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COMPLETE HYPERSURFACES WITH CONSTANT
SCALAR CURVATURE AND CONSTANT
- MEAN CURVATURE IN R*

Huane XvANeUO(& % E)*

Abstract

Let M be a 3~-dimersional complete and connected hypersurface immersed in R*. If the.
scalar ecurvature R and the mean curvature|H| of M are constants, where |H|+0, E>0,

then there are only three cases: B=6|H|?2, %— |H|? and O. Moreoven we can find some

hypersurfaces appropriate to these cases.

Introduction

In 1974, Mosafumi Okumura proved the following theorem: Let M be an n—
dimensional complete and connected hypersurface in an (n+1)-dimensional
Riemannian manifold N with non~negat1ve constant ourvature 0. Let S be the
square norm of second fundamental tensor H of M. If both S and trace H are

constants, where trace >O and in addition, § <2 O’+ (trace H)® then M

is a sphere (see [1]).

Suppose that |H | =— trace A, and R ig the scalar curvature of M. At first, we
have R+8=n?|H |2 In partmular when n=38, N =R?* the above theorem indicates
that if S<——g-'[H |2, we must have M =88 At that time, §=3|H |2

Assume R>0. It is obvious that S<9|.H | In this paper, we obtain the
following result: Let M be a 8-dimensional complete and connected hypersurface
in R% If | H| and R are constants, and |H| 0, R>0, then there are only three

cases: R=6|H?, 3. 9 |H|? and 0, when R=6|H |* M~ 83<Iﬁl) When_R=—g— |H |2,

1

STH| )x B

81H‘)><R,WhenR 0, for example, S(
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§1 . Preliminaries

Let M be an n-dimersional hypersurface immersed in (n-1)-dimensional
Euclidean space R**. We choose a local vector field of orthonormal frames e, ---,
' €ns1 in R guch that, restricted to M, the vectors ey, -+, ¢, are tangent to M. And
consequently, the remaining vector e',,+1'iis normal to M. We shall agree with the
following convention on the ranges of indices:

1<A4, B, O, «<n+1, 1<4, 4, k, 1; s, t, --<Xn.

Let @, -+, o™ be a local field of dual frames in R**. It's well known that

the structure equation and fundamental formulas are given by

oot = wf Aows, witwi=0,
> _
doh =3 of Aot @

‘We restrict these forms to M. Then we can see
w"t1=0, wj*! =$ huw®, hy=hy,

do'=3 o Ao}, of+o]=0,
= @

dot =3 b Aot +-;_ ) B A,
1 S
where
B =hjshg— hylus. - : _ (1.2)
We call hy; the components of the second fundamental form. Let
. S=§_‘, (h;j)ﬂs.
Mean curvature vector H =%. 2 hyensa. When |H |0, we can choose ¢,.1 as the

unit vector of .H, and make use of | | to express the length of a vector. We can
soe X hy=n|H|.

From [6] or [7], we know ‘
2 b =dhy— 2 huo; ~§z] Pujeol, gy =Py,
Zl} B’ = Al — 2 et — 21 Pyl — Z ook,
P — Pasin = ?_‘. his R+ ; hsj R,
S gt = a3 gt — 3 o)~ S gt — 3 s 0
- Pigs— Pagrs = Z Py R -+ zﬁ,‘, PR+ g by Ry,
Ahyy= ; sy APajn= EL} g (1.8)

The Ricci curvature Ry; of M is de’ﬁermi_ned.by R;,-=$ R.;: The scalar curvature
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R=§ RB;. From (1.2), we know
| Riy=n|H |hy;— zh,,h,,, R=n?|H|*—§ (1.4)

In this paper we require that | H [ and R are constants (|H|#0). We make
use of H o express matrix (h;). S indicates the sum of all the same indices. By a
long calculation and by virtue of (1.2)—(1.4), we obtain

Ahw = Il:] H 12 huhzj Sh;j, : (1 . 5)

2 b b =6 2 Pysfusphuhis;— 8 2 hughsifushy— 6 2 hukhlskhljhla
80| H | D hyshsihss— S > b, , (1.6)

4 (trace ﬁ 3) =3 E Ahwhﬂhu +-6 2 hgjkhjmhu

=3n | H | trace ﬁ4 - 3S trace ﬁ3+ 6 2 h{;khﬂ;{]’bl;. ) (1 .7)

A(trace H*)=4n|H | trace H®—48 trace H+83 hyshushubu
| +4 3 hyshihusha. | (1.8)

We also have .

| —é- 48 =3 hyglhys+ 3 hyy=n| H | trace HS—52+3 ks, (1.9)

2 8- % n| H | A(trace H#)— % 482+ byt S ). (1.10)
Now becéuse 8 is a constant too, using (1.6) and (1.7), we have
Ehfjm= ——g— 2|Hl2 trace ﬁé‘—l——g— S‘l’blHl trace ﬁs'—-@l’blﬂ thﬁkhﬂ]JIzu

— 63 hugustuhe;+8 2 hagihsuhushi+8 2 R . (1.11)
Let byy= | H |8y~ Ay, then by=by. The following formulas are easily seen:
z;‘,bu-—=0, Dbh=8—n| H|?, :
trace ET3==3[H.]S—-2n]H |®—1trace B3,
traco [H4=6|H |28 —bn|H |*—4|H| trace BP-+irace B,
where B denotes the matrix (b;). : (1.12)

§ 2. 3-dimensional complete hypersurfaces in R*

In this section, n=38. On the other word, M is a complete and connected hy—
~ persurface with constant mean curvature and constant scalar curvature in B*.

At the beginning of this section, we know all formulas in § 1are valid. Because
H = (hy;) is a symmetric matrix, we choose €1, 69,85 at a point P of M such that
 hij=Mdy. From the definition of by, at the same time, we have by =ud; and
Mty =|H|.

It is easy to know that '

1+ pa -+ s =0, ;b1+u2+y/3—8' 38| H|?,
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i+ b= () 5 [ia-hpat ) — (i )1
—2(S-8|H|")".
From (2.1),(1.9) and (1.12), we get
A(trace H*) =4|H)| 4 (trace %) = ——-—A(Ehmc
Because of (1.8) and (2.2), at P, we have
225+ D hfphidy = “% A(Zhip) -8 [H|[Z M +8 XA

Using the relation between M and w;, we know

Ehf’jk?»?+22h?jkh?w=3lﬂ12‘2 sjk’“6|H|2hjkM+ Ehm(;w;+y,,+,u,k)2

From (1.7), we have .
6| H | 3= 9|H|2 trace H*—88|H| trace ﬁ"‘

+6|H!22hm+-—4(2hn),

and from

@1
@.2)
@.3)

(2.4)

(2.5)

627&,,;;0?\4%5 SEh,,k =b5(Z A +2 2 hijne Midg) — 4(22hjk7\,2+2h,k?\4?\.5),

we can obtain _ ,

- (4S+451H|2) trace H*
+15]H| (S-+8| H|?)trace Hs— 15SQIH|“‘

+= Ehwk(/vbl'l‘ll'j'{‘ﬂ'k)z'
We substitute (1. 7)‘(1.9),(2.2) and (2.7) into (1.11), then
Zm,m——— A(CS h2) +8%+1582 | H |2+48 trace H*

117

———-S[HI trace H3—12| H | trace H° + ]H[Qtrace e

—45| H |® trace H"‘——Z e (i g+ ) 2.
Using (2 1), we can see
traceH5-——|H|5 5|HI3S+ II:'IIS2 1O|H|22M Zy,;

and _ : .
23 i = = Bpuspta (pes + o) (ui -+ papba+ 1)

= —5 . 3 . l 2 =___5 J— 2 3
(33263 Sut) =g (S—8IH [t
From (1.12) and (2.10), evidently

(2.8)

@.7m

(2.8)

(2.9)

(2.10)
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trace H3=2. (S+-9| H|?) trace Ho+ 2| H|2(9] H|*~58). (2.11)

We rely on (1.12) (1.9) and (2.11). Let Zhij=f. f is a differentiable func-
tion of M. Then (2.8) becomes

 Shyu = A2 (S - 3IH|2)(S——IH1)(9IHI2 S)

(S 6IH|2)J°~—-2 i (i oyt i) - (2.12)

Combining(2.5) with (1.9) (1.12), we have
YIS O H | S gt B H [P~ S)f+ (531 H ) (5 - 1H17)S-9|H|.

(2.13)
Therefore

Ehv'!kl"{" zhiﬂc (/"-'l":u’i'*'llllo)g 24IHIEh@Jk:u’f

=_§—<S—-3IHIQ)(S~~2—lHlv)(S—9lHl2)+—§—(S—6|Hl”)f- (2.14)

. The above equality is a very important formula in this paper.

If, in the whole of M, each Ay (1<rz,<3) is constant, we say M owns constant
pr1nc1pa1 curvatures. Secondly, we introduce some Tes 1|t which we shall use later
on

(1) In BR**, a complete and connected hypersurface with constant principal-

curvatures must be S*x R (0<<h<<n) (see [2]).

Hence, in RY, non-totally geodesic complete and connected hypersurfa,ces with
constant principal curvatures are certainly 8%, 8% x R, §x R?, where § are 8| H |2,

IH |2 or 9]H |2, respectively.
— 2)3/2 3 2\8/3

(2) \/—(S 3| H|?) <2 'u'”<\/6 (S—8|H|*)®%2, the equahty holds if
and only if there are at least two equal w; (cf. lemma in [1]).

From (1.4). we know

R, =3|H|M—7>—38|H|~/T-8. | . (2.15)

In this paper, the Ricci curvature of M is bounded below.

Now we shall get up a theorem.

Theorem. In R% let M be complete and connected hypersurface with non—zero
constamt mean curvature vector H and non-negative consiant scalar curvature R.Then there

are only three cases: R=6|H |, | H|* and 0. When R=6| H |2, M=82(TI-1_T]);'whm
1

3[H] )XR2

_=g- IIHI“, M=82< ) X R when R =0, for emfmpleM=Sl(

2
5[]
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Proof Because |H| and § are constants, from (1.9) and (1), M owns constant
principal curvatures if and only if f is constant. Hence it is considerable that f
is not constant.

‘We assume f is not constams. Masafumi Okumura proved that when

FH M= S3<|H|>

"~ When § =—2—|H |2, by virtue of the work of Chen and Okumura in 1973 (see [4]),

we can see M has non-negative sectional curvature.
From the work of Nomizu and Smyth in 1969 (cf. [5]), we can find

M= sg( )xR1

B[H|
Now we consider § >—g—- |H |2 In 1975, 8. T. Yau discovered the following

theorem™:

Let M be a complete Riemannian manifold. The Ricct cwrmtwre of M is bounded
below. In addition. F is a ¢® function and sup F<oco. Then there s & sequence of
poinis {P,} in M such that |

lim |dF(P,)| =0, lim 4F(P,)<0,

P00

lim F(P,) =sup F. ' (2.16)

P00

Let F = —f. Obviously, M and F satisfy the condition in S. T. Yau’s theorem.
Hence, lim f(P,) =inf f. Because of (1.9) and (1.12), evidently

lim 3 u3(P,) =in 3 uf> — (5 - 8|H |2y, (2.17).

while we know w;(P,) € [~ (S—8|H |2)i/2, (S—3|H|2)1/2] (1<<i<8). It is well
known that in a closed interval a set of infinite points has ab least an accumulation
point. Therefore we can select a subsequence {P,} of {P,} such that u;(Py) has a
limit point. Next, we can choose a subsequence' {P,} of {P,} such that ws(P,)
has a limit point, etec. At lash, there exists a subsequence of {P,}, which, for
simplicity, we still write as {P,}. Moreover, at the same time, u;(P,) (1<<é<<3) has
limit points respectively. '
Now we conclude

llmZp,@(P,,)—-—\/G(S 8| H|?)3/2, inf f=0. (2.18)

V>0

At the beginning, we prove the first equdlity. If it were not frue, i. e.,

inf 3] Mg>—¢6 (8- 3;1{12)3/2
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from (2), we should know that any two numbers among lim py (P,), im u, (P,)
and lim py(P,) are different. Because there are two equal numbers, by calculation,

infg ws must be ;71? (8—8|H|*)®%3=sup }5] wi 591_106;2 wi is a constant. Conge-

quently f is a constant t00. It is contrary to the -hypothesis. Therefore we can ses

that when v is sufficiently large, any two numbers among M(P,), Aa(P,) and As(P,)
are different. '
It’s easy to know that
1 1 1
AP, =M, Asy Ag |(Py)#0 and lim A(P,)+0. +(2.19)
| o oa —
In view of (1.9), we know df = —8| H | d(trace H). Then lim|d(trace H*(P,)i

~ =0. And because |H |, S are constants, at P, wehave .
E Pz =0. 2 Ay =O0. 27\'2}?447«:%; » (2.20)

where a; depends on P, 1<k<3 and lim ak(P,) =0. Because of (2. 20), at pomt

11-}00

P, we get ‘.
By =A" a(hs—Na), hagy= A" 0 (M —?\'3>, hggy=A"a,(Aa~M1)- (2.21)
By virtue of (2.19), we find lim haw(P,) =0. from’ (2.1), we can see B

| th,m 2 hm,ulz—l-% b, <2M¢+uk). . (2.22)
‘Evidently o o .
B lim 3 hjepus (Py) =0. (2.23)
;:Sind’ilarly, we have S : : o
lim zm,k(mmm) (P,)=0, | (2.24)

Evaluate formula (2.18) at P, and let »—>oc0. Then usmg hm 4f (P,)=>0and (2 28),

‘We can see i
(S—6|H 1% inff<<s—3yﬂ|2)(s —._g_ (H(B) (S—9|H|?). (2.25)

As in the work of Peng and Terng'® we obtain

Ehmcz >3 2 hmj _ - (2.26) |
Deﬁne t,i—hm,—hm From (1. 3) , We have . _ | .
| b=y (). (2.27)
‘When 44, . A o ‘
h?m‘*‘h?m.‘_‘%? (him”* hsin)? +'§'(kiiii+him)a' - 5 (228)
Hence V a o | '
3 bl 3 SN ()"  2a)
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From (2 .14), we know 11m Zﬁ?j’m (P,) exists. From (2.29) and the fact that
any two numbers among hm 7&1 P,), hm Aa(P,)and 11m As(P,) are dlﬁ’erent we have.

lim zh”k, (P,)>0. - (2.30)
Making use of (2.28), (2' 24)_ (2.25) and (2.80), from (2.14), we can see
0<3(8— 3IHI-‘*’)<S—.~ |H| )(s o|H|%). O (2.31)

. Because 5 IH |2<S<9|H|? it is 1mp0351ble Therefore, we obtain the first for-

mula in (2 18).
Using (1.9) and (1.12), at P,, we have . |
f=8-3|H|*)(S—6|H|*)+8|H|X pl. (2.32)

Because >0, we have inf f>0. In view of the first formula in (2.18), obviously
(S-3[H|2)(S—6|H|2)-\/_6|H|(S 3|H|")%=inf f>0.  (2.33)
(2.88) is eqﬁivalent 0 )

~3(8—3|H|%)[ | H| -z (5- 3lHl“‘>1’2] 18|+ s -8 |2y]
=inf f>0. .

By virtue of -g—[H |2<8<9| H |2, the left hand side of (2.34)<0. Huence inf f=0.
At the moment
|H|———=(S 3|H|2)1/2=0 ie., 8= 9(H(2 S (2.35)

- In sum, when 0<S’<9[H|2 8 gets only three values: 3|H]2 Ile and
9| H|? i. e., when R>0, R has only three values: 6|.H [3,—2— | H |* and O.

‘When M~ Si<3ﬁi| )

S=9|H|2 and R=0 (cf. [2]).

)XRQ, M owns constant principal curvatures. We know
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