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'ON ESTIMATE OF COMPLETE
TRIGONOMETRHC SUMS

QI MiNcGAO (8 £)* DING Piva (T -P)**

Abstract

In this paper, the following theorem is proved: :
Let f (@) =aa*+ +« +away be a polynomial with integral coefficients such that (@, -
soe, Oy @) =1, where g is a positive integer. Then, for k>3,

q H
. 2 e2mf(a:>/ql < erqi-ilk.
@=1 |

§ 1. Introducion

Let ¢ be an integer >1 and f (&) =aa®+ -+ +a+ao be a polynomial of degree %
with intégral coefficients such that (a@y, +, ay, ¢) =1. By a complete trigonometric
sum we mean a sum of the form “ | AR
8(g, f(@)= 2 Caads o ®

Many problems in analytic number theory desire to have precise estimates of
S(q, f(=)) for large ¢. Si nce S(g, f(#))=0 for k=1 and the case £=2 can be
settled by the theory of Gaussian sums, we sSuppose £>=>3. '

In 1940, Professor Hua™ first proved that

8(g, (@) =0 F*), . @
where the constant implied by “0” depends only on £ The main order 1—1/% is
the best possible. Afterwards, some mathematicians are interested in the improve-
ments of the constant implied by “0”. In 1977, Chen Jingrun™ and Creurnmm, C.
B."™ proved respectively that | |

18(g, f(a))|<e®g*~*%  (k=>3) | ®
and '
' |8(g, f(@)) | <B(k)g*~**, : 4
where . _
B(E)<exp {IH-O (32 2 ; )} (b->00), 6]

Recently Lu Minggao™ has proved that
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18(q, f(@))|<e™g' ™% (k=8), - (6)
Our purpose in this paper is to prove the following
Theorem, Lot f (&) =aua*+++++aw-+a, be o polynomial with integral coefficients
such that (ay, *+, ay, ¢) =1, where q is a positive integer. Then for k>8 we have
[8(q, f(@)) | <e™g*1/*,

§ 2. Sev_eral Lemmas

Lemma 1.%4  Let k be integer =3 and f (&) = a@?+ -+ aw+ao be @ polynomial
with ingetral cogfficients such that (a, -, a, p) =1, where p is a prime >k. Then for
I>1 |

Max{L, Min(gh, (b—Dp- 10D pop_1yPr
ax{l, Min(p¥, (k—D)p > ®)}p> %, p>(k-1)F2
8(2, F@)]< o k @
h=1) 5 "p R, b<p<(b-1)T,
It cam also be written in the form :

& p>(b—1)%7,

5 oy |G (-1 <p< -1

82, 1l <) , | @®
pﬁ, <k——1>ﬁ<p<<k_1>2;

: 3_ ke
| (b—1)p* ", k<p<(h-1)FF,
Lemma 2.%%  Define

_ w (@) =Z]w 1, 8(w) = pZleog P,
Then

§(2)<1.001102w, if #>0; o ()]
w(a)<1.2551 Tog s if a>1, _ (10)

Lemma 8. Let k>8. Then for p<<k and 1<y<k—1 we have

ph<up?, (11)
Proof It is similar to the proof of Lemma 5 in [2],
Lemma 4. Let & be an integer =3 and p is & prime<k. Let f(@)=aa*+ -+
w0, be a polynomial with integml coeffictents such that (a1, +++, ay, p)=1. Then for
d=>1, we have |

lS( ! ‘275 "216"1 l@‘%)

o, (@) | <(b—-1)Ek"p* "p*, (12)
Proof We define ¢ satisfying p’| (kay, -, 2¢s, @1). From (e, -, az, »)=1, we

obtain p'<<k. Lot wy, +++, u, oo the different seros modulo p of the oongruence

p~f’ (@)=0(mod p), o<Sw<p (13)
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and let my, «-, m, be their multiplicities. Putting my-+----+my=m, it is obvious that
r<M<k-1.
1) 1<2¢: From p'<<k we have

8 F@) | < -pr D <k CP<@-0rbt 0P, a9
2) 1= 2t+1~ If =0, then I=1. We get immediately |
8, £@)) | <p=pip TH < (- N (15)

So we suppose t=>1. We transform the sum S(?, f(w)) by Substltutmg p=y+p"" ",

where y and z run independently through the values
?/——"1, R .’pl—t—%’ 2—"—‘0, "t pHi—lo
Also we denote ¢,(#)=¢***/%. Thus
p
8(#, F(@)) = 2 e(f (@)
=S} 6n(F(0)) L Cans W+ Lrar @)
pi-t-1 e+1_1
= S o5 S (L5 2f”<y>) (16)

If either p is an odd prime and ¢>1 or p=2 and =2, since P | i (y) then
2’Plf "(y) for all 1<y<p™**. Thus from (16) we have

S8, F@) = B enF@) S e af .
Now if gy u(mod p), j=1, +++, 7, then
ZMW@%O | an

Therefore we obtain

5@, 1< 5 w0 | =B F e rte) <o
y=p;(mod p)

: 2t . - '
o OB TR < (- kg R | (18)
Tt remains to congider p=2 and t=1. In this case 1=38. Hence

15w, fanl<p=pttP <@t pOP <G-nE 0. 1)
8) I1>2(¢+1): By the same argument as before we substitute s=y+p"" 2,
where y and 2 run mdependently through the values
y=1, -, B2, 2=0, ,pt-i'l -1,
Thus for 1>2(4+1)

S(g, fl@)= 2 en(f(®)) = 2 op (f(9)) E epa (2f'(9)).

Hence from (17) we have

5@ rI<E] & W) =Bl e @O

J=1 1
y=p(mod 1)
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Let o Satisfy p™| (f (py+ps) —f (1)) and put o
9, () =07 (f (py+pg) —f (3)). (21)

In view of _
: L , , 2000, My £my)
Py ) —f Gug) = o)+ BT () LD ., (20)
we obtain
Also from ['7], we have
. 0'5<]G, ‘ (24)
Let ¢; satisfy p*| g, (¢). It is obvious that. |
<k, o (25)

: : i)
Since ¢f|f'(»), o' ii—#ﬁ- holds for any non—nega.tive integer h. So -

pmg+t+1 u 1 Z)'m,j+1f(1'n_,+1) (,Lb )

1. p(ms+1)
From(21)and (22), we see tha pos. L i — (45). i5 ome of the coefficients of the
7!

polynomial gm(y) Hence we have
| m,+t+1 o3>t (26)

and
) R ' L o™ A1) [ ~ £41
9, (9) =07 (BF (o) oo By ) ) (mod 47),

By this expressmn we conclude that the congruence gj,(y)=0(mod p”“) (o<y<p)
has atmost m; solutions.
Using mathematical induction, we now prove that for I>2(¢+1), the following

estimate

18(8, F(@)) | <mbipt g (%) (@)
bolds for any polynomial f(#) satisfying the lemma’s conditions.
- For 1=2(#+1), from (20) we have

18(8, f(@)) | <rp-tmrpFpt R <mpbpf D)
Now assume that (27) is true for eaeh integer in interval [2 (t—l—l), 1—1]. Then
for 1>2(¢+1), lot : : : :
={f, l—0;=>2¢+2},
ALo={f, l—o;=2¢+1},
= {J Z O'i<2t5}
and write Ml-— Zm,, My= Em,, M3—2 my. We have My+My+ My=m,

HEEA

Since
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l-!._.

|84, m] = Z ep(f (us+py)) | =
= °’"IIS( = gu, (D) ],
by the inductive hypothesis and (24), (28), we have
jgﬁh l'gm-p‘] == E?W—lls(?z—w; 9:,9)) |
< porrimkkp%‘ -1 a-0)(3-3) <M kkpk -1 ‘(1 k) (29)

.1€~°’1

We consider j€ o, If 1;,=0, it follows from (28), (23), and Lemma 8 that
-1 I(1-L
2B = ZFIBE, 9@ <D= Tpt O

Lew(F Q) 2 63--:(,(9))

, +t+2 mgktt2 g l(i- ) -1 (1___%_)
k % k k
< jg;p < Em kFp
< Mgt ‘<1“‘> | (30)

Now we turn to #;=>1. At first, suppose elther p is an odd prime and #>1 or p=2
and t>>2. We proceed as in the proof of (18) but use f;, I—o; and g¢,,(y) instead of
¢, L and f(®) respectlvely ‘We have

| 188, 9., (9)) | <sp="* (31)
where s is the number of the different zeros modulo p of the congruence '

9, () =0(mod ™)  (o<<y<p).
Hence s<m;. From (28), (31) and (24) we have
2 18up] = 2078 (97, 9, (9)) | < Z3map™
o-,+2t3+1 Ost2y+l_g ,(1 k)

=2 mp~ F

<M ]c'ﬁpk —1 ‘(1 k)
jesdy
Tt remaings to investigate p=2 and t;=1. In this case, by (26)
O‘j<m5+t+1—tj=m5+?'i, Z==O‘j+2t,-+1<m5+t+3°
If k>4, then
2 2 1 1
pF= =9F —4FLF,

Thus from (28) and Lemma 3 we have |

el = B 18( 7, 9u )< B 7S P

Edg
<s mjkkpk ipl(l 5 <M2kkpk 11)1(1 —%) .
- jeun .
If k=38. Since p'<<k and p=2, we have #<<1. Also we have

3 2 2
k

pF =2 <L8F=[F,
Therefore, it follows from (28) and Lemma 3 that

PAACMIED L LT RONLS s

m;+t+3 matits 4 l(i )

Ve ’( %) < A ’(1 k)
<3 ot 0D <l
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Hence we have in any case
2 18,1 <M2]‘775pk - Z(l k) (32)

Finally it follows from (25), (26) and Lemma 3 that
oty (1)
p

218l = 3| e (Flurta) | < A

- m,+t;1+f_4___1 l(1 )

<Zr < Mgt ) (33)

In view of (20), (29), (382), (83), we have for I>>2(¢+1)
18C#, F@))]< (3 + 2 + )8y, < (Mt Myt M) kept g %)

JE A
._;_ mla%pﬁ__i ’(1'“)
Thus it follows that (27) is true for all 1>2(t+1). We complete the proof of the
Lemma,

§ 3. Proof of the Theorem

In view of Lemma 1, Lemma 4 and Theorem 1 0.2 in[7], we have

|S(g, f(m))|<ﬂ(lc 1)]075 i H (b— 1)1)75— % I p%

k<p<(b—LFT —1yTT <p<(h—1)2

1,1 4.1 1
X I (b—1)p 2% F =oF® ¢ sy, (44).

(H-1)2<p< 1) T

Lot o= (lc—l)_k%‘. Then |
) =(1-2) (w(o)logen— (@) += w (B log b

+%(z9(w,2,) —0<L>)+1og<lc—1) (o (af) ~av('(k-—1)2))

—%(Mm%)—a((k—i)ﬂ)x | | | (35)
Since V | |
av(w)logw 0@) logwr tf“) a, (36)
we have . o o )
= 9t i
F(lc) log (b — 1)'[2 Ty -+ log (- 1)J(k T
+_k_w<k>1ogk-_k_ﬁ(k>,
and

F(k) _log(k—=1) (= 8(t) log(k—1)(# 8 4
ok k L tlog®? di-+ k Lk e ¢ log® t

+—]g‘2—‘(2av (k)loglc ~3(k)) = I 1(k) +1 a(k)+I3(k), say. | (87):
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By Lemma 2, it follows that

1og(lc 1) j _dt
I.(k)<1. 001102——————-k . r-r

= )a+9_§;‘5_‘%‘_’ dt

=175 log®é
log(k—1) ¥ (b—1) =
<1.001102 %€ - » E [(k—1)%2 1],
= (24225 Y 10g2(5—1)

=1.00110219%i%il zj
' 4 =0

k—2
A Simple calculation shows that

o ~1<w(1+7(1+ 3(1+ 2 ))) (#>0), | (38)
(k—1) 252 25
and that —s— and (lc—-l)_k_*?—l are deoreasing for t>9 and 0<é
b(b-2)(2+ 2250 |
%—2
<15. Hence, for k>12, we have
- 0.25 0.251og(k—1) 7, , 0.25log(k—1)
L,()<1.001102 725 [1+ s (e
0.25log(k—1) ,, . 225 (k 1)7’“"2
x(1+ 2 (-1 2))]2(;_”@5;)—
| | 5—2
0.25 0.25Tog 11/, , 0.25log1l/; , 0.25log 11
<1.001102 922 [1+ o (1 S (1 2B s ))]
15 L
x 3 —il‘f’__——<1 3872, | (39)
" (2+45 40 ) |
Since
LB+ I (6) =222 () og 0w~ 0 () + - (2 () og k=B (R)),
we have

'[w12] =17,
13(12) + I, (12) = 123(07(17) 12 1opti— &(17)) (20 (12)log 12— 5(12))

122 10
<0.4861+0.1188=0.6049,

From this and (87), (89) it follows that

<19 <7>< 12 1og11—13.1431)+-1—22—(2><510g12—7.745o)

F <12><1 8872-+0.6049=1.9921, | (40).

Similarly
I,(13) +I3(13) <0.4826+0.1212=0.6038; = -

e 1(§3> <1.8872+0.6038=1.9910; (41).
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I,(14) +I5(14) <0.4808+-0.1090=0.5898;
F(14)

S <1.38724+-0.5808=1.9770, C(42)
The expression (86) implies that w(x)loga<<?(s) is inoreasing for >2. Note
that X };2 is decreasing for k>>4. Hence for 15<<k<<16, we have [w;] =22,

L) +Io(B) =22 (s () og a—8(21)) + =~ (k) log b+ (@ (log b —8(k) )

5533(@(22) 16 10 15— 3(22))

— 7 (w(16)log 16+ (16)log 16 —#(16))

152
<13 <8>< 16 1001516 0876>+-—-——(2><610g16——10 3099)
TH\° <12 : 152 0
<0.5011+0.1021=0.6082,
.F_]E’Q<1.3872+0.6032=1.9904, (15<k<16), @)

Similarly, for 17<<k<X18, we have
I, (k) 4+ I5(k) <<0.49124-0.0946 =0.5858,

r Uc) 2(k) <1 .38724-0.5858=1.9730 (17<lc<18) (44)

For 19<k<22 we have
I (k) +1I5(k)<<0.5142-+-0.0925=0.6067,

___F]gk)<1.3872+0.6067=1.9939 (19<k<22), (45)

For 23<<k<28, we have
I (k) +I3(k)<<0.5169+0.0771=0.5940,

L®) <1 5812+0.5040=1.9812 (38<h<), (46)

For 29<[<<40, we have
I () +15(k)<0.542240.0701=0.6123,

LB <1.53872-+0.6123~1.9995 (29<h<d0), @
Now suppose £>41. As before we have

J( B-1)% di

log (k—1)
L(p<t.001100 KEE=D S f 0

<t.o0t10p 2&E-D 5 (k= D% [(k—1)FT~1],
= (2*1—]c 2) log?(k—1)

2+——-—-

(b=1) **5
k(h—2) (2+_k__§>2.

Singe

1
and (k—1)%2 are decreasing for 4>9 and 0<4<8, it
, g1 )
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follows from (88) that for k=41

. (k—1)2 log (k—1) log (k—1)
Ia(k) <1.001102 22 [1+ = <1+ S

X (1—%—-1%%%—2%)—- (k— 1) = >)} ﬁé éi—:){:}

log40 /. log40 —3%))
<1+'3><39\1+4><39 40 ]

log 40
2x39

40° [1+

<1.001102- 425 |

$
. g—-—:———<1.16929,
= (o) |
We turn next to I (k) for k>41. In view of Lemma 2, we obtain
‘ log (k—1) r* i
k& s log?t¢

1 oot10s log(b—1) (Y’F-“‘*"‘% d rk-m -
1.001102 k K1 10g2t+ (k-1 log? ¢

f—1 di 2 j‘(k—-l)?"’ﬁ‘ dt J'uc-n% dt \)
+J<k-1>iilog t+ 50 J (-1 )t log?i + log®t/* (49)

I, (k) <1.001102

L4

We shall have an upper esiumate on the right hand side of (49). Since(k—1)%2 =

. 10;0 2]; 1 ; and < (kl 1>> are deorea51ng for £>41, we have for k>41
= B(1+——7) log(k—1)
h—
log (k—1) J‘H sy r RURT g
. 1 .001102 '—-—-—k————< Bt 10g2t + (k=1 )l-l- 10g t)
<t.00110 108D [logf {,;i 5 (1% -1)

(k—1) 1+7°—i-24 B 'E'i"z‘_'
+ . >210g2(k_1> (-1 -1)]

lc
w1 [ 405

<1.001102- 40+ _}<0.05372, (50)
T 220 [+
39

Since &% —1<<we® for #>>0, we have

log (k—1) j”“i dt
1.001102 2BL=D [ Ao
1 ,
1 —
<1.001102+ (k1) (h—1)T ~1)
( ) Blog (k—1)

<1.001102- (12) L k=1 0 09999, G

i) 12 "k
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(h—1) 2"

SID.OO ' m

1
((B—1)7z —1) is decreasing for k>41 and 0<<é<<4, we have for

k=41

100 Jog (B—1) J‘Uc ~oEE g
1.001102 k E (o-1y35 log?t

<1.001102- 1°g<’“ DR OWE( 2 1 ((h—1)T—1)
(5 e

\/40<4012 1) & 407 '
<1.001102- o5 10 5_20 < T >2 <0.32473. (52)
12

Tt remains to estimate the last term on the right hand side of (49). We know |
EY T N R T Y L
(w 210g2t) @ zlog2t+wlog2m o® \Ja log®¢  Tog®2 (53)

-1
log t§o e

and

where

21og 8, 2<<<<8, |
c= ' E
{-g- log7, 3<i<T.

12 4, 1
t—1 —1)%’

P _ _(3+1N® ,
ut g () =t+6log(t—1) — then ¢’ (%) —(-t—_—1—> . Thus for >6.3

'we have

@t o s,
L log3t>L log®¢ (2log3) J A0l +(41 7)[ g )dé
1 27 :

=='(-2—10—g73§';§<9(3)‘9(2))4‘@(9(6-3)“9(3))

>1.834+0.786=2.120>—L__
log? 2

Hence it follows from (53) that %}-j: 10? ig decreasing for #>>6.3. When k>41, it
1

is easily to prove that E-DE log(k—1) is decreasing and (b—1) 7>6.3, Thus

%
for k>41, we have .
| log (k—1) ((e-10% g log 40 (638 d
1.001102 —5 =21 L Togi7 100110227 j TG
We note that _
log D 1= 1

1 3
where -
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{310g 2, t=2,
21og 3, t>38,

Put h(¢) =¢+41og (t — 1)—_._1_, then 4 (£) — (t“) So

6.33 It 1 , 1 6.88 '
L log® t<910g42I L (t>dt+ log* 3.5‘ W (E)ds

~ 515 B ®) ~B @) g (1(6.85) ~h(3))

<1.83499-+1.76071=3 .09570,
From this and (54), it follows that for k>=>41

1.001102 10g(F~1) rk*m & <1.001102. 1% 40, (3.00570)<0.27884,  (55)
k 2 log?¢ 41

In view of (49), (50), (51), (52) and (55), for k=>41 we obtain
I, (k) <0.05372+0.09929 +0.324734-0.27884 =0.75658, (56)

Also, it follows from (10) that for £>>41 we have _
I () <2 o (B)log h<2-+1.2651<2+1.2551<0.06128, &7
From this and (87), (48), (566), we see that for k=41

FE®) ]g@ <0.75658-+1.16929+0.06128=1.98710, (8)

By (40)—(47) and (58) we see that (k) <2k is true for all integers £>12,
Thus all that remains is fo consider 3<<k<<11. By (85), we caloulate —“E-]g@- directly.

w341 =16, cw%;] — [107] =278,

F%l) 11[ ( w (16) '———loglo 19(16>>+——-w(11)1og11

+._1~ (8(278) —9(11)) +1og 10(ew (278) — (100))
—.l.w (218) ~8(100))

< (6>< 1 40610 10. 3099)+ % 5log 11
+Ti” (260.0611—7 .7450) +- (59 —25) log 10

—-%-(260.0610——83.7284)]<1.8745,

- Similarly, we can obtain

F(10)
30 <1.8843,

7 gg) <1.9190, L §8->—<1.9470, —J-’%Q-<1.9835,

F g‘” <1.9715, £§l<1.9932, _Eg@_@,ssea

I -
Finally, we consider £=3. In this case (5—1)%2>(%k~1)2 Hence, from (7), we see
that (8) must be replaced by
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2K
1, p>(k—1)%2,
(1) 1.1

<{(k—L)p 2%, (k1) k—2<'p<(k 1)k—2
b=DpF ™,  h<p<(b—1)77,

18(#, f(w))!

By computation as before, we get

F () =(1~2) (e an) o= @)) + 2 m (Ylog b+ (9(ad) ~0(8))

+log (k—1) (mw(at) — o (@) ) —%—(Mm%) ~(a)),

From this
- [wg] =8, [wf] =[2%] =64,
Fé@ [ (o(8) x 8log 2 — ﬁ(8))+——av<3)1og3+ @(64) —8(3))

[1]
[2]
£3]

[4]
[51]

[6]
(71

-+ log 2 (a(64) ~(8)) —-L (3(64) ~3(8)) ]

=%[ w (64)log 2+ 2 a?(3)}10g3~%’—_z9(3) ~ 206 —~5(8)) ]
1

~ 2. 1g 1 .
<—3-[ 1810g 2+ x 210gB —5-x 17917~ (53.1189 5.3472)]
<1.7941,

Hence we complete the proof of the Theorem.
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