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THE ISOMORPHISMS OF SYMPLECTIC 
GROUPS OVER Ф-SURJECTIVE RINGS

Zhang  H aiquan  Wang  L u Q U N ( i^ f f )* *

Abstract

Let В  and Bt are Ф-surjective rings with 2 as a unit. Then A; SPtt(B )-»S Pnl(P i) is a 
group isomorphism if and only if  n —ni, there exists a ring homomorphism cr: B->Bi and A  
has the standard form АХ<=РХ°Р~г, for all X  inSPn(B), where P is a generalized symplec- 
tic matrix.

Let R  be a commutative ring  with 1, Max (R) be the set of all its maximal 
ideals. F o r any ideal A  in  R, we have a natural ring homomorphism of R onto 
R /A  which is denoted by As is well known '

-R—> О  R/M  by ash>(•••,. “км®, •••)
M e таХДО

is a ring homomorphism. This homomorphism, in  general, is not surjective. If there 
exists {IHj}{erc:Max (R) such that

-Ф.
. ■ : ter

is a surjective homomorphism, and I c M l ,  for each M  in  Max (R), then we
. ' t€T

call R  a Ф-surjective ring. Clearly, the semi-local rings, the infinite complete 
direct product of fields are all Ф-surjective rings.

The set{Jf(}{6!i in  above definition is called the defining system of ideals of the 
Ф-surjective ring  R.

I t  is easy to see that, Ker Ф—/(Й )  and (ceR* * *<=>0(ж) G ( IT R/M t)*^kt<e=hOteT
for a ll tGT, where J (R )  is the Jacobson radical of R, R* the set of units in  R.

In  this note, we always assume that R and Rx are Ф-surjective rings with 2 as 
a unit, SPn(R) and SPni(Ri) are symplectic groups with n, % >4, and {Mt}teT, 
{IVs},es are the defining system of ideals of R  and Rt respectively.

We shall determine the isomorphisms between two symplectic groups. The 
main result is the following

T heorem  Under the above assumption, A ; SPn(R) —SPni(R) is a group isomor-
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phism i f  and only i f  n = n±, there exists a ring homomorphism cr. R-*Ri and A has the 
form

A X -P X O P -1, for all X £ 8 Pn(R), 
where P is some generalized sympleotic matrix.

Prerequisites and Notations ”
We use E bj{a) (a £ R ) to denote the nXn  m atrix with the element a in  the 

(i, j ) position and 0, other wise.

Let n=2p and
Tu(a) =  J + Eij{a)> i+ j, a£R . 

I I  . \

2*i-

- 1

I I

(0

(v+i)

J 13—

- 1
( i ) c
- l

- i
i

- l  l
\ i l

O + i)

J } i  =  J i } ,  1 =  1 , V, j  =  2, V

№ „ ( i ? ) = » |x G № ( i 2 ) |X = P ^ > ai^ , P ^ n{R),

<?£,„(£, 4 ) - { Х € Я * ( Д ) | А * Х « а 1, aa- l ,  a £ R / A } ,  

. (P , i )  =  {X G  (.8) | X4X = 1},

*)

where J. is a proper ideal of R.
Obviousely, Th J lh J jlt TUv+i(a), T v+ilt(a) (a£R, i= l, v, i= 2 , •••, *>) 

are the elements o f8Pn(R)- S8Pn(R, A) and G 8Pn(R, A) ате the normal subgroups 
of 8fn (R ). G8Pn (R) is the subgroup of GL„(R), and P X P ^G S ^ fR )  for all P £
■G8Pn(R), X G N ,„(P).

§ 1. Lemmas

Lem m a l . lSil The 8Pn(R) is generated by the following matrices:
*) The matrices in GBPn (B) are callad generalized sympleotic.-
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Tif J lh J n, 0 = 2 ,  —, *0, TllV+i(a) (a£R),

Lemma 2. Suppose that G is a normal subgroup of SPn(B), and 0 (G )— R.
Then G=SPn(R) .

Proof (1) I f  there is a m atrix X  £ G such that О (X) =R, then the normal 
subgroup generated by X  coineides with SPn(R) by [2]. Hence G=SPn(R ).

(2) If  X i, X a £G, T ^ i te T lX & Q S ^ iS ,  Mt)}, Т,Фф, 2,1П2Т3=0, then 
there exists Y £G  such tha t YtfiGSPn(R, Mt) if t£ T i( jT 2 and Y £G SPa(R, Mt) if
te T - iT iU T * ) .

Pick a £ R  as follows: A{ a = 0  for t£ T t,  and Я*а=1 for t £ T —Ti. Then we can 
I w аЕц\

see that (ДХ* 

m £  Z+ such that

=R. Thus, by step (1), there exist P i£ S Pn(R) and

Mt), t £ T —Ti.
Consider X a. By the same reason, we can find Y 2£G  such that GSPn(R,

Mt)iov t in  T2 and F a £ GSPm(R, Mt)fov t in  T —T2. Let Y = F 1F 2. Then F £ Gaud 
Y $ G S Pn(R, Jft) for t £ T t \JT2 and Y £ G S Pn(R ,M t) iox t£ T -(T h { )T 2). ■

(3) By 0(G) = jR, there exist X t£G, i= 1, Tc such that

S O ( X 4) = £ .i=i ■
Let T — {t£T \X i$:G SPn(R, Mt), i  = 1, •••, Jc. W ithout loss of generality, we can 
assume that Т{Ф0, 1\[\ (T ill •” U2V iU Ti+1U ••• fir*) =0, K K i  and T = Ti U

un.
Since X i, X a satisfy the condition in (2), there is F  £ G such tJtiat Г tf.GSPn(R, 

Mt) for £ Ti U T2 and F £GSPn(R, HI#) for t £ T — (T illТа), I t is clear that F  and 
X 3 also satisfy the condition which X j and X a satisfy. So we have Z £G  such that. 
Z<$GSPn(R, Mt) if  t£ T iU T 2UT3 and Z £ G S Pn(R, Mt) if t £ T —(T1\jT 2\JTa)« 
Repeat step (2), we shall have our lemma.

Lemma 3. For any ideal A in R, we have
SSPn(R, A) = lSSPn(R, A), flffc( B ) ] - [G 0 fc(JB, A), SPn(R)l.

Proof Let G = lSSPn(R, A ) ,S Pn(R)l.
(1) Suppose w>6. Take a£A . Since

№ ( 1 )  \ ( I  аЕп\(Т%(1) V - 4 1  'aEny
1 \  5 r a ? ( - i ) / l  i  ) \  m - i ) l  \ i )
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I  aEvv+ aiEiV+ a>Evl'

X a =

GG,

( 1 aEis+aE21 \ (T $ (  1)« 4 1 )
\ n % - i ) l \  i  Д

/  I  GiEx2 +  в-®21 \  _1 /  I  OjExv +  OjEv-y ̂
V I  )  \  I  J

-1

Gtf.

We have

aE ii j

/  1 
J

1

\

/

X jX i-1

/ 3
I

1

-i

G<?.

/
( I  аЕц\

Therefore, the normal subgroup generated by I ' 1 is contained in  6?. So

(Я, .A)c(? by [2], and

' SSPn(R ,A ) = lSPn(R ,A ) ,S p n( .m .
(2) If  91=4, since B/M¥=FS) \/t£T , we can piok an e in B* such that g (s—1) 

£  B*. So for any a £  A, we have
,8  \  j j  0 a \  / s \- i

F a =
a 0 

I
1

0 (s — l)a^
( s — l)a  0 )£(?,

is- 1

f 3=
I t 0  “ \ /

8 — 1

( 8 - 1 ) - 1
\ 1/ \

0 (s — l)a^
(e—1 )a a 16$ .

Hence, we also have

a  0

I ( 8 - 1 ) - 1

lF .F r1 G G .
I  aEn^ = | 1

1 /  \  1  

So A) = R , ( 5 ,  A), SVn(B)1. <? =  № „ (-R , J.), ^„(I2)]is trivial.

/  1 
1



l e m m a  4. I f  A is a group isomorphism of 8Pn(R) onto 8Pni(Rx), then there is 
0  bijeotion v between Max (R) and Max(i?j) such that

ASSPn(R, M) =8Pni(R, r(M )), уЖ 6М ах(Б)„ . (*)
Further, the isomorphism A induces a set of isomorphisms А^щ of 8Pn (R[M) onto 
S Pn(Ri/t(M )) with .

AT(mj —Xr(M) (KX), MX £ 8Pn (R), M e  Max(R) .
Proof For each. M £M ax (R); there is an N  in  Max (ДО such that

A88Pa(R, M )cG 8Pni(R1} N),
since A8SPn (R, M) is a norm al subgroup of 8Pni (Rx). But S

88Pn(R, M) -  18PXR), GSPn(R, ДГ)] = lSPn(R), S8Pn(R, M)J .
by lemma 3. So we have

ASSPn(R, M )cztSPni(Rx), GfSPni(R, В Д  =S8PnfR u N).
Similarly, there exists IkfiG Max (Д) such that

A ^SS .JR x, N ) ^ S S P„(R, Mf).
Hence ASSPn(R, M )c S 8 Pni(R1} N )^ A S S Pn(R, Mf). Consequently l c l 1( Ж =  
Mt, i. e. . . . . . .

, A8SPn(R, M) =88PnfR i, N).
How let r: M—>N. I t  is easy to see that v is a bijection of Max (R) onto Max (Ri) 
and .

Hence •

8Pn( R / M ) ^ S Pni(R iM M )). (2)
The Ar(U) (XMX ) =K{M)(AX) can he obtained by (1) and (2) immediately. 
Lem m a 5. Suppose that A:SPn(R)->8Pni(Ri) is an isomorphism, {Mt}teV is a 

defining system of ideals of R . Then the {v(Mt) }i62> = {N8l}teq< obtained from  r: 
Max (JB)—>Max(Ri)by restriction is a defining system of ideals of Rx- 
. Proof For each t^ T ,  take a bt in  Rx/NSt. There is an X t in  8Pn(R/M t) such 

th a t ASt X t =Ti,v+i(bt) . But we have an X  in  SPn(R) such that XtX = X t for all 
i£ T .  Therefore we have ASt(XfX ) =%St(A X )  =27i,l>+i(6f). Let b be the element of 
A X  in ( l ,  v-\rl) position. Then we have XStb = bt for all t£ T  by

• hgXAX') =27i,v+i(&t).
Thus bh^(---XStb--') is a surjective homomorphism of Rx onto П  Ri/Nsn i-e.{iVge}(eI>

... . iC:T ■

is a defining system of ideals of Rx. ,
By this lemma, if 8Pn(R) ̂ S Pni(Rx) &nd{Mt}te’v is a defining system of ideals of 

R, then we can assume th a t the defining system of Rx is {NSt}ter, which satisfy
ASSPn(R, Mt)~ S S Pni(Rx, N J ,  Mt£T.

Besides, by the proof of this lemma, we have n=nx whenever
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P̂n (P) —$pni (P i) .

Lem m a 6. (1) I / X  =  l ^ ) £&L2(P ), and a - l£ J ( R ) ,  then X  = 1 .
/а  Ъ\ Vo d j

(2) I f  X - {  e S b 2(S ), X * - - I  andoZIT, then
\c  d .

I f  X 3= ~  I, then

-c-1a
л“1

-c %a'
X

■с~га  \ -1
7

•c ^  \~1

'0  - 1 \

Д 0 J

’0  - 1 \

,1 1 1

(3) I f  X  £ $ Ри(Р)» X a= J  and XoX=T% for all t£ T , then there exists P £  
8L„(R) sweA <5Ла£

PXP~x—Ti, h P = I, W £T .'
Proof the Proof of (3) can he found in  [5]. (1) and (2) can be proved by 

calculation.
For convenience, we denote

АрХ = Р Х Р ~ \  for P£GL„(R).
Besides, Let, S0,% be the set in  SPn(R) (or in  SPni(Ri)), whose entries just consist of 
0, 1 or —1.

L em m a 7. Suppose that A: SL2(R)->SL2(R1) is an isomorphism.

(1) I f  A
1 1 

0 1 1 1 M 1 Ml
then there exists a ring isomorphism cr. R->R% such that

4 X  =  X", V X € S L 2(B )/

(2) I f  A \ ] = [ j and X8t(A X ) =X8tX  for all t£ T  and X £ S0,i, then
\  11 \ I  / f l a \

there exist an isomorphism <r; R->Ri and P  — I 1 (~SL2 (Rf), X8tP = I ,  £ P

such that ,
APA X  = X \  y X £ S L 2(R).

Proof As for the proof of (1), see [6]. We prove (2) as follows. Since —I  is 
in  the center of SL2 (R)} there is x£R*  such that A (—I) = xl} ж2=1. But 
—I € S0, *. So %8ex = —l  for all t£ T .  Therefore x= — 1 by ж2—1= 0 and 2 £P£.

Let A
0

1
- А / *  V
0 / \ 2 U

% £  R*. Therefore we can take

. We have
x у 
% и

= — I. So Л&2=1  for аГ и£2Ч . e„

—  2 %X

v-i
such that

APA
0

1

- 1 '



No. 2 Zhang, 3 .  Q. $  Wang, L. Q. THE ISOMORPHISMS OVER Ф-SURJEOTIVE RINGS 163

by lemma 6. APA  |

So we have

Hence 2=1, 1. e.

¥ e  also have
'1  0

'1  1 1 %
by calculation. Clearly

r  ! ) ) • - ' •

APA[

т
1 1 '1 1

ApAl by
1 0

1 1 /  \1  1 /  \1  1 
Then (2) follows from (1) in  this lemma.

Lemma 8. Suppose ATt = T t for some « ( К К у), 
(1) The centralizer of T { in SPn (R) is

(v+i)

, T i n ,

-1 \-*

Cjit =

1Аг 0 ■̂-2 Bi 0 09 \
0 а 0 0 6

■

0
«>

^3 0 А& 0 3 0 В, •
<

<?i 0 о 3 А 0 0 2
0 с 0 0 й 0 (v+i)

W8 0 А» 0 D J

a b' 
c d.

£SL 3(R)s

(А , Aq 01 0® \
А3 а 4 03 0 4

\ Gl
о а 01 02

\С3 0 4 03 04 /

esVn.XR)

Suppose XSt(A X ) =XStX , \ft£ T , X £ $ 0,i a,nd
/ I  0 \

а Ъ 
I  0

W
fa  b \

0 1 й ] € 0 0 2(0 ) -

с е? (w+D

\  0 I I  ’ .

Ч 1

b<=

0

a? У

0

Д
и

О

(О

(v+d

® У 

. 2 и ,
б ^ 2(в) к :
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Then
Aat°=bi(l< i^v).

Proof Since 2 is a unit, by direct calculation we obtain (1). Then we prove 
(2). I t  is clear that £ Opi} Qi,v+iTi,v+i(X) <cOr(. so both AQitV+i and -4(Q,,„+3l 
Tit „+( (1) ) are the elements of 0 ATi = 0 Tt. Hence, b y (l) , we have

IE i ' 0 E2 0 P 2\
0 ex 0 0

E3 0 Ei F3 
Qt 0 G2 H % 

o gi  0 0

•AQi,v+i —

\G 3 0 G4 H 3

f t  o
0 Ft
0 Я 2
hi 0
о h J

v+i (1)

j jE?5 0 E3 F5 0 F3\
0 e2 0 0 / 2 0

0 Es F7 0 F3
0 G3 H 3 0 H 3

Er
G 5

\ g

0 g2 0 0 h2 0
0 G3 H 7 0 Hsl

where XSeefc=0 for all t£ T , Je = l,  2. Since Qlv+i =Ti(QitV+i TUVi. f l ) ) 3=Ti>
we have

/<h 9t
■ \ f i

So, by lemma 6, there are matrices

—  Is

0

6a fa
у 9a ha

= - I .

* -  Is 2,

where Pu€GSp„(Ri)» hStPic=I, VtGT, such that

■AQi,v+i—Pi

j E i 0 e 2 giPi 0 giFa
0 0 0 0 - 1 0

E 3 0 e 4 giFs 0 giP *
gi'Gfi 0 gi'Ga 0 Я 2

0 1 0 0 0 0

W 1®» 0 gi'GL Яз 0 H 4
/ e 5 0 E^ gaF5 0 g

p-1 r l s

•AQi,v+iTi>v+i(X) —Pa

0

e 7
0

0

0

E3
0

9aF7

g31G3 0 g^Ge Я 5

W e

0 0

7 0 g31G3 H 7

- 1  

0  

• 0

1

0

0

9aF  8

я 6
0

H sl

р-г ± 2 .
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Use G to denote the contralizer of Qi,v+i and Qi,v+i, T l)V+t(1) in  GTi. I t  is easy to see 
that

0 ( B ) -

M l 0 As Si 0 ДЛ
0 a 0 0 0 0 1 l A 1 As Si В 2 \

As 0 Ai R3 0 S.* As a 4 S3
Gt 0 Ga A 0 s 2 Gt Os S i s 3
0 0 0 0 a 0 \Os О4 S 3 D J

W8 0 O, S3 0 D J

£ S P„_XB), «3 =  П .

Suppose

(.&)=<

'M i 0 As Bi 0 Bs\
0 1 0 0 0 0

I A1 As Bi Bs \
A 0 a 4 B3 0 B4 As A Bs B4
Pi 0 Os Di 0 S 2 и Os Di Ds
0 0 0 0 1 0 \Os o 4 S 3 DJ

А о . 0 0 4 S 3 0 d j

Then ovi(R)c^O(R). So A ^{(R)ciAO(R) and AC(R) are the centralizer of AQ(tl>+1 
and A (Qit v+iTit v+i (1) ) in  ОлТ̂

Let
l X t 0 X 2 

0 a; 0  

X 4

0
z 4

x &
Zi
0

\ z 3

be any element in  AG{R). Then

0 
0 
z 
0

X у

Y i
0

F 3
Ut
0

u s

0

0
0
0
и
О

M
о

г 4
и 2
о

U4
( х у \  .

I £  8 La (Ri) which commute with the follow-
\*  UJ

ing matrices

a , - ) 1

So we have 

and

ei
0i,

- 1 \ / 1

H
9i.

, -l

A9i)

x у '
, l

С* e2
02,

'0 ea 
02

, -l

ei
01,

®i 0i 
- 2 / i

<?2
02,

a? у 
z и ,

1 <?2 \ / «2 02 \
0 2 / \ — 0 2  ®2 —0 2 / e 

with Hence 0t=  02= 0, %=жа by efc£ J (ДО. Therefore we have ж=м; у =
2= 0, ЛО(R)'cAO(Rj), and Atti(R)c^G(R1). I t  is clear that otf(R) ~$ри_2 (R) by 
cwt(R )~ S Pn, (R ). So since 2 £R* and SPn(R) is generated by symplectic trasvection,
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we have 82Ря.2 (R) =SPn_2 (R), ovf (R) щ (R) . Thus
AvufR) -AivKR) = ( ^ ( й ) ) 2ЕО а(Rt) = ^(220 .

The condition XSt(AX) —ltStX ) \/t£ T , X £ $ 0,i impleis X f A^ X)  =XtX s f t  S T  and 
X  £$o,i. So we have A^vc^Rf) ё я ^ (R) by the same reason. Therefore 

, AovXR) =Wi(Ri),
Let Ощ denote the centralizer of ov2 in  GT(. We have в^ЁС^сю. So

Аа^с АОт((д) = О
I t  is easy to see that

O.

A x l 0 \ . ’
0 ! i 2 / i

< ’ 
0

x l
■ x l

0
x ^ l J Xl y i ) e S L 2(RA  

\  9x Щ./
3 i M i

A 0 x l ' •

Kecall that a{~ SL a(R), so a f—at. Hence 
■ A a ^ A a f ^  (Aat)2Ё o lliRl)ё bu

Similarly, we have Н_164с о {, tha t is, А а ^ Ь и
Lemma 9. Suppose that l 8t (AX ) =Xg{X for all t£ T  and X £ $ 0,i, then there 

exists P £  SPn (Rf) such that
ApATi=Ti, i= 1, •••, v.

Proof Clearly, (H27i) a= I  and Ag{(^P«) =xStTi} i= 1, •••, v. By lemma 6, we 
have Q £ $ J)„(E1)such that AqAT^ =27i , kStQ=I, f t  ST . So we also have

^SsC^e-^-^0 = ^stX
for all t £ T ,  X  £$o,i. Now assume th a t there exists P i in SPn(Ri) such that

. APlATi—Tif i —1, •••, &—1, &>2, 
and J\,S((4,i-4X ) =xs,X  for all tS T , X  £ $ 0,i. Consider Tfc. Sinoe

TfP%—TiTi(,} i —i,  ife—1>
by Lemma 8, we have

! \

ApiAT]c —

%-i

Cl

&i

Й1

&u-i
P

»/
C/5-1 f̂c-1

C JD'
where Я5^=Х«Д=1, Я л Л = ^ А “ 0 for a ll t £ P  and i = l ,  •••, h -1 .  But (APlATf)* 
^=1, so we have «4=й(==1, 64=C{ by lemma 6.

* For any group G, we mean that Ga—(gh\g, h£G}.
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Hence

ApiATfr —

where

and

I 0 (k~w у

A В
Q(Jc-l) J0c-1)

\ o d I
fA B \  [A B X2

®pM-as+2 v®l) )

for all t£ T .  Therefore, applying Lemma 6 again, we have
Q ii Qia

such that
Qi = ( л л ' ) €  (ДО

k, ttfai hwa /
-1

(A  B \ л
H o  D

I I
Put

Pa =

I 0
\

Q n Qia

0 I

Qai Qaa ■

2\, i = k.Then P s ^ . S Pn(B i)  and APlAflATi=^Th i  = l ,  •••, Our lemma therefore follows 
from the above discussion.

Lemma 10. Suppose AT^ Т ь i = l ,  •••, KBt(A X ) =h8tX  for all t^ T  and 
X(zSo, l. PAew there exists P  £G S$n(Pf) sueh that

where Y  may be any one o f  the following symplectic matrices
Ti, Tf,v+t( -0 * Pv+itiĈ ) з A % j, Jji, i  1, 2, •••, v.

Proof I t  is clear that JiaTi—TiJia for i > 2 and Ti,P+i( 1) G«i. So by Lemma 
8, we have

I *i *ia 2/i 2/ia v

la

*i *12 2/i 2/ia

*31 *2
»

2/ai 2/a
•
xv

2i #12 «1 Mi2

2ai 2a ' Msi

Vv
A T i , v+i (1)

la A
\

I 0

e <2

\ 0 I /

2*, M„

B y (AJ12) 2==I  and(1)in  Lemma 6, we have х{=щ =1, z{= 2/i=0 for



168 СНШ .. ANN. OF MATH. Vol.-б Ser. В

and

that is

i>  2, 2/1 = г?iiii<n =0

Ux «12 V
uai Ua j

_ /  «1 
\ «21

«12 ̂ 
«2 )

, 2/ai =  —•2l2, 2/21= ~2i2,

«1 «12 0 2/ia \
«21 «2 — 2/ai 0

A J12 =
0 212

I
«1 «21

0

” «21 0 «12 «2
\  0  I I

By using J12 £$o,i> it  is easy to see tha t % + l,  ®12+ 1 , <c2, yi2, zla are all in  J  (ДО.

In  particular %а, «i G Pi.
Obviously, Ti, „+i (1) J  la—J  iaTx, ».+i (1) .So

AT i,v+i (1) A J  i2—A J12AT  i, f+i (1), (1)
therefore, we have

-

'«  = 1-212®1215, 
c= —zt2cci2b, 
d = l  +  2l2«12 6,

C2)

where Л%6=1, T. Hence b£Rl. Put
I

—Zxa î2

0 I

1 \
- W  € G fffc(2fe).

O b i

Clearly XStP i= I , \/t£T . So, using the equalities (2), we have 
A^AT x,v+i(1) ==Iti ,k+j (1) > AfiATi=Tit i —1, 

fu rtherm ore , we have
j —1 «12 0 Zrfyia V

1 —Ъ~*у12 0

12

by equality (1). Let

- 1

«12

0

I I

Pa —' Та, v+a (b^yiaPii)

\

‘ « 1 2

—«121:
I /

Then P a G ^ ( B i ) ,  h tP a ^I  for all I t  is easy to see that
Л^АРхА Т г-Т ь i= l, —)v ,



No. 2 Zhang, H. Q. $  Wang, L. Q. THE ISOMORPHISMS OVER Ф-SURJEOTIVE RINGS 169

-А^Л^ЛТ i. v+i  (1) — Pi,o+i (1),
X̂. 2, ■

and Xgj (A^A^A AT) —7x8tY  for all $ £  P  and AT£ $ 0, i* By lemma 8, Apap,At&x-b-x. So 
there is a P 3=271,„+1(a;)> X8t<x>=0 for all t £ P  such that

ApsA p^A p,A T j,+i (1) == Pi,o+i (1) г ApaAp,AplA2,v+is 1 (1} 
and A^A^A^A still preserves J la, T t(i= l, •••, *>).

Using the equalities / SiP i = T J ^ ,  i>2, /aiPo+i.iCO — Po+i,i(l)/2:i., / I i = l ,  

hsAJ21= As,/31, V £ £ P  and Po+i,i(l) £« i, we know that there is matrix
■ 1/12^21

P + H

such that

0 I, Xstc = l ,  XspSii---- 1* Л&З/йа—0, V^£P
с"1! /  .

r 1
У 1

■dp*Ps!P sill'd1/21

\

\ I

2 - 1  2/

•. 1 

0 1
where Xg,2/ =  — 1, ASj2=0 for all t £  Г  Let P 5 = P„+?, 2 (зГ1̂ ). we have

' - 1 \
У 1

P̂bPiPsP2#1 /̂а1 *
I

- 1  2/ 
1

I /
and Aj,sP(J,8j,aPlA still preserves P 4, / аз> Pi,o+i(l), P^+i.^l), i = l ,  • ••, г>, and 
AstAMri,Sj,2j)lA X  ~hstX  for all t £ P ,  -ЗГ£$о,1.

But ( P i /  12Р 1/ ai)3= P iP 2, so ( P i / i2P id PtJ)1j,3pap1y l/21)3= P iP 2, from which we
know that 1/=  — 1, h e.

-dpe-d/21 — / 21, 2?6 ~РбР4:РзР2Р1.
Applying

-Fl3 =  / I2P l/2 lP l /  12Р 1, P 2,y+2(l) ==Pl2Pl,j;+l(l)Pl21i 
Po+2,2 (1) ~  P 12 To+l, 1 (1) P 12,

we have ;
-dpe-dPa.0+2(1) =  Pa,0+2(1)) АР|1АР„+2,а(1) — Po+2l2(l) ®

For any integers &(> 3), we assume that there is

Q £ $ри (P*) > hStQ = I ,  W£P
such that AQA Y ^ Y , where P  may he any one of T1} J lif J n> P i,0+1 (1), P0+1, i ( l) ,
2 W 1 ) ,  Р ,+ы (1), j= 2 ,  * ~ 1 .' \  • "  .

Using the argum ent as above, we can see that AgA preserves J ilc
Choose another m atrix &€<?$,,„ (P i), h tQi=I for all i £ P .  Then AQlQ pre-
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serves TktV+le (1) and Tv+M (1) besides the above matrices. 
Our lemma therefore follows from the above discussion.

§ 2. The proof of our main theorem

Recall that the isomorphism A  of 8Pn(R) onto (Pi) induces a set of isomor
phisms

Дз* ’ 8Pn (R/Mt) —>SPni (Pi/iV'&v), yt(zT
with ASt(h X )  =ASi(H X )for all X  in  8Pn(R), therefore, according to the result on 
symplectic groups over fields, rt=Wi and for each t£ T  there is P St£ GSPn(P i) such 
that

that is,/ <j

. K (A X )  =PSe( h X y s*P-\ VtGT, X £ 8 Pn(R),
where aSt is the isomorphism of R/M t onto Pi/iVSt.

Since P j is a Ф-surjective‘ ring, there exists P i £  8Pn (Pi) such that ^gjP i  -■P* 
for all t £  P- Hence ’

•.а* (уП М х ) = ( a , x ) v *  £  z7. .
I f  X  £ $ 0,i> ft is clear that (АгХ ) cr3< = XSeX . So we have

a,gl!(HpvH X ) ='kgtX } \/t£ T  and X£So,i,
Now ApvA  is also an isomorphism of 8Pn(^)  onto (Pi) • By lemma 9 and 

lemma 10, there is P2£Gf8Pn(R) such that AP.iAY= F , P = P iP 2, where F  may be 
any one of the following m atrices.

Ti, Ti,v+A 1); Jsi, г —1, •**, j = 2, v.
By Lemma 8, we have But «г~ $ Р 2(Р ), bic^SL2(R1) , So , there

is an isomorphism cr of R onto P i such that H^iHX = Х°/ \ /X £ a {.

Using lemma, and the fact that
- I

I
can be expressed by

Tuv-h (X)) 2V+m (1), i —1, у,
we can show ,

4 ^ x = x ff, у х и а д р ) ,
i. e.

A X = P X ° P V X 6 4 ( P ) ,
where P  £ G8Pn(RA .
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