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EXISTENCE AND UNIQUENESS OFWEAK 
SOLUTIONS OF UNIFORMLY 
DEGENERATE QUASILINEAR 

PARABOLIC EQUATIONS

Chen Y azhe ( ЛЕ. jfij-) * * *

Abstract

I n  this paper we deal w ith the quasilinear parabolic equation
du
dt д%{ L

aiS(x , t, u) -щ г]+ь‘(а:' t, M )-~ -+ c(a j, t, u ),

w hich is un iform ly degenerate a t  w =0. U nder some assumptions we prove existence and 
uniqueness o f nonnegative weak solutions to the Cauchy problem and the first boundary value 
problem  fo r  this equation. F urtherm ore, the weak solutions are globally Holder continuous.

§ 1. Introduction

In. 1961, E. S. SabininaC3:i studied existence and uniqueness of weak solutions to 
the Cauchy problem for the A-dimensional porous medium equation

du
dt A<p(u),

where 93(0) = 0  and H. Brezis & M. G. Grandall made a wonderful workC4:i on uni­
queness for the above problem. Furthermore, L. A. Caffarelli & A. Friedman 
studied Holder continuity of weak solutions in  [6, 6].

In  this paper we establish the existence and uniqueness and Holder Continuity 
of weak solutions to the Cauchy problem and the first boundary value problem for 
uniform ly degenerate equations. Since we have found Holder estimates for positive 
classical solutions of these equations in [1], weak solutions can-be found easily. As 
to uniqueness we shall apply the method used in  [2], but there are substantial 
differences because we have no estimates for any derivatives of solutions which are 
required for one-dimensional equations in  [2].

Let BA be the A-dimensional euclidean space, Q a bounded open domain in  BA 
and 8Q the boundary of Q. Let
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Qi “ {(®, 0 < t< T },
and Г т be the lateral surface of Qi and Qt the section of Q[ at time t.
In  Qi, we consider the following quasilinear. degenerate parabolic equation 

8 u 0  Г .   ̂ .л  ЙМ 1 i i  л . i  .л  j.[»«(», t , *, м)— -+с(ж, «) (1.1)dt 8%i
with in itial and boundary conditions

м(ж, 0)= w 0(»), ж£Д>, (1.2)
=  (®> (1.3)

Definition 1.1. ТЛе function u(jx>, t) defined in Щ is called a weak solution to the 
first boundary value problem (1.1), (1 .2), (1.3), i f  

( i  ) u(x, t) £C(Qi)  and и is nonnegative in Ql.
( i i ) f o r a n y f i ( x ,  t) £Cl$(Q,l) with ф(а>, t ) \ ri= 0 and ф(х, i ) | t=2.=0, м(ж, t)

+ t, u) *, u) - ^ L + c'(®, t,u )fijdxd t
er

“  “  j fl Uo(x)ifj(cc} 0)йж + |^Д у(ж , t, g) cos (n, x^dxdt, (1.4) 

where П is the outward normal on Г т and
fu '

. Д#(», t, и) =  V %(ж, t, v)dv,

Bt(x, t, u) = \bi(x, t, ~  (1.6)

C(x, t, u) =с(ж, t, m)+Jq dbl(aj J * .*):

Sim ilarly in  the domain
. QT={(cc, i)|fflGB", 0< t< T }  . . •

we discuss the Oauchy problem for equation (1.1) with initial condition
w[t=o-=Mo(fl>), oo^.W’, (1.6)

Definition 1.2. The function u(co, t) defined in  QT is called a weak solution to 
the Cauchy problem (1.1), (1.6) i f

( i ) гг (ж, t)(zO (Q T) and и is bounded and nonnegative in QT;
( i i )  fo r any bounded domain Q d W 1 with smooth boundary and any

iK®, *)€O2:K5 x[0 , Г ])
with ф(х, t) |aflxco,!': —6, ф(х, t) j#=r=0, u(p, t) satisfies

*> *’ u) - S ‘+ 0(a’’

= —  м° (ж) ф (ж, 0) da>+|0|90Л- (ж, t, и) cos (n, ж,-) йж di. (1.7)

Assume that the coefficients of equation (1.1) for the first boundary value 
problem satisfy the following conditions:
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(EA) for any (as, 2) £ Q i, 0<u<oo} £ £ R W

K l«l)l£ l*< «w (* , Ь t * ) ^ < ^ ( | t * | ) l f l e, О--»)
where A is a constant and v (s) has the following properties:

(a) p(s) G<?[0, oo), v(0) = 0  and j/(s)>0 if s> 0. (1.9)

(b) Let <p(v) — I v(s)ds and its inverse be Ф(ТУ). There exist §> 0  and m >  1
Jo

such that, for any W i and W  a satisfying O<TF1 < IE 2<  8,

1 ( W i j i - iл m
m \ Wa

(EB) for any (x, t ) £ Q i} wG [0, oo),
G’a(x, t, u )< A , G(x, t, 0) = 0;

(EO) ац(х, t, u), bt(m, t, u), 8b((x, t, u) 8ailc(x, i, u)
8%i ’ 8xk

N ) belong to Ga(Qi x (0, oo)) (a> 0 ) and satisfy

(1.10)

(1 .11)

G'a(x, t, u) ( i, j , Л - 1,

KM)
n

+2t=l

s  ь?(», t, « ) } + S  2  8am(<c’ b  u )-.4=1 J «=1 'ft=l 8ah
8bt(x, t, и) 

8a>i +  |C ,(» , <, t») < i)( |t i |) (1 .12)

in  Qi X (0, oo) where rj(v) is an increasing function.
In  addition, assume that the in itial and boundary data satisfy that
(DA) Uo(x)£G“(Q), g(x, t) GGa(T T) («>0); . .
(DB) «о(я)>  0 in  and g (as, 2)>0 in  Г т;
(DO) щ (х) =g(x, 0) if  x^dQo.
On the boundary 8Q of О we suppose that
(BA) 8Q belongs to G2+a.
By assumption (BA), we have the following corollaries:
(BA)j 8Q satisfies the uniform ly outer spherical condition, that is, there exists 

8o>0 such that for any x0£8Q  an outer sphere К  (do) with radius 80 satisfying 
К  (do) cz'B.N\Q  and x0£ K (d 0) can be found.

(BA)2 there exist ao> 0  and 60> 0 such that for any x0 G 8Q the sphere К (p; x0) 
with its centre at cc0 and radius p < a 0 satisfies

mes{JT (p: x0) \ (К  (p; x0) П &) }>0o mes{iT (p; a)0)}, 
where mes {•} is the measure of a set in  КЛ

In  what follows we shall describe the main results in this paper.
Theorem  1.1. Suppose that (EA), (EB), (EG), (DA), (DB), (DG) m d  (BA) 

hold. Then, problem (1 .1), (1.2), (1.3.) has at least a weak solution which is Holder 
continuous in  QT ■

In  order to establish the uniqueness theorem, we have to give additional 
assumptions:
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(ED) for any Si, s2 satisfying 0 < s i< s2<S

Ksa) \S2/
where Я(т) is a function which tends to zero as r-»0+.

(DD) v(u0(a>)) is Lipschitz continuous on Q0 and v(g(co, t))  Lipschitz continu­
ous with respect to oo and t on T T.

Theorem  1.2. Suppose that (ED) and (DD) hold in  addition to the assumptions 
of Theorem 1.1. Then, the weak solution o f problem (1.1), (1.2), (1.3) is unique.

For the Oauchy problem we still suppose that (EA), (ЕВ), (EO) are satisfied, 
but instead Of Qf and Q we use Qf and HN respectively.

(DA) ' Щ(®) is uniformly Holder continuous in  R^«
(DB) ' м0(а;)>0 in  R w.
Theorem  1.3. Suppose that {EA), (EB), (EO), (DA)f and (DB)' hold. Then, 

problem (1 .1), (1.6) admits a unique weak solution. Furthermore, the weak solution is 
uniformly Holder continuom in  QT.

§ 2. The First Boundary Value Problem

By assumptions (DA), (DB) and (DO), we can establish the sequences {ua„(x)}
and {gn(x, t)}  of sufficiently smooth functions satisfying

1 2— <Uon((c)—Uo(x)<—, a>€Qfn n

- ~ < д п (я , t ) - g ( x ,  ^ < ~ г , ( a , t ) £ E P, (2.1)tv lb .
I « 0»(® ) II CaCQ)^Ea,

Idni®, t) Iсз-'Д(r>^A«, ' (2.2)
and the corresponding consistency conditions, where La is independent of n.

If (DD) holds, we still require that
\р(щлЫ ) —р(щл(а>я))\< Ъ \ю х—{вя\,\ /х х ,а я^О 0, (2.3)

\v(gn(a>i, h ) ) - v ( g n(x2, < a ) ) |< i( |® i-« a i + |# i-< a |),
V(®l, O ,  (®a,

Consider equation (1.1) with the in itial and boundary conditions
м1*-о=«о»(®), (2.4)
и\г*=д«(я, t). (2.5)

Here we extend а^(х, t, u), b fx , t, u), c(a>, t, u) from Qf x (0, +oo)to Q[ x ( — oo, 
+oo) properly so that (EA), (EB) and (EO) still hold in  Qi X ( —oo, +oo). 

L em m a 2.1. I f  un(x, t) is a solution to problem (1.1), (2.4), (2.5), we have

± -e-*mT<un(x ,t )< M ,  (2.6)
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where M =елтта,х{та,х щ (х) max g(x, t)] +2 .
Q Гт

Proof Set un=eMx. By means of the maximum principle, it follows imme­
diately that . ■

0<ад„(ж, t)<,M .
In  order to obtain a positive lower bound of un(x, t), we set, for any s> 0 ,

W (x, t) =enmtun(x, t)-\-sef, .
W  (x, t) will satisfy the equation

[с(ж, t, u) +rj(M )'](W ~ еег) — ае*=0.8W 8 L  8 W : h, 8W
dt дх{ \- i} 8xs J Ui 8Xi

Owing to W  — ee*>0, W  (x, t) will not reach its positive minimum in  the interior 
of Qi and so

W(X, * ) > -  +  S,n
l. e.

un>
L П

+  8 -  ee*]®'400*.

Setting s—>0, we obtain (2.6). The proof is completed.
Remark. "We can suppose that condition (1.10) holds for any Wi, W s satis­

fying 0 < W i< W â p (M e ’,(M)T) i f  we change the constant m  properly.
By means of the a prio ri estimates in  Lemma 2.1, it is easy to show that the 

classical solution to problem (1.1), (2.4), (2.5) exists. Applying Holder estimates 
for solutions in  [1], we have

L em m a 2.2. The solution un(x, t) to problem (1.1), (2.4), (2.5) has the 
following estimate

\un\ q сч,-ф (■Q'Q ^M ai, (2.7)

where (0, 1) and M a% are'independent of n. ■ <
The proof of Theorem 1.1 By Lemma 2.1 and 2.2, the sequence {un} of 

solutions is compact in  О (Qf) and so we can extract a subsequence {unt}  which 
converges to some function u(x, t) in  0(Q I). W ithout any difficulty, we can verify 
thatw(tc, t) is a weak solution to problem (1.1), (1.2), (1.3). These prove 
Theorem 1.1.

To discuss the uniqueness theorem, we need other properties of un(x, t) .
Let (ж0, t°) £  Qi and К  (p, x°) (for simplicity, usually denoted by AT (p) ) be a 

sphere with its centre at x° and radius p. We denote that
Д ьрОО = {x £ K {p ) (]Q \W (x, t)<Jo} (0< t< T ),  (2.8)

where
{Unte, .

W (x , *)“  v(s)ds. (2.9)Jo
Lemma 2.3. L e tu n(x, t) be a solution to problem (1.1), (2.4), (2.5), and
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£(®) a cut-off function in  K (p ) . I f
0</c<  m in W(oo, t),

K(p)ndQ

then we have
_8_ 
dt \e~ A  l 4 b { b - W ) d x \ + - J ^ - e - ^ m- 1̂ M>T[ £2|V F |acb

L JBh.oO -* 2 J £*,»(«

< r f  |v c ia( ^ - * ) 3̂ ,

where у  depends only on N , m, T, M  and A,

i t ( s ) - j V ( 4 - r ) T & ,

and v=&>(W) is the inversion of

Proof Set v= un(x, t)en(M)t. v(%, t) will satisfy the equation

[««(», ^  -J“ ~+c(®, t, v)v,dv
dt 8%i

where
cq,-(a), ^  *0 =<%(«, e-4(jr)̂ ) ,
.bt(x, t, v) =bi(a>, t, e~v(mtv),

с(ж, tf, -у) —| 0C«(®, ^  -m)dr+»7(Jf).

By conditions (EA), (ЕВ), (EC) and (2.13) which will be proved below, 
1

m” |£ |2<%(®, t, v)iiij< m Ap(v') [II2,

2 ^ ( » ,  t, vX m r](M )v (v ),. <=i
0< c (ж, t, v)<;2r)(M) .

The rest of proof will be similar to the proof of Lemma 2.1 in  [1].
By condition (1.10), for 0<Si<8s<sMe'nilI)3', we have

1 { ь \ т-г ^  v(s ,)t 
\ s 2/mm \s 2/ v(sa)

<m.

In  fact, if denoting 9 =W  2/W  ̂  we have, for 0 < W i< W 2)

# (У О  ФОГО-ДКО) _  V (W ) 0 ^W < W ,  
0(Wi> « ( S ( f i ) - « ( o )  e & (e W )’ •

Using (1.10) we find that, for 0 < W i< W 2<(p(Meri{M)T) ,

( W £ f  
. \  W 2 ) *

which implies that, for 0<si <s2<Me'n(U:>T,

mm \ s 2/ 9>(sa) \s2/
Combining (1.10) with (2.14), we can obtain (2.13).

1 W i < 0 (W 1) <m{
m  F 2 <  « (Г а )  ^

(2.10)

(2.11)

(2 . 12)

we have

(2.13)

(2.14)
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L em m a 2Л. . Suppose that fo r  p £  (0, 1], .
m e s(K (p )\{K (p ) {]Q})>bx„pN} (2.15)

where Ъ is a positive constant. Then, there exists a constant s which depends only on N , 
m, T, у  and b such that i f  h satisfies

(2.16)m in {W (xt t)},
®6Я(Р) ЛЭЯ

then we have

mes В  fc p(i) =0  fo r t £2»+a * 8 , *”] .  ( 2 . И ) 1

Moreover i f  mes  ̂ Ф' ^ ^ ten ^-±7) holds for

Proof Similarly to the proof of Lemma 3.5 in  the paper [1], we can get that 
for any # i> 0  there exists 8 —8  (Of) such that

but now there will not come up the case: &<2s+2pf because there is no term 
mes Bb,p(t) on the right side of inequality (2.10).

Then, for any в2>0, there exists д1=в^(в2) such that

mes Б_|_. |  (*)<0aF? for t e  [< °- j  ф/( 2 ^ j)p 2, i°]

and finally there exists 02 such that

“ ^ , j ( ‘) - o  tor e ) ,

which are analogous to Lemmas 3.6 and 3.7 in  [1]. We can determine Of by 62 and 
then s by $i, which is the required constant.

L em m a 2.5. Suppose that the assumptions of Theorem 2.2 hold. Then, there 
exist constants Oi and 0 2 independent o f n such that for any (x°, t°) we have

m in un (x, t) >  gn(x°, f ) ,  (2.18)
Xp o a

where
p = C^min-Jp(gn(x°, f ) ) ,  a0}, (2.19)

N p =̂ {(x, t) £  Q% | \ x - x ° \  <p, i° < i< m in {t°+p, T}}t : (2,20)
and a0 is defined in  (B A )2.

Proof Denote that

. dn

By (2 .3), for any (a?0, t°), (x, t) £  Г  {JQq

, O ' 0 € Г , (2 .21)
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2 ^  v(gn(x>°, f ) )
8 v(gn(oc, t))

(2 .22)

(2.23)

(2.24)

(2.25)

(2.26)

K& (® , 0 ) - K & «  t0)) |< L (|® -< e° | +  | t - t ()|) ,
where </„(», t) is defined as и0п(я) on fi0. Denote that

Po=T L V <°)) '

. Qp. “ {(®, *)l |®~®°|<|О0, [*—«®|<po},
then we have

y j 'W ® 0, O X K frC ® , t ) ) < - |  4 # n«  <°)), (®, 0G Q P, n r .

Since A(s)-»0 as s-»0+, we can find So> 0  such that

K s ) < y  if 0 < s< 5 0.

If gn(a>, t)< g n(a>°, <°), by (ED) and (2.26)
1 .^ K.d«(®, t ) )  g n( x , t )  \  r s - n

а К л ( Л  <“)) <  ( ’ () e<2« n r -
From  (2 .26) it follows that

8o< %4% *1 < 1  tor ■(», < )6 Q „ n r .
PA®  ̂ г J •

Ifp«(®, t)> g n(cc°, <°), by (ED) and (2.25)

Using (2.26) again, we have

8o< t (<r lr 7?  for (®, t)€Q p0n r„• p a ®, t)
Thus, no matter which case it is, we always have

SoP»(®0, *0)<P«(®, t)<-i-gn(*>°> t°) for (», « )€$р .П Л  (2.27). Oo
By means of (2.14), we can find that

tfoVCsU®0, t°))<<p(g«(®, t) )< C 0<p(gn(ot>°, t0) ) ,  (®, t )€ Q P„ n F , (2.28) 
where D0=D0(m, S0, T ).
v We shall apply Lemma 2.4  to IF(it, t) =q>(une,,<'U)t). Olearly, we have

Ж(®, t) | ruflo — <p(P»(®, *)). (2.29)
Now take ^

£ = (2D0) -> (y n«  t0)) (2.30)
and then take p i> 0  such that

' < P (£ r ) l i< l* >  (2-31)

where s is defined in  Lemma 2.4. By the definition of p0 and To, it follows that

and so, by (1.10)

Do 1<Ф ' o>
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where Со = Со(т, L, 8 , I 7). To guarantee the inequality (2.31), it  suffices to take
__i

pi =min{(7 о 2p0, «o>,

Denote that i ^ m i n jV  + S»' T jand consider the domain

& , = {(«, О I |» -ю °| < p i, max jo, ^ - ^ ( - ^ г ) ^ } ^ ^ 1}, 

which is contained in  Qpo. By the selection of b, (2.28) and (2.29), we have

(2.32)

m in {W (x, t)}. 
&,incruo0)

This inequality and the condition (BA)a yield
mes В k Pl(t) — 0 for t £  [f °, f ]

24t“ * 8 ■
by Lemma 2.4. This implies that if we take

p = m in Vo,},

(2.33)

then

m in W  (a?, t) >  2*^Gl  v ^  ^  ̂  (2l 34)

In  virtue Of the definition of Ж (#, t) we have

mmw„(®, t ) e-m gn(x \  t ) ,

which is required.
Now pass to the proof of uniqueness. Let и (со, t) be the weak solution to pro­

blem (1 .1), (1.2), (1.3) established in  the proof of Theorem 1.1. There exists a 
subsequence {«„*(#, t)}  of Weak solutions to problems (1.1), (2.4), (2.6); which 
converges to и (со, t) . Assume that there is another solution и (со, t)to  problem (1.1), 
(1 .2), (1.3) such that u(cc, t) фи (со, t). Then, there exists a point (a/, i') and 
its neighborhood G&(xr, t')aQ X  in  which u(cc, t) фи (со, t) every where. Choose a 
sufficiently smooth function TJ(co, t) such that TJ(co', if) >0  and

supp{C7(со, t ) } c G $(x', if).
I t  is clear that

#)(M(®, t ) —u(x, t))dxdti=  0. (2.35)
er

By the definition of weak solutions, it follows that for any ф(со, t) £01$(Ql) with'
f *=r =  0, ф\г* —0,

jj(un- u )  [ipt+aft? --Цп\®, Ъ)Ф dxdt

—  j .  (щ»-щ)Ф(а>, 0 )йж + |^[А у(ж, t, gn) - A is(co, t, 9 ) 1 cos(n, xs)ds,

(2.36)

«г

where
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«&>(®, t) ^  i1^  t w n-K i-r)« )cZ r,
un—u Jo .

5g.)(e f) -  Д О , «О - Д О ,  t, u)
* ц ,—и

= f &4(®, £, т е„ + (1 -г )м )+ 4 г ^ 0 >  t, vun+ ( l —v)u)dr, (2.37)Jo oa>j
d p , *, un) - c ( x ,  t, u) .

* ' ■ ’ un — и

_ Q - . g»<to, *> У  (1~ T)£) + «4(»,-1, « .+ ( i - T ) S ) ] i r . '

Denote that
Q f,t0 =  { p ,  *)€$ji| |®-a!0|< p ,  \ t - t° \< p 2},

co(p)= max osc{m; Q®0’<0}. (2.38)
. to0,*0)

By the continuity of w(&,£), .we have <«>(p)-»0 as jo-»0. For any integer &>0, we 
can select asufficiently smooth function щ{х, t) such that

u ^ - j-  г

шй(р) = max osc {мй(а?, t); (2.39)
to0. *°)egTl \ № / -

and then define

a^,v>(jm$ t) ==jo%(o), t, tm„ + ( 1 - t)% )^ ,

Цп>ю(а>, i) =  j'0[&i(*/ Ь ъип+ (± -г )щ )  — | ^ - p ,  К т^п+(1-тг)м й) dr,

Un, »(», 4) - Д - аМ », *’ ^ + (1" r)g ‘U oito, *, *u»+(l-*)S,)]<fe.

(2.40)

Now consider the problem

Ф |t=ir —0 , t / » |^  =  0 .

For any £ £  B>", we have

I^12Jo y('rM« + (1~ T)^ )d v < a ^ ,'5)(®, i)£i| j:< 4 l ^ l aj 0^(rw» + (1~ 'r)“ ft)d'1’

and - ■ ■
£(®, )̂ =  |o у('Ши+ ( 1 - 1 ,)м» ) ^ ^ ’| 1 ^(vMn+ (l-v )M fc)dr

2

---- ) (2.42)
to”1 \ 2n / .

which implies that the equation is nondegenerate. Under the assumptions of

Theorem 1.2, the solution Фпк(х, t ) £ O l T 1+2 (QT) to problem (2.41) exists. We 
shall obtain some estimations of t/;nfcp ,  t). By means of the maximum principle, it
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pT

follows that
Lemma 2.6. For the solutions фП1с(се, t) to problems (2.41), we have

I фпъ(®> f) | ^ M i,  (2.43)
where Mi is independent of n and Jo.

Lemma 2.7. For the solutions фпь(р} 1) to problems (2.41), we have

< M 2, (2.44)

where n is the outward normal on FT and M2 is independent o fn , k.
Proof Let (so0, t0) £ Г .  Denote that E =m in{p, So}, where p is defined in 

Lemma 2.5 and So in  (BA)*. By condition (BA)*, we can make a sphere K (R , y) 
such that К  (В, у) clBLn\Q  and a>° £  К  (R, y). Denote that

d = \o o -y \~ R ,

where К  is a constant to be determined. Consider the function

p{m, t) = ±ifjnk(so, t)enmt+ S^ d+t^ ~

in  the neighborhood of (®°, t°) .
W ,=  {(®, t ) £ Q Ti\d < P, P < t< t° + p}.

W ithout loss of generality, we can assume that supp{t7(®, t)}  is outside N p, other 
wise it  suffices to let p be small enough.

By Lemma 2.6, it is easy to show p(x, t)> 0  on the lateral surface and the top 
of N p. In  Np we consider (drop the superscripts Jo, n)

Lp= ai3((c, +%f(a;, t) + [c (®, t) -g {M )}p+ p t

"Г- Г 1 
r f f c

A
p

+ l t ®LZ%+l} +  [c - v (M )} S .

__ g (a?«-y<)(a>i -a>f)1 , ~ 1 8 "  (Kj-ydipj-Vi)
-y\ h I(0 - y \ s \ + a « P 8 ' \ x - y \ ‘‘

1 1 ^ - 2 / 1
Noting that 8 " (r ) = —K S '(r )  and using conditions (EA), (EO) and the expression
(2.42), we have

L p < — S ' 
P

nAv К  ^ - + A + l ]  +  &-r)(M)}8'О -1_ P P 
By the definition of p in  Lemma 2.5, it follows that

~ Ci f v(gru„+(l-r)uk)d7 

t0) )

v ( ± u . )

~ > -  
p

Cl ^ -A k -  m in
2m v(g„(a>°, t0))  2m

- 4 4 ;

■u«

lm \g n(<D°, t°)
1_
m
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Taking К  > 2 An + (A  + 2)GS, we have

L p< 0 in N p.

Thus, p(x, t) xwill reach its minimum in  N p at (x°, t°) and so

< 0 ,dp
dn

which implies (2.44).
L em m a 2.8. For appropriately large Jo>0, we have .

Qi Ql •

where Ms(n) is independent of b.
Proof By means of Theorem 17 in  the paper [7] and the condition (2.39) on 

щ, we can find these conclusions.
Now retu rn  to the proof of Theorem 1.2. Substituting the solutions фпк (x, t) 

to problems (2.41) into (2.36), we obtain

JJ(w«—u)U(x, t)dxdt=  — (щп~ и 0)ф(х, 0)dx ■
e? ‘

+1^, (4 ((* , Ь 9«)--Ди(х, t, д))фЬа-сж (п, x,)ds 

ет

(cin’h>~c(n))ip^dxdt.

W ith the help of Lemmas 3.6—3.8, it follows that

| j j (un—u)TJ(&, t)dxdt < M i max К -Mo| +m ax 19n(p, 0  “ S'0*5 01
ef . ' ' • . :

+ О (») max [ | а$’к) — Щ? | + | Цп,7с) — Цп) j +  | c(n’w — c(n) | ].

Setting Jc-̂ -oo, we get ' '

2AM,Jj"(M»—u)U (x, t)dxdt <  Л* max I u0n—щ  I +  maxfi„ . r  n
Ql

v{gn(x, 0 )

<
2Mt , 2AMam

n n

and then setting («=% ), we have

||(м (ж , t) —u(x, t))U (x , t)dxd t= 0,
Of

which is contrary to (2.35). Theorem 1.2 has been proved.
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§ 3. Cauchy Problem

For each integer n >  0, let Qn be a sphere in  K,  ̂ with its centre at the origin 
and radius n, Q% the (N  + 1) -dimensional cylinder, On X (0, T], and Г п the lateral 
surface of Ql, and select a smooth function w0n(®) defined in  Qn satisfying

^ < м 0п( ® ) - м 0(а О < -§ - ,71 fb

I Won (*) II C“(On) (3.1)
where L  is a constant independent of n. We define a smooth function g„(cc, t) on Г п 
such that .

\\dn(%, t )  |a«(rn) ^ ^

n < gn(x, t)<m ax|w 0(aO | 4-2 (3.2)

and g„(x, t) and щп(со) satisfy the consistency conditions of order one.
Consider equation (1.1) with initial and boundary conditions

w(*=o=Wo„(a>), cc£Qn, (3.3)
w11\,=#«(», t) . (3.4)

I t  is similar to the above section that the problems (1.1), (3.3), (3.4) have 
classical solutions u„(x, t) which have the following estimates

max |un(a?, t) | <Ж==елу(т а х  щ(%) + 2 ), (3.5)
<3n Кя

\иЛс1]’̂  (3.6)
where Mx, « i> 0  are independent of я. .

From this it follows at once that we can extract a subsequence {иПк(а>, t)}  
which uniformly converges to a function u(x, t) in  any compact subset in  QT, I t is 
easy to verify that u(x, t) is a weak solution to the Cauchy problem (1.1), (1.6) 
which implies the existence of weak solutions.

If problem (1.1), (1.6) has another weak solution u(x, t) such that u(x, t) Ф 
u(x, t), then there exists a sufficiently smooth function U(x, t) with a compact 
support in  QT such that

p, t)(u (x , t) — и (x, t))dxdti>0, (3.7)
I K *Q1

Sim ilarly to (2.41), we consider the following problems

5(">w(»f t)ift + ipt ^ U (x J t) in q
4 * '  даьдю,

i /» |r „ = 0 .

dX, n>
(8 .8)

These problems will have classical solutions i/r„js(a?, 0  which have the following 
estimates.

L em m a 3.1. For the solutions фпк(х, t) to problems (3.8), ж have
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max \фп1с(х,

where Мг is independent o f n and k.
L em m a 3.$. For the solutions ф„тс(х, t) to problems (3.8), we have

m ax \фп1с(х, t) \ < M 2e ^ w in  Qn>

where M2 is independent o f n and k.
Proof In  the domain

Q-t =  {(®, 0  € Q l\®i>0},
consider the function'

pipe,, t) = К е ~ ^ +мт~*)±фптс(х) t)ev<ima 
Clearly, we have p(pt>, T )> 0 , p(pef t) | Ги> 0  and

P(a>, *)U=o> К ± ф пЬ(<с, t)ev(M)t>0, 
if we take Kp=M1ev<-M)T. In  Qf, we find - '

Lp= aftM(a>, t) дх{0х - ^ п,ю (ж, t ) - ^ - + i e (n’li\ x ,  t ) - ^ ( M ^ p + p t

= [Sfr»- Ь{пМ +  (c<“-fc>-77(M ) ) - уб] . iTe-1^1 +̂ (y-f>+ U(x, t) .
I t  is sure to he able to find n0 such that

supp{Z7(a>, t)}czQ%"
Taking

we have 

and

(3.9)

(3.10)

(3.11)

(8.12)

К  > m ax  | U (po, t) | •em> 
у8>3/?(Ж)+1,

Lp<0

p(x, t)> 0  in Qt,
which implies that

\фп1с(х, t) |< Z 'e “i*1i+/3(I’_#) in  Q,t>
In  the same way, we can obtain

| Фпъ(я, t) I <  K eBTe ~ ^
as claimed if we take M3 = K eGT.

L em m a 3.3. For the solutions фп11 to problems (3.8), we have

—b,i»i

\ n )  da
nk

dx < i¥ 3 exp n (3.13)
r„  - i  V i f J ’ . . .

i f  n is sufficiently large, where M3 is independent of n.

Proof Let p= m in  l | .  For any (a?0, t°) £ Г п we make an outer sphere

K (p; у) such that К (p; 2/ ) с Е ”\й„ a n d ,x0^K (p ;  y). Denote that d = \ x —y \ —p  
and

ff„“ {(®, t ) £ Q T»\d<p,  0 < t< T } . (3.14)
In  N p we consider the function ' '
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_71 _Kd
p(<c, t) = ±фпЬ{со, t)ev W + M 3e (1 -e  p ). (3.15)

Take K > 1  and Ж3=2Ма exp { •/S '}  . I t is easy to verify that p(x, 0 on the

lateral surface and the top of N p. Let n he sufficiently large so tha t N p and 
supp {U(co, t)}  do not intersect. I t  is similar to Lemma 2.7 that we can obtain

Lp<  0
if К  is sufficiently large. We shall obtain the estimate (3.13) from this.

L em m a 3.4. For appropriately large &>0, we ham

§ Я Ш й*‘й' а д ' (ЗД6>
es eg

where M i(n) is independent of k.
Applying Lemma 3.1 to Lemma 3.4, we can prove the uniqueness for the 

Cauchy problem. A t this time, it is easier than that for the first boundary value 
problem since .

дфтХ®, t)
dec r„

* 5 ^ 0  as n-*+oo

< £ )
by Lemma 3.3. These will prove Theorem 1.3.
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