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ITERATION OF ANALYTIC NORMAL 
FUNCTIONS OF MATRICES
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Abstract
In  this paper,, the author proves that the classical theorem o f Wolff in the theory of 

complex functions may be extended to the class o f operator-valued functions / ,  where /  is 
an analytic function from the open unit disc A in the complex plane into a fam ily of 
commutative normal operators on a certain «-dimensional complex Hilbert space, and 
I /  O) || < 1  holds for every г in A:

Let H  be a complex Hilbert space. Let L(H )  be the Banach space of all bounded 
linear operators on H.  If a function /  on the open unit disc A in the complex plane 
into L (H )  is of the form

/ ( 2 ) = i ] 5 / f o r s 6 z l ,n=0
where the series is convergent in the uniform operator topology and {B„} is a 
sequence of normal operators on H, commuting pairwise, then we call /  an analytic 
normal function of operators and denote by NH(A) the set of all such functions. 
For two Hermitian operators A, В on H,  by A^=B, we mean A —В is positive. The 
notation A > B  indicate that A —В is both positive and invertible.

In [2] and [3], K. Fan extended a classical theorem of J. Wolff1-73 to a result in 
functional calculus. The purpose of this note is to generalize in finite-dimensional 
Hilbert space H  K .  Fan's theorem in [8] to functions in NH(A)} i. e. analytic 
normal functions of matrices.

We begin with three lemmas. .
Lemma 1. Let H  be a complex Hilbert space, and let f £ N H(A) with | / ( з ) | |<>  

< 1  for all z in A. Then there is a unique normal operator В such that B = f (B ) ,  ||J?| 
< r , and В commutes with T  £ L ( H )  i f  T  commutes with f  (i. e. Tf(z) = f ( z )T  for 
all z in A). '

Remark. Here, f (B )  is defined by 2 BnBn if/(g ) = 2 1?«z”([6],Lemma 2.2). 

Proof Suppose * *
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NH(A) with |/(g ) ||< i for alia in A = { z : \ z |<1}. Suppose f M (n=l ,  2, •••) stands for 
the n-th iterate of f , i. e. f m(z)= f (z ) ,  f llii(z) == f ( f :n~1K̂ )') for % in A and w>2. 
Then there exists a normal operator A on H  with ||./1||<1 such that the following
relations hold for any T  £ L ( H ) ,  commuting with f  and ||У |j <1:

( I - A * A ) < { I ~ A * f ( T ) } { I - f { T ) * f ( T ) } - i - { I ~ f { T y A }  
< > ( I - A * T ) ( I - T * T ) - \ I - T * A ) ,  (5)

(J -  A*A) <  {I -  A*f (T )} { ( I + AA*) -  A*f (T) —/  (T) *X}-1{7 - / (T)*A} 
< { I - A * T } { ( ! + A *  A) (6)

||/M(T) - A i d ( A ,  T ) I + A*A] - 11 .

< № ( 4  T ) U ' A + ( i ( A ,  m - M F W A  T ) i + A ' A } - %  (7)

[ [ f \ T ) - A ]  [ / - АУМ(Г )Г 1|< {  11 а ( А , Т * Л' ^  } ’< (8>
where n = 1, 2, 3, ••• and

’ d(A, T ) -  I ( /  -  A!’T ) {I  -  T*T) ~ \ I  -  Г  A) I. (9)
Besides, f ( A )  = A  if ||J.|| <1.

Remark, Here f £ N H(A)  means that /  is an analytic normal function of 
matrices.

Proof Since ||/(2) || < 1  for z£A  implies I/™ (2) || =  || / ( /0 0 )  || < 1  by Theorem 
3.1 in [5], it follows from Lemma 2.5 and Theorem 3.1 in [5] that / M(n—2, 3, •••) 
are well -defined and |jf M (2) || < 1  by induction.

Now ohoose a sequence of positive numbers {am} such that 0< «m< l  and
lim am= l .
M - * o °

Put f m =  amf .  Then by Lemma 1, we have a sequenoe of normal operators {Am} such 
that Am= a mf ( A m), \Am\ < a m, and Am commutes with both T  and / .  Thanks to the 
fact that jE is finite-dimensional, one may assume {Am} converges in the uniform 
operator topology (Replace the sequence by a convergent subsequence if necessary). 
Suppose

.4 =  lim An.■ m—»«>
Then I .A || < 1  and A commutes with both T  and / .  We show that f {A )  =~A whenever 
Щ | < 1 . Let . .

/  (2) ■= 2  Bn2n for 2 £A.
«.=0

By Oauchy’s estimates, we have || Bn (| < 1  (n=0, 1, 2, •••) ([4], p. 97). Since {Am} 
are commuting pairwise and hence each Am commutes with A, it follows that for all

such m that \ A —Am|j < ——.jffif - and any positive integer n,
A

\\АЪ-АЦ<1Ат-А\\п1\\А\\ +  \ \ А - А 4 у - ' < \ \ А т-А\\ - i + i m
-  2

n-l
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Then
I / ( A O  -f(A) 2  BnAl-  2 BnAn < 2  \\Anm-An\n~0 n~0 || »=0

■Mm“ -41 2 Wn—1
Mil 1

-» o ,

as m—> oo„ On the other hand
\\Am- f ( A )  I -  \amf ( A m) - f ( A ) \ \ < ( l - a m) If ( A ) \ + a J f ( A m) - / ( A ) | .

T n i n c a s e  M l< 3 -
It is easy to verify that if В is a normal operator on Ц  with ||S|| < 1  and $  is 

any operator on H  with ||$|| < 1  such that BB=BS  (hence by Fuglede-
Putnam-Rosenplum’s theorem [6]), then the following relations (10), (11), (12) hold 

(I ~  S*B) ~1 (S* -  В*) 08 -  В) (I  -  B*S)
= I —(I—B*B) ( I -  S*B) -1 ( I -  S*S) (I -  B*S) -1, 

I-B*B(I-S*B)-\S*-B*)  (S-В)  (.1-ВГ8y 1 
-  ( I - B*B) ( I - S*B) - 4 (1 + B*B) -S*B-B*S} (I-B*S)-\  

I+B*B-S*B-B*S>0'
We check (12) only. In fact .

I+ B * B -S * B -B * S =  (I - S * B ) (.I -B * S ) +B*B(I-S*S)  
> ( I - S * B ) ( I - B * S ) >  0.

As T  commutes with /  and ЦТЦс!, Theorem 3.1 in [5] asserts \\f(T) || < 1 . An 
application of the identity (10) to A and /  (T) gives
. { I - A *  A) ( I  —f  (T) * А) _1(1 —f (T) */ (T) ) ( I —A*f (T) ) -1< I ,  (13)
since the left side of (10) is a positive operator. Observe that for two Hermitian 
operators Si, В on H, if Si>0, SiS>0, then S>0. Inequality (13) may be written as 

*A) _1 (I —/ (T)* /(T)) ( I - A * f ( T ) ) - '
*{(I~A*f(T))  (I ~ f  (T) *f ( T ) ) '1 (I —/  (T) *A) - { I —A* A) }>0 ,  

hence (I — A*f(T)) ( I - f { T y f  { T ) ) - \ I - f ( T ) * A )  -  (I —A*A) > 0 . (14)
This is the first inequality in (6) „

Similarly, applying the identity (11) to A and /(37), we obtain 
( I -A *A )  ( I - f ( T ) * A ) - 1[.(I+A*A) - f ( T ) * A - A * f ( T y  ( I - A J i T ) ) - ^ ! ,  

and hence (notice (12) and the observation following (13))
(I -  A* A) <  ( I -  A*f (T)) { ( I + A*A) - f  (T) *A -  A*f (T) } ̂  (.I —f  (T)*A).

This is the first inequality in (6).
Since | | / т (5Р) I< 1  ([5], Theorem 3.1) and Am is normal and commutes with f m 

and T, it follows from Theorem 6.2 in [5] that
{I  - f m (T) • A J  - 1 { / •  (T) * ~  A J  i f *  (T) -  AO {I -  A l f m (T )} -1 

-  {I - U  (П У . ( A )  } ~ 4 f m (T) * - f m (A )  *} { f m (T) —f m(Am)}  
x. { I —f m(Am)*fm(T) } _1 

<  {I  ~ T*Am} -УТ* -  A*m} {T -  Am} {I -  AIT}  -1

(10)

(11)
(12)

(1 5 )
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which may be written, by the identity (10), as
I - { I - A * mAm) CI - f w(T)*Am) - \ I - f m{T yfm(T)) (I — A*mf т(Т))~х 

< I - cI - A l A m.) (I — T*Am)-1(I — T*T) (.I-A*mT)~\
Thus (J -T * A m) - 1 (.I -  T*T) (I -  AIT)  - 1

<  (I CD * А») -1 (j  - / •  (T) *fm (T) ) ( i  -  A i u  (T) ) - 1
(by the observation following (13) and J —A*nAm> 0)  and letting oo,

(I -  T*A) -1 (I -  T*T) (I -  A*T) -1
. <  (i- —/ (37) *A)-1(  ̂—/ (T)*/ (T)) ( I -  A*f(T)) '  (16)

Lemma 2 shows
. (I-A*f(T)) ( I - f  (T) J ( T ) ) - 1 ( I - f  (T)*A) <  ( I -  A*T) ( I - F ^ - H J - r i ) ,  

which is the second inequality in (6).
Similarly, using (11) and following (13), we deduce from (16) 
(1-Т*Ат)-г{(1+А*тАш) -T*Am-A*mT} { I - A IT )-1 

< { I - S m{ T y A ^ r 1{ { I + A U m) ^ T Y A m- A l f m{ T ) } { I ^ A l f m{ T ) } - \  
Hence a passage to the limit shows that

(I-T*A)~i{(I+A*A)-T*A-A*T}(I-A*T)-%
<  {I ~ f  (T) *A} ~H (I+ A*A) - f  (T) *A -  A*f (T) } {I -  A*f (T) >

This implies the second inequality in (6) (by (12) and Lemma 2).
We have shown that | | / M (a) || < 1  for all n and z(zA, and hence || / м (T) || <1  

(Theorem 3.1 in [5]). Lemma 2.5 in [5] tells us that / м (T) = / ( / Cn~1:i(T) ) . 
Clearly, / Ш(Т) oommutes with /  for all n. Applications of (6) show that for n > l f 

{.I -  A*flnl (T)} {I  ~ f nl (T) */“  (T) } - 1 {I  - / “  (T) *A}
< { I -  A*fn~v (T )} { I  - f n~u (T) 7 [R- 13 (T) } - %{I  - f b - u  (T) *A} <•••
<  (I  -  A*T) (I  -  T*T) - 1 (J -  T*A).

Hence
• | |{ J -A 7 “ ( T ) } { J - / M(T )7 M(T)>-1{ l - / fo3(37)^ } ||< ^ (A , T),  (17)

Then (7), (8) are attained by Lemma 3 and (17). This completes the proof.
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