R/M j  and f sD{r:>Фbjl, W ^ R / M j
and where iViU N 2= N ,  A 2=</>. We replace H q by

/ \

H'„
1

- k  0 1 
i  1  0

\

n -r )  1J(n-r)

where &£ f l  Mh к ф [_J M(. It follows that4&N a i&N i

and orir-2 ~  kcir,r_i+karr lies at the position (r, r —2) of Д>г). From 
/ * ( r_2 -  каг,г- г +  karr) = /,• ( -  kar, r_i) V 0, Vj £ IVi

and
. = f sD[r) +  h i ,  Vi £  N 2 and V6/ £  B/M h

we deduoe that
/ {Я2 btI, V i£ N  and V6{£ R/M u 

This amount to the case of (1).
If Ъ]Ф ± 1  or 6;=  1, res( fjA) =  r  and 2 it may be seen that r = t and 8(A) 

= r + l  by Lemma 4.
Now, assume that Gr„ denotes the subgroup generated by all the symmetries of 

-QLn(R), i. e.,
6r„= {A£GL„(R)  |det A = ±1}„ '

If 1 Ф —1 in R, we define g(A)  for 4£(?„ by
when detA =» l ) iesA, 
otherwise.

Theorem 8. Let A be an element of Gn with res A = r  and т(8л)

Г0

^ ) - { i
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(1) I/1=A — 1, we have t^ l(A )*^r+2; i f  1=  — 1, we have ^ 2 (А )< г + 1 .
(2) Let r = t. In the normalization of A, i f  f tD Фb j ,  \ / i£ N  and \fb(£ R /M i, we

К Л )

have
r + g (A ) if 1 ^ - 1 ,

_ r  i f l = —1.
Proof (1) If 1 Ф — 1, we first point out that if dot# = 1 and res В =1, then В can 

he expressed as the product of two symmetries. Since there exists T  £(?5n(5 )  suoh
that

1 1 \ / - 1 \ / - 1 \
TBT-%= *

1
— #

J in - 1 )

/ (

J in - 1 )
- - Н Ж ,

we have B ^ T ^ H ’fT T^H ’fT= H iH a. Let 1 = —T. If res 5 = 1  and det5 = 1 , then В 
is a symmetry. Therefore the result of (1) can be proved by Theorems 1, 2t and 
Lemma 3 immediately.

(2) From Theorem 1 we have
A=BHr-'Hr-i> (*>

wi]ere Hi(i =  1, •••, r — 1) is a symmetry, res5  =  1.
If 1=  —1, В is a symmetry. Then, from Lemma 3 we deduce l(A) = r.
Now, let us assume 1 ^ —1. "We proceed in two steps.
1) d etA = l.
If r is even, then d etA = ( — l ) r, (/(AL)=0. According to formula (*), we have 

det 5 =  —1. So В is a symmetry. By Lemma 3, we have 1(A) = r + g ( A ) .
If r is odd, then det АФ ( — l ) r, g(A) =1. According to formula (*), we obtain 

det 5  =  1. But then В can be represented as a product of two symmetries. Therefore, 
from Lemma 3 and det A =  1 we deduce 1(A) =  r-\-g(A).

2) detA= — 1.
If r is even, then detA =A (-l)'- and g(A) =  1. From formula (*) we obtain 

det 5 = 1 . Then 5  can be expressed as a product of two symmetries. Therefore,, 
according to Lemma 3 and det A =  —1, we deduce that 1(A) = r+ g (A ) .

If r is ond, then, from formula (*) we have det 5  =  —1. 5  is a symmetry. By 
Lemma 3, l (A )= r .  Hence, from det A = ( — l)r and g(A) = 0, we have l(A )= r+ g(A ).

Theorem 4. Let Abe an element of Gfn with resA= r and m(8f) =#. Then
(1) Let 1Ф —1. We have 1(A) = r + 2  — g(A) in the normalization of A, i f  A 

satisfies m y one of the following conditions:
(a) There exists a j £ N  such that

f jD(r) =  a l  where аф ±1;
(b) There exists a j £ N  such that

fjL>ir)= I  m d  res (/,A ) =  r where 2^_MU ;



(2) Let 1=^—1. We have 1(A) = r ,  i f  D{r) =  — I.
(3) Let 1=  —1. We have 1(A) = -r+ l, i f  there exists a j £ N  such that f iD (r) =  6Д 

where Ъ}Ф 1.
(4) Let 1=  —1. PPi? /We 1(A) = r ,  i f  D(r)= I  and t=*r.
Proof It is easy to verify that t= r .
(1) By Theorem 2, we have

■ A - B E v H r (** ) ,

where resB=1 and H {( i = l ,  r) is a symmetry.
There are two cases:
i) detA =l.
I f  r  is odd, then det А ф ( —Р)г and g(A) =1. By formula (**), we have det В 

=  —1, i. e., В is a symmetry. Therefore, from Lemma 4, we deduoe 1(A) = r + 2

If r  is even, then det .4.= ( —l ) r and g(A) =0. Thus, det B = 1 and 5  can be 
represented as a product of two symmetries. According to Lemma 4 and det A =1 we 
have l (A) = r + 2  — g (A) .

ii) det 4.=  — 1.
If r  is odd, then det A — ( — l)*- and g(A) =0. By formula (**) we have det В 

=1. So В can be represented as a product of two symmetries. Then according to 
Lemma 4 we have 1(A) = r + 2  ~  g (A) .

If r  is even, then det Аф  ( —l ) r, g(A) =  1 and det B =  —1 (i. e., В is a 
symmetry). By Lemma 4, we obtain 1(A) =  r+ 2  —#(A).

(2) If _D(r)= — I, then, we have
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- 1 -X f 1 X. \ f  -X \ f  X.

■-1 ' l ... '-1
* 4* * 

\  * ••• *
I<.n-r) у

i
ft

\ i
J(n-r) I ft

\ ;
—H iI I y H r>

i. e., 1(A) = r .
(3) According to Theorem 2 we have A = B H r ‘°Hr. Because of 1=  —1, В is a 

symmetry. Then 1(A) = r-f-l by Lemma 4.
(4) The proof of (4) is similar to the proof of (2)„
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