
Chin. A m . of Math. 
6B (2) 1985

STRONG CONVERGENCE OF KERNEL 
ESTIMATES OF NONPARAMETRIC 

REGRESSION FUNCTIONS

Zhao Lincheng (?!£#. Д )  * * * Fang Zhaoben( ^  & £ )*

Abstract

Let (X, Y), (Xi, Yi), •••, (X„, Y„) be i. i. d. random vectors taking values in Rdx R  
with B (|Y |)< o o , To estimate the regression function m(oc)==E(Y\X=x), we use the

kernel estimate т„(я) - У \ к ( -  i^*~x ) y< / ^ x ( ^ r — )> where K(x)  is a kernel functioni=i \  nn , / /  jmi \ hn / ■
and hn a window width. In this paper, we establish the strong consistency of mn(x) when 
E ( \ Y |p)< oo for some p > l  or B{exp(t| Y |A)} < ° °  for some A>0 and t > 0. It isremakable 
that other conditions imposed here are independent of the distribution of (X, Y).

§ 1. Introduction

Let (X , Y ) ,  ( X i} F a), • ••, ( X n> Y n) be independent identically distributed 
JRdx B  valued random vectors with E \Y \  <oo. The regression function

m(a>)=E(Y \X=a>)
is estimated by

< (р ) -± 1 Г м (т )7 ь (1)

where TF«{(a?)is a Borel measurable function of oo and X t, X 2, •••, X n. The so- 
called kernel estimate can be obtained by putting

where К  (со) is a given kernel density on Rd and h=hn is a positive number depen
ding upon n only; for definition, we treat 0/0 in  (2)..as 0.

The fundamental problem of large-sample nonparametric regression theory is 
to find the conditions under which mn(co) is a strong consistent estimate of m(co). 
The first general result in  this direction belongs to Devroye (1981 [1]). He proved 
the strong consistency of m„(®) under a series of restrictions including the crucial 
one that Y  is bounded. Recently we succeeded in  getting rid  of this excessively
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stringent condition, and establish the strong consistency of т„(ж) under more 
natural and reasonable conditions.

In  this paper, either the ordinary Euclidean norm  or the maximum compo
nent norm || ж! =  max |ж(<)|сап be taken as the norm of ж= (ж(1), Х(й)) . Such as inl<i<d ’ . . .
[1], the kernel К  (ж) satisfies

( i ) there exist positive numbers, r, ca, ca such that
c J Q x l ^ r X K i c o X c J Q x W ^ r ) ,  (3)

where 1(A) is the indicator function of set A. We estabish the following
Theorem 1. Suppose that F \ Y \ p<oo for some p >  1, kernel К  satisfies condi-

ti on (3), osg(—, l )  is a constant, lim h„=0, and inf {hl/n0l~1} > 0. Then we ham

m „(X )—>m(X) a. s. as n—»oo. (4)
Theorem 2. Suppose that E {e x g (t\Y \h)}<.oo for some and t> 0, kernel

. • i ' ■ . : ' ■
К  satisfies condition (3), cc>— is a constant, lim /г„=0, and inf {nht/(logn) 1+“} >  0, t А П-»оо n

then (4) is true.
I t  is remarkable that the conditions of these theorems impose no specific restric

tions on the distribution p, of X .

§ 2. Proof of the Theorems

For simplicity, we, use the following symbols in  this paper: 
c> 0  denotes a contant;
с(ж) > 0  denotes a constant depending upon ж;
с(ж, A) > 0 denotes a constant depending upon ж and A, where A = ( X lf X 2---). 

(These constants can be assumed to be different values in  their appearance, even 
within the same expression.)

p, denotes the distribution of X \ F  denotes the support of ju.;
$ p-the closed sphere of radius p centered at ж.

Lemma 1. Suppose that j |/(ж ) | Pp  (dx) <oo fo r some p>  0, then 

limf |/(м ) - / ( ж )  \pp ,(du)/p(Sp) =0, for a. e. x (p).
p-*0JSp (6)

We emphasize that (5) is true for both the norms mentioned ealier. Refer to 
[2], p. 191, example 20.

Lemma 2. Let h= hn be a sequence o f positive numbers with lim h= 0. For all

c>0, there exists a nonnegative function g with g(x) <oo such that
№/ jju (SCh) ~~*g (ж) as n-+ oo, a. e. x (p ). (6)

Refer to the proof of [1], Lemma 2.2.
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Lem m a 8.C3:i Let r. v. Y ~ B (n , p ) , 0 < p < l ,  fo r any s> 0 , ш  have

P  — e )< e x p (—wsa/(2 p + s ) )e (7)

There exists a sim ilar result for P  p> s)„

Proof o f the Theorems. In  the following we shall make repeatedly use of 
Lemma 1 and Lemma 2. On each special occasion of its use, there is an exceptive 
set on which the related formula may not he true, these exceptive sets sum up to a 
/л-n u ll set. For simplicity of writing we suppose that this set is empty, this can be 
done without loss of generality. Take so£F. Put а?||<гЛ},

N = ^ I ( A }), pn=/j,(Srh). 
1=1

By (8)

s  W ni(x )(m (X i) - m ( x ) ) \< c 2/c 1> N - ^ \ m ( X i)-m (< e)\I(A l).
i=l. . 1=1 ..

W rite *?(«)= \m(u) —m(co) | . Let

• V .( .x ) - N ^ ± I ( A , ) \ m ( ,X t) - m ^ ) \ - N ^ ± I { A , ) g { X t),
i-1 <==1

f t w - а д  | « л ) ,  л а о >.
Using lemma 1, we have

' $ # .(« ) -Л Г 12 1 (4 ) f \т(и)-т(а>)\р(ёЫ)/рь(8л )
i= l ' J S,b ■

— I Im (u )—m(so) | fjb(du)f/j,(Srb) —>0, n->oo, .
J8r»

We proceed to show that
limUn(a/)=0 a. s.

(8)

(9)

(10)

(11)

(12)

W rite g j= g(X j), logs » = log log n, and take dn= log n logs n, c,-=j1/p (in Theorem. 1) 
or 2 ( l / t  logj)1/A(in Theorem. 2). ’
Let

1=1

1=1

1=1

(13)

Since \y \f is a convex function of у for p >  1, and for fixed #>0 and 
Я>0, exp (‘̂ A) J (y> a ) is a convex function of 2/£ (a, +oo) for snfficiently 
large a, from the Jensen's inequality it is easy to see that E \g (X 1) |®<oo or 
E  {exp ( t \g (X i)  )л)}< оо  according to the conditions of Theorem 1 or Thesrem 2

S P (0 i> C i)< o o ,
i

respectively. Hence
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and by Borel-Oantelli’s lemma, we have
P(9i>c}> i. o .)= 0 .

Therefore
oo

a. s. (14)
1=1

By lemma 2, we have
wpn=*n[A(Srh)> c(x )'n a,\/n ,  (15)

in  the case of Theorem 1, and .
npn> c (x )( logw)1+oi, 'in, (15')

1 1in  the case of Theorem 2. Therefore for any s> 0 , we have —— p„ for sufficiently 

large n. By Hoeffding’s inequality, we have

P ( ff-‘> e) - P (ЛГ<1/« ) - р ( А  - №< А .-р „ )

< F  ( f - л < - | л ) ‘« ач > { - » ( т л ) У ( .2 В |+ - |- л ) }
<  exp {—np„/10}

when n is large enough. Hence, for any s> 0 ,

' S P C r ^ ^ o o .
»=i

By Borel-Oantelli’s lemma, we have
lim iV_1= 0  a. s. (16)

From Schwarz’s inequality, noticing (14), we have

i=l 1=1

a.s. <17)i

Now, we proceed to prove
U'Jr+O a. s. (18)

Let # ( 0 - Ж -  \ 1 Ш г 1 ( Л ) ) ,  Z ,= d j { g l s- E(gls| ],  then 
0, Z j ^ l ,  j  = l ,  n.

Suppose that E \Y \ p<oo, or l?{exp(tf | F  |A) } <  со, one can take b<p, 1<6<2,. 
since e*< l+ g+  |з |ь when z < l ,  we have

8 {exp (Z j) } < l + S \ Z j | *< exp($  | Z, |b) .
When I(A±), •••, I(A„) are given, Z u  •••, Z n are iid, hence

S{exp Ш т ~  ffill)]  }<exp { й ^ - 1 g  I  (A,) 8  \ g%- | j

< e x p { d ^ -bg I ( ^ ) % 4 ^ 0 } = e x p { d &nN -« -1> I (^ > O ) j^ p 6( ^ ) ^ ( ^ ) / ^ ( ^ ) } .

<exp{dbnN ^ b-14 (N > 0 )g ^ (x )} ,  (19)
where we have written
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Ф* (®) =  sup q> (u) (du)/ fj, (8„)
P>0Jsfi

for any jUr-infcegrable function <p(x>). Note that by Lemma 1 and the choice of a?, we 
have gb*(ot)<oo. By (16) or (15') and dB=logwlog2ii, we know that for any s> 0 , 

there exists no=no(a>) such that .

for So, by Hoeffding’s inequality and Markov’s inequality, we have

p ( j z - m i > s ) < p ( n < ^ « p, ) + p (v : - m j > e ,  n >-

< p  ( А - г„< - L l + i 4 '  f S { « p k (!7i - m i m d p
' П * . JN>̂np„

< exp(-w pB/10) +  exp(-4s)«exp{d^(2/wpn) b_y if(a5)} .

<  exp ( —прп/ 10) +  exp ( — ^«s)  • (20)

By (15') and by the choice of dn, we get
2 Р ( и : - ^ и > 8 ) < о о ,  for any e > 0 .
n

(21)

By Borel-Oantelli’s lemma
limsup(£7"—SU'D^O  a. s. (22)

Recalling (11), we see that SU'i-^0 a. s., thus,
limsup U"n<0  a. s.,

therefore, (18) is true.
Now we come to prove: lim £7» = 0  a. s. Putting

П~*оо

Dn= { j: l< j< n , l i A ^ - N - ^ d z 1}, (23)
we have

N -i ± I ( A j)g'!j < 'E N ~ 4 ( A j)cj< N -4 n̂ ( D n).
i=l

Hence, for any e>0, in  order to get U'n>s, we must have
# C Dn) > SN c - \  (24)

Take a positive integer Jc> — i n the case of Theorem 1, and &=1 in anotherpa—1
case, by cn= n1/p (in Theorem 1) or c„=2* (t^logw )17’- (in Theorem 2), recalling
(16) or (15'), we know that there exists По=По (я) such that

I V n p „ ,  Hjf > e = > # (A .)> s  -i- щ папг>Ь (25)

for o, and that

N >  2 nPn> 2f n • (26)

Hence, when o, we get
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Р ( Я > 8 ) < р ( л <|-<>й. ) + р ( Д > ± n p „  v ;> e )

In  the case of Theorem 1, since gi} •••, gn are iid and npn̂ s=c(cc)na, we have

P ( W > 8 ) < P ( ^ < | - » P. ) + { S P ( f t > | & ) } >

< p ( j r 4 , » . ) + { ^ ) ' i | f t |.}* .

< P  ^1\/‘<уогрп̂  +  {п (a/)|

<exp( —wp„/10)+c(a))d р*’п-Ъа-иъ) и>п0.
In  the case of Theorem 2, from (15'), there exsits no^n'0(x) such that

ПРп 
2 dn

■ > 3 l0 g n for M>Wo.

Choosing Ъ= 1 in  (27), we get

р Я 7 ;> 8 )< р ( ^ < ^ - пв. ) + л р (  л > - ^ )

<JJ (iy<-|-»p„)+ l> .exp( |Л)р [0 Ч ( ‘ | й | л)3

< ex p (—w^„/10)+c(a5)nexp( —31ogw)
<exp( — wp„/10)+с(а/)и-2, w>»o.

From (28) or (28'), we get .
^ P (J J 'n > 8 )< oo, for any s> 0 .

By Borel-Cantelli’s lemma and Z7jf ̂ =0, we have
lim 17" =0  a. s.

со

From (17), (18), (30) and 77n(®) =U'n+U'n+U%, we know that (12) is true. 
In  the following we prove that

2'n(a5)A S T F ^ (a3) ( F J- m ( X J.) ) ^ 0  a. s.

(2T)

(28)

(28')

(29>

(SO),

(31>

as n-+co where Wr-(z) = K ( ( X j —z)/h ) / 2  K ( ( X t~x)/h)has been defined in(2).
/  (-1

Write ĉ —Y j—miXj) ,  take c,t dn as above, and let

«5—«(!(«,>o,)) P i - S W '» / / ,  i• =̂1.

(Ж ^ ^ й -1), 2 ! = 2 а д ,  (32>
• . • - - ... i-1 • -

е'Ъ=е,-е';-е1 T': = ± W n}e'b. -i=l
Similarity, we get

^ P ( e )> eJ) < ^ P ( | F J| < l o J) + ^ P ( |m ( X J) | > i Cj) < o o ,;
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P (A> oh i. o .) -0 ,.
oo

2  e fl(ej>c}) < oo a. s.„
1=1

By Schwarz's inequality and. (16), we have

(Гпу < ± Т ¥ 2п, ( » ) ± е 31(е,>с,)
1=1 1=1

<  (c2/c a) a N ~ 4 (N > 0 )±  $ I(e f>c,) 0. (33)
1=1

“W riting Z j= dnWnje'nj, we have F ,< 1 . When A =  ( X ls X a, • • • )  is given, Z lf •••,  

are conditionally independent, and E (Z } \ X }) < 0.
Assume that 1<&<2, write gb( X  = E (\Y  j\b\ X  s) , then we have as before

’ Е(ег>\Х})< 1 + Е (\Е ;\'\Х ,)< е щ > {Е (\г ; \ъ\ Х })},

JS{exp(d„Ti) |/l><exp | t <  g  W hss № ) |

< в х р { с « Я - 2 1 ( ^ ))Л (Х ))}. (34)

Suppose p>  1, by a>p~1, one can take 6>1 sufficiently close to 1 such that q=pjb

> 1  and a > l/q .  Suppose l> 0 ,  by a > 4 r , one can take b>  1 sufficiently close to 1
A

such that the inequality a >  1/v  is valid for v = rk/b. In  this case, E \g b( X }) |e<  
E \Y s\*<oo} and l / g < a < l  for the occasion of Theorem 1. For the case of Theorem 
2, we haye E{exp(t\gb(X j)  |")}<oo, and a > l/v .  Therefore, from the proof of (12), 
we obtain

N - 1 2  I (A j)дь(Х/)~>gb(<x>) a. s, (35)
1=1 ■ . .

as w—>oo. W riting p,~=ju,X g,x  • ••, we have

cN~* S  1 Ш д ь(Х^<с(<и, A) a. e. (36)
1=1

Just as before, from Hoeffding's inequality

2 Р (# < у Я З Р « )< ° о .

By Borel-Oantelli's lemma

p ( A < i n p „ , i .  o .)= 0 . (37)

Hence, when n is sufficiently large

N > ^ w p n, а .е .А (д Г ),  (38)

From  (34), recalling np„^c(ct>) (1 ogw)1+“, d„=logw log2n, for a. e. A(pT) and given 
s> 0 , there exists n0=Wo(», J)such that
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P (T l> s\A )< e-^E {Q xp(dnT 'i)\A }< e-d'>ee ^ { d bnN - 9-1U(N>0)c(a;t A)}

< е -йя8 exp c(<c, zl)| < e “,J”8ea”?/2 = exp ̂ —g-cZne) (39)

for «>%• Here, we get the second inequality by (36). By (38) we get the th ird  one. 
From (39), we have

2 P (!F " > s|z l)< o o , for any 8>0.
П

Hence, by Borel-Cantelli’s lemma, we have
P(limsup T'l>0\A) =0, for a.e. d(ju,“).

By Fubini’s theorem, we have
P  (lhn sup!T"> 0) =  0,

ft->oo

i. e,
lim su p P ^ O  a. s.,

Я~>Оо . '

For the proof oflimsup T'n^O  a. s., write

Dn={j: l< j<n,  W n ^ d - 1},
Then

±  W <  S  (c ,rCi) N - 4 ( A s)c}< (с2/с О .^ - Ч # ( Р и).

Therefore, in  order to get P j(> e  for any e> 0 , we must have 
' # ( P „ ) > c 1C21siVc~1.

1

(40)

(41)

(42)

(43)

(44)

(45)

Taking a positive integer k> pa — 1 , just as befote, there exists w0=no(®) such that

for and

N > ± n p n, Т " '> 8 = ф # (Д ,)> &

N  > y  np„, j  €  Dn=$e,> c inp j(2dnc2) ̂ enp ,Д ,.

(46)

(47)

Hence, when ft>Wo, we have

P (T :> s )< P  ( n  < i « n . ) + P  (ff > i  ярь, r : > s )

< p ( z f  < A ijp „ )+ P (# { j:j« ;i» , e,>mp,/d„}>k). (48)

In the case of Theorem 1, since e1} •••, en are iid, and npn̂ c(co)na, we have 

P (T '"> s)< P  (^ < - |-n p » )  +  | S  jP(«i> cnpn/dn) |

< P  ( n  < — np«) +  {»(d*/'(onp,,) )®P I ei I р}й

< P  ^!V '<Y W ^ +  |ndpw_paie(!K)j .

< e x p (—npn/10)+c(x)dftlcn~(I,a~1)lc,n> no. (49)
In  the case of Theorem 2, take #= 1  in  (48). Similar to the proof of (28), there 
exists <a'=n'0 (со) such that
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P (T" >  e) <  exp ( —wpn/10) +  c (®)«Ta 
for n> n '0. From (49) and (49'), we get

S P ( r r > 8 ) < o o  for any 8>0.

(49')

(60)

Hence, by Borel-Oantelli ;s lemma, we have
lim su p 2 ^ < 0  a. s.

From (33), (43), (51) and T n(oo) = T'n+ Tn+T", we have
limsup T»(®)<0 a. s.,

Replacing e3- by — e3-, (52) implies
lim inf Tn(®)>0 a. s..

Я -»ео

From (52) and (53), we get (31).
F inally  by (8), (9), (12) and (31), noticing

| m„(co) — ra(®) | <  2

= / n(®) +  \Tn(x) I,

+ ± W ni( в)(Г ,-та(Х 0 )

(51)

(52)

(53)

(54)
for co^F, we have

lim | mn(x) — ш(®) | = 0  a. s. (55)
Л-»оо

Since F  is the support of уь, we have p,(F)== 1. By Fubini's theorem, we get (4). 
This completes the proof of Theorem 1 and 2.

References

£ 1 ]  Devroye, L ., On the Almost Everywhere Convergence of Nonparametric Regression Function 
Estimates, A m . Statist., 9(1981), 1310—1319.

[ 2 ] Wheeden, B. L. & Zygmund, A ., Measure and Integral, Ma,rcel Dekker, New York, 1977.
£ 8 ]  Hoeffding, W ., Probability Inequalities for sums of Bounded Random Variables, J. Amer- Statist. 

^ssoc., 58 (1963), 13—30.




