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ON ESTIMATE OF COMPLETE 
TRIGONOMETRIC SUMS

Q i M inggao  ( Д  %  £ )  * D in g  P ing  ( T  -fO **

Abstract

. In this paper, the following theorem is proved:
Let/(a;) —akxk+ i-ciix+ao be a polynomial with integral coefficients such that (ciip
%, q) = 1, where q is a positive integer. Then, for 7c>3,

0. J2  | ̂ g2kql—l/kt

§ 1. Introducion
Let g be an integer > 1  and f(a>) =а1̂ 1с+ --'+ а1х+а0 be a polynomial of degree к 

with integral coefficients such that (ci, • ••, afc, q) =1. By a complete trigonometric 
sum we mean a sum of the form

8(Я, / ( » ) ) -  i > 3sfW/!Z. (1)

Many problems in  analytic number theory desire to have precise estimates of 
S(q, / ( « ) )  for large q. Si nee S(q, /(ж )) = 0  for k = l  and the case k = 2 can be 
settled by the theory of Gaussian sums, we suppose k>3.

In  1940, Professor Ниаш first proved that

' S(q, ), (2)
where the constant implied by “(У* depends only on k. The main order 1 — 1 /к  is 
the best possible. Afterwards, some mathematicians are interested in  the improve­
ments of the constant implied by “0 ”. In  1977, Ohen JingrunB:i and Стечкин, C. 
Б .С33 proved respectively that

1 S(q, f(a>) ) | <e e- (Л>3) (3)
and

(4>
where

В  (к) <ехр \к + 0  ( к )} (£->оо)е (5>

Recently Lu MinggaoC43 has proved that
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Let ov Satisfy <pT'| ( f  (■№+to) - / ( w )  ) and put

0n(v) (ру+ м ) - / W ) .
In  view of

f ГTO/4-/f.|) — f(ti-t)—’'TM/f'(UiЛ-1 f  C/̂ s') I ... | ( » )* '/ '* '’(№> . ...J\j'y~H'3/ у W  iw  \ n / r  2t ^  ч 

we obtain
2 < ct,-<tô +Z+1.

Also from [7], we have

Let ^ satisfy p ^ ||^ (y ) . I t  is obvious that.

fl»,I ‘ +  '

(21)

(22)

(23)

(24)

%?3< k.

Since pf |/ '(® ), 2J< ^ h o l d s  for any non-negative integer ft. SoЛ!

(28)

nf»i+«+11| 1
* 11 m,! p ^ +1/ ( ^ +i)(№)-

From (21) and (22), we see that p 

polynomial д'т(у). Hence we have

ц+у*#-Ю(щ)
is one of the coefficients of the

m ,+ t+ 1-<г#Х ,  (26)
and

sWiO ^ +  *’*+ ~ -  рт*+1ут‘р т*+1>(уь}) ^(mod p**+1).

By this expression, we conclude that the congruence g'H(y)= o (mod pf'+1) (o< y< p) 
has atmost solutions.

Using mathematical induction, we now prove that for Z>2(Z+1), the following 
estimate

|$ (р г, /(ж ))  | (27)
holds for any polynomial /(ж ) satisfying the lemma’s conditions.

For Z =  2(Z+1), from (20) we have

Now assume that (27) is true for eaoh integer in  interval [2 ( t+ l) ,  Z —1]. Then 
for Z>2(Z+1), let

i — 0*: 2^+2},
< •8* 2 = 0 : Z —<r,- =  2Z,--l-l},

• <8̂ 3“  0"s Z —<Tj^2^} •
and write 7Hi== 2  mh = 2  ть -^з =  2  We have _M1+.M2+ j¥ 3=>??i(>

Since
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|S W.®u * 2  =  v ( / W ) Pi l ^ ( f c W )3/=0 J/=0
g M ) \ ,

by the inductive hypothesis and (24), (28), we have

,2 l Arfl - д„Ш
<  2  ^  1 щ к^р^ p (29)

We consider If  t,= 0 , it follows from (28), (28), and Lemma 3 that

2 1 A*». I -  S s ^ '- 'I S C s " " ,  ?<.,(»)) I <  2 s / ' 1-6̂̂ a J'6ĵ a iêCa

<  Mzk^p^ гр1(г . (30)
Now we tu rn  to ^ > 1 . At first, suppose either p is an odd prime and t}>  1 or p = 2  
and tj> 2 . We proceed as in  the proof of (18) but use th l — o-j and g^{y) instead of 
t, l and /(a?) respectively. We have .

\8 (р 1~а*, ^ (У ) )  I (31)
where s is the number of the different zeros modulo p  of the congruence

ff'nXp) =o(mod рь+1) (o<y<p).
Hence From (28), (31) and (24) we have

2  IjSw I =  S ^ - 1|^(2>i"% f c ( ! / ) ) l < S 4 M ■j€*&a a г
Q-J+2Q+1 _2 г(!_1) § i-1 i(i-4)

=  2 ™ #  й p 4 fc'  <.М2к^ръ p 4 fc/ e
ie^a . '

I t  remains to investigate p = 2  and t}=* 1. In  this case, by (26) 
o ' ~ h t ~ h  1 —tj—wij-htj l~<x}+ 2 tj+ l^m j+ t+ 3 .

If  /c>=4, then
1 2 i  i

p fc= 2 ^ = 4 fci< ^ .
Thus from (28) and Lemma 3 we have

_ wt̂ +f+3 .< >Л_ IN .
2  | S . ^ I - 2 r ' - ‘ |S ( f >-", f c « ) K , S r < 2 f T -

* 1 4* /Л ^У  2 2 - >Л_ IN
<  2  m,ifcV p  ^  fc'  <  M 2k*p* *' .

If  k = 3. Since pf<& and p = 2 , we have i < l .  Also we have

p fc =  2 < 3 3 = k k.
Therefore, i t  follows from (28) and Lemma 3 that

2 1 А ^ - 2 Г ' и а д ^ а . <« ) ! « 2 У ' Ч 2 г  * ■ s V *>46*4s j^a i 6^2

< 2  ^ У (14 ) < m J p *-1p<x
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Hence we have in  any case

,2>6̂ 3
Finally it follows from (25), (26) and Lemma 3 that

2  e A f iv s + m ) )  <  2i>*“1< 2 p ~ T“  ИJ/=0 ■

(32)

S I » ,. JM’jtP* . ,__2
i  G J3?8

w^+t+l+^w 1\ 2 2 ,  1\
< 2 p  ft P  ̂ ^  M3k kp k p ^  k'

ibJ*з
jt)v re/ ^  м 3/скр ю p 4 rc'  . (33)

In  view of (20), (29), (32), (33), we have for l> 2 ( t+ l)

|0(Л /(»)) I <(S + S + S ) |s,^|.< (M1+M1+Ms)Ppi~1v<1̂У€«л/i /6*̂3
2. 2_- »/ н_1\

— m kkp k p  '  k'  t
Thus it follows that (27) is true for all i!> 2 (t+ l) . We complete the proof of the 
Lemma.

§ 3. Proof of the Theorem
In  view of Lemma 1, Lemma 4 and Theorem 10.2  in [7], we have

2_ 2_n 3 1
П\S(q3 f ( ® ) ) \< H ( k - l ) k kp k 1 П  ( i b - l ^ x

P̂JC .fc fr1) K-2 (fc—1) A-2 1)8
2>

X П  (k — l )p  ==eVQc) qj1 fc^say.
№ -l) ac p < № - l ) W

Let a>k= (k —l ) 1̂ .  Then

•^(^)==( 1 —j^ (n (4 )teg ® k-&(cvk))+-j-ov(k)\ogk

Since

we have

and

- у ( # ( 4 ) - # ( ( * - 1 ) 2) ) .

ar(a5)loga5—г̂ -(ж) =loga)f —f Щ -rdt,
Js tlog^t

+-^-or(^)log A—-^-#(&),
/? Л ?

■УрЬ) _ l o g ( £ - l )  p*
* *

1

, rff 1 logQfc-l)f*l 0(0 Д
2 <5 loga i # J (ft-l)a i log21

(2or(&)log/fc~ & (k ))= ^Ii(k )+ I2(k')+I3(k'), say.

(44),

(35)

(36>

(37)s
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By Lemma 2, it follows that

I 2 ( k ) < l .  001102 Г* -JL.к J №-l)a log21

=1.001102 log(yfc-l) &  rc*-i >■♦***- dt 
к log21

0.251
0.25

< 1 .0 0 1 1 0 2 s -— (ь ~ р  ..M --------
h y g Q - i )

k - 2
A Simple calculation shows that

e‘-i<Ki+f ( i+f ( 1+Te‘)))- (®>0)' (38)

( k  —  1 )  2 + ‘fc= 2‘ 0.25
——— 1----------—  and ( k —1) k~2 —1 are decreasing for k> 9 and 0<&

0.251

and that
ta -2 )(2 + ^ ./k - 2

<15. Hence, for 12, we have

iK ^ )< i .o o i io 3^ [ i + ° , f ^ | )̂ ) . ( i + A g | M ^

0.251

:( " W )
0.25

X S  1111
1=0

1 2 x 1 0  
' +2

<1.001102 [ l  +  -°-AU”8 . a ( l + E 3 | t o g l l ( i + M № £ l l . j

-<1.3872. (39>

(*+ir)
Since

h ( k ) + I z( k ) ^  (w (a^) log «й ~  ̂  (ац)) ■+— - (2яг (k) log к -  & (к) ),

we have
■ [*12] —17,

/.(12) + /.(1 2 ) -  A | - (  *(17) - j |  lo g l l - 9 (1 7 ) )+ 1 A-(2»r(12)log’1 2 -9 (12 ))

< ^ - ( 7  X l o g  11 -  i 3 .148 l)+ М з-(2 X 6 Jog 12 -  7.7460)

<0.4861+0.1188 == 0.6049.
From this and (37), (39) it follows that

F (  12) 
12 <1.3872 +  0.6049 =  1.9921. (40)

Similarly
h  (13) + 13 (13) <0.4826 +  0.1212 =  0.6038; 

—Я — < 1  • 3872+0.6038=1.9910}lo ( 41 )
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h  (14) + 13 (14) <0.4808 +  0.1090 =  0.5898; 

<1.3872 +0.5898=1.9770. (42)

The expression (86) implies that srcr (®)log *<$(+) is increasing for ж>2. Note

that k - 2
Ъ is decreasing for &>4. Henoe for 15<&<16, we have [%6] =22,

Ii(b) + I 3(k) =  А .Л  (gp (%) log % -  fl (%)) +  -p-(®(^)logiH- (jr(j!;)log&-#(£) ))

sr(22) . log 15—#(22)^

+-Jg2™ (5r(16)l0g 16 +  ЯГ (16)l0g 16 — d(16))

^ t I K 8 X ' l l l0g l'5 16 *0876) + "ib"^2 x 6 l°g 16-10.3099) 
<0.5011+0.1021=0.6032,

-^^< 1 .3 8 7 2 + 0 .6 0 3 2 = 1 .9 9 0 4 , (1 5 < £ < 1 6 \

Similarly, for l7</c<18, we have
h {k )  + I 8(jfc) <0.4912+0.0946=0.5858,

- ^ ^ < 1 .3 8 7 2  +0.5858=1.9730 (I7<jfc<18).
A

For 19<&<22, we have
h  (к) + 18 (Jfc) <0.5142+0.0925=0.6067,

- ^ 1 < 1 . 3872+0.6067=1.9939 (19<jfc<22).to
For 23<&<28, we have

Ii(jfc) + 18 (Jfc) <0.5169 +0.0771=0.5940.

- ^ 1 < 1 . 3872 +  0.5940=1.9812 (23<jfc<28)„' to
For 29</б<40, we have

I  Jo) + 13 (jfc) <0.5422 +0.0701=0.6123,

.3872+0.6123=1.9995 (29<jfc<40). !to
Now suppose &>41. As before we have

(43)

(44)

(45)

(46)

(47)

h  Jo) <1.001102 - )■

<1.001102
to

d t

Oc-lf*-h logat

s
i= 0

q-Da+̂
(2+Т ^ У ^ к~»

[(*-!) А--1].

Sinoe (jfc-1) 2+̂ ~

w - 2 i 2 + i h J

i
and Jo—1) fc~2 are decreasing for &>9 and 0<*<3, it
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follows from (38) that for &>41

J * ®  C l . 001102 i ^ [ l + J | A r l I ( l +

< 1.001102- 402

з
si=t)

41x39
i

40 зу% - r ^ <  1.16929.

r1 + .bg40 / 1 log40 / 1 log40 .4Q̂ \ \ 1  
L 2 x 3 9 \  3 x 3 9 \  4x39 ))±

=° (2+A
\  di

We turn  next to I* (k) for &>41. In  view of Lemma 2, we obtain

Л ®  «1.001102 J 2 £ « = a . |*  ^  ■

,1.001102 М | = И ( Г ,,1* Л т + Г ‘ * -к \Jft-i log2 i
l J. J+l 1

p- 1 dt , f( )8 “ dt dt \
. J(ft-i)Hlog2# «So J(ft-i)i+B log2# Ja log2#/*  ̂ '

l
We shall haye an upper estimate on the right hand side of (49). Since (к—1) fc~2 — 1,

&Ч-1 and (k -1 ) i +. fc- 2
are decreasing for A>41, we haye for &>4t

£ lo g (£ ~ l) * ( l + j Z a / . b J g ^ - l )

1 001102 bgOfc-1) dt ^  v
1.001102 h log2#+ Ja _1)^ l o g 2#;

<1.001102 ,lo£ 0е.—j;l_ k 1 ' ( ( i - 1 ) ^ - 1 )

40 зу — 1 . ,
<1 .001102-^=— t—140-

loga(к 1)

( ( A - l ) - ^ - l ) ]

40
4039

( ^ r
41log 40

Since ег —1 <жег for ж>0, we haye

1.001102 log^  — 1 - s к J(fc-i)il 1л"2

<0.05372. (50)

dt
log2#

< 1 .001102-

< 1.001102

(£ -1 )1 2

1 h- 1

( ( * - 1 ) ^ - 1 )

■ m 12 к <0.09929. (51)
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I ., i(#_  Jp) 2 TT J_
----- ----((A—1) ^  — 1) is decreasing for &>41 and 0 < i< 4 , we have forSince

&>41
. yfclog(^-l)

1.001102. log (h — 1 ) ^  fCfc“1)T+ ia dt
Js

4 ГОс- 1 ) T t ~

s  1+,i==0 J ( fc—1) t *isТа lOg
1+_i_

< 1 .001102• - og ̂  - 1) . —-----^ ~ -p .2 12-------((£-l)T T _l)

V 40 (4012 - 1 )  4 , .4 0 ^
41 log 40 |fo /  1  , a<1.001102 • S  _ _ Z i i Z _ < 0 .32473.

Y-+—TV 2 ^  12  /

(52)

2 12
I t  remains to estimate the last term on the right hand side of (49). We know 

If*  (В V 1 P  <Zf , 1 2 / Р  d* 1 \/ I P  dt V _  1  f
Л ® J a log2 £ /  £»2 Ja log21 a; log2 a; x2 VJa log3£ log2 * 2,(C (63)

and

where

log t - 1  
t+ 1 *

2 log 3, 2<<K3,
C — i 4

-g-log7, 3 < t< 7 .

Put g(t) =£+61og(tf —1 ) — j ~  - 4  _ ^ -¥, then g'(t) • Thus for a?>6.3

we have
P dt ^ f 6-3 dt 
Ja log3t Ja log3t J 2 log3 i (21og3)

^T8(ff(S)~ff(2))

i 3p j /  m t + (4^ 7р Г ?'®*
27

(2 log 3) 1 

>1.334+0.786 =  2 .120>.

(4 log 7)3 

1

(fir(6.8)-fir(3))

log2 2
1 Ca dtHence it follows from (53) th a t— -—5— is decreasing for a; > 6 .3 . When &> 41, ita? J 2 log21 ’

is easily to prove that —— ■<■■■■■ log(&—1) is decreasing and (Js~ 1 )2> 6 .3 . Thus

for &>41, we have ■
fogflfe-l) re ft-1

# Ja log2£1.001102 —--"7, ••'•i  j ' ^ < 1 .0 0 1 1 0 2 * log 40 r«-33 dt 
41 J2 log21 °

We note that

1°e*>»j+T’
where
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^ r 3 1 o g 2 ,  t> 2,
12 log 3, t> 8.

Put h(t) =  t+41og(tf —1) — — ■ ■■■, th e n Ы(t) T-N) •t — 1 \  t —1 /

г
33 dt -< -

log21 9 log:
1 (A (3)-A (2))-9 log2 2 v’v'/ "'4“/ /  1 4 log2 3

<1.33499+1.76071 =  3.09670. 
Prom this and (64), it follows that for к >41

dt
) 2 ’

(A(6.83)-A(3))'

1.001102 1 А _ ,1 )_Г(
к J 2

2 -<1.001102. (3.09670) <0.27884. (55)
log21 41

In  view of (49), (50), (51), (52) and (55), for &>41 we obtain
h  (к) < 0 .05372+0.09929+0.32473+0.27884=0.75658. 

Also, it  follows from (10) that for &>41 we have

Is(k)>

From this and (37), (48), (56), we see that for k>41

А  я; (к) log &< A  1 .2551< A . 1 .2 5 5 K 0 .06123.
Ю tO 41

F(ft)
к <0.75658+1.16929 +0.06123=1.98710.

(56)

(57)

(58)

By (40)—(47) and (58) we see- that F  (1c) <2/г is true for all integers &>12.
F  (ft)Thus all that remains is to consider 3<&<11. By (35), we caloulate — directly.

22

F  (11) 1 Г
11 1 1 L

M = 1 6 ,  M  =  [10~3=278. 
9 ov (16) • log 10 -  £K16)) + А  ^  (И ) log 11

+ JL (#(278) -5 (1 1 )) + lo g l0 ^ (2 7 8 ) -гг (100))

<

-i(^(278)-^(100))J

(б  x ~  log 10 - 10.3099)+ A  x 5 log 11 

(260.0611 -  7.7450) +  (59 -  25) log 10

2

АГАи Lii
l+ l i

-  i- (260.0610 -  83.7284) ] <1.8745.

Similarly, we can obtain

A A < 1 .8 8 4 3 ,  A A <  1.9190, A A _ < i .947o, A ^ - < 1.9835,
1U У о l

-<1.9715, <1.9932, A  A  <1.8866.6

Finally, we consider k = S. In  this case (k — 1) k~2> (k ~  l ) s. Hence, from (7), we 
that (8) must be replaced by
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f l ,
2 b

p>  (к — 1) k~2,
1 ,1 b 2b

(jfc—l)p  2 k, (k — 1) k~2 <£>< (Jo—1) k~z

( k - l ) p i- i k< p<  ( k - l ) 1̂ '
By computation as before, we get

F  0 )  =  ( l  -  (я? (a?fc) logaifc -  & (cck) ) +  -|- зг (A)log A:+ - j  (eg) -# (* ) )

+ lo g (fc -l)  (w(og) -w(®»)) - - —(#(«!) -#(% ))«

From this

F (8 )
3

M - 8 ,  [®I] =  [26] =64.

3 i j  (®(8) x 3 1 o g 2 -0 (8 ) )+ - | cr(3 )log3+ l(# (64) -0 (3 ) )

+ log 2 (яг (64) -  яг (8) ) — j  (f l  (64) -  $ (8) ) ]

-■g-[ ̂ (64)log2+-| w (3)log3-|- m  ~(&(64) -0(8))] 

< — ■[ 18log2 + ^ - x 21og3 — i-x 1.7917— i-(53.1189 -  6.3472)]
<1.7941 .

Hence we complete the proof of the Theorem,
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