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Abstract

By using the Liapunov function’ and the contraction mapping principle, the author 
investigates the existence and stability o f almost periodic solutions o f the first order 
nonlinear equations •

and #

' ■ ^ = r ( t ' ) x n+hg(t)x+iMf(.ty, . .

where r (t) , g ( t ) ,  f ( t )  are given almost periodic functions, « ( > 2) integer, and A, /a real 
parameters.
As a special case, fo r  the equation .

under the conditions 1 <  |gr(t) | < 3 ,  | / ( t )  | < 1 , the author constructs regions in the (A, f i ) -  
plane such that for (A, /a) in .these regions there are either one or three almost periodic 
solutions. Similar conditions and regions are also, obtained such that the equation

has either two or no almost periodic solution. Moreover, by using the successive ’approxi­
mation method, sufficient condition is obtained for the existence of almost periodic solution of 
a quasilinear system.

We consider the first order nonlinear differential equation

^ = f c 3+A 0(f>+ /i/(t), (1)

where g(i), f ( t )  are almost periodic functions (written as a. p. for simplicity) and 
А, [л, are real parameters. Using a fixed point theorem and Liapunov function, we 
discuss the existence and stability of a. p. solutions of (1). For given / ,  g satisfying 
some conditions, we construct regions in the (А, /л) -plane such that for (A, fi) in 
these regions there are either one or three a. p. solutions. Although we cannot

' Manascript received March 2, 1983.
* Department of Mathematics, Nanjing University, Nanjing, Jiangsu, China.



186 CHIN. ANN. OF MATH. Vol. 6 Ser. В

determine the number of a. p. solutions for all values of (X, go), the exact regions 
are constructed for the autonomous e q u a t i o n =1 (or f( t)  =g(t) — — 1) 
for all t.

If t is replaced by —t, equation (1) has the form

(2)

Clearly, (1) has a. p. solution for (X, g,) if and only if (2) does for ( — X, —g,), 
and in all conclusions on stability we must change the direction of the time-axis. 
In the following, we give a sufficient condition for the existence of an a. p. 
solution of some equations which are more general than (2). In § 1 we suppose 
$r(t)>0 (or <0), however, in § 2 we will remove this restriction.

§ i .

Theorem 0. Let F(a>, t) be a scalar function, almost periodic in t uniformly 
for со in compact sets, that suppose F is continuous and monotone decreasing with respect 
to so £ [«,&], such that all equation in the hull of

(°>
has a unique solution to the initial value problem. I f  (0) has a bounded solution q>(t) 
such that {<p(t) |0<;t<oo}c [a, 6], then it has an almost periodic solution co(t), 
Range (®) d  [a, 6]. Moreover, i f  F decreases strictly with respect to a;£ [a, 6], then 
so(t) is the unique a. p. solution, with Range (со) c  [a, h] .

Proof The first part is just Theorem 12.8 in [1]. By Theorem 6.2 of the 
same reference, we have Range (со) c  [a, 6].

If ah(t), co2(t) are two distinct a. p. solutions with Range (coi) c  [a, 6] (*== 1, 
2), by the uniqueness of solution of the initial value problem, we may assume. 
<Ci(t)>cc2(t). We have

Cut

where G(t) =F(cos(t), t) — F(co1(t), t) >0 is an a. p. function. Therefore

(£) — 0i 00 = 02 (O') — cci (0) +  Jo G (t) dt.

Let t->+oo, from Theorem 3.8 of [1], the mean value Go of G(t) is positive. 
Noticing

<?0=lim ~  f G(f)dt,г->о» T Jo '
C + o o

we get I G(t)dt= 4-00, which contradicts the fact that coz(t) — co%(t) is bounded. 

So the second part is proved.
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We now consider the equation

^--A i(»)+ A a(® )0(*)+ /(#)i (B)

where ht (x), h2(ж) GO1, y(t), f ( i )  G A. P. (the set of a. p. functions)If
F(x,t) — ~hi(a>)+h2 (ж) p (tf ) + /  (t),

then F (x, t) is almost periodic in ?5 uniformly, for x in every closed interval. 
Obviously, each equation in the hull of (3) has a unique solution to the initial 
value problem.

Theorem 1. Suppose that g(t)<:0, h fx ), h2(x) are continuous and monotone 
increasing functions, hi ( -f-oo) = +  oo} Дх( —oo) = — oo, and at least one of the following 
two conditions is satisfied:

.i) ht (x) increases strictly,
ii) h2(x) increases strictly and g(f) <0.

Then (3) has a unique a. p. solution which is uniformly asymptotically stable. 
Moreover, i f  one of the following two conditions is satisfied:

■ iii) h'1(cc)'>a>0,
iv) h'2(x)>y>Q,.g(t)<fi<Q, .

where «, /3, у are constants, then this a. p. solution is uniformly asymptotically stable 
in  the large. All the other solutions are asymptotically almost periodic.

Proof First, we prove that (3) has bounded solutions on [0, +oo). Let 
x(t] 0, &0) be a solution with *(0) =ж0. Since g(t), f ( t ) are bounded, and

^ ( 4 - 0 0 )  =  + 0 0 ,  h i ( — o o ) ~ —00,.

there exists K > 0  such that F (K , t )<0, F( — K , t)> 0 for 0. Therefore, if we 
take \cc0\< K , x(t; 0, x0) is well defined for t> 0  and \x(t; 0, x0) j <IT. Under 
condition i) or ii), F(x, t) is decreasing strictly with respect to x£[_—K, IT], 
where К  may be taken arbitrarily large. By Theorem 0, there exists a unique a. p. 
solution. '

If x~u(t) = 2/, where u(i) is the a. p. solution of (3), then

- g .  - - [ * , ( » + « ) - A i ( « ) ]  +Sf(<) № » (» + « )-* > (« )]•  O)

We consider a Liapunov function V (t, y) . Since

[Ai (2/+ m) -A i (m) |2/>0, [>а(2/+м) -Л я(«)|0>О, g(t)<0,

= ~  [*x(2/+m)-& i(w)]2/+p(t) [Л3(2/+м) -й 3(м)2/<0,
it follows that

dv
dt (4)

and hence, the solution yz=Q of (4) and the solution u(t) of equation (3) are 
uniformly stable и:!.

We consider now the nontrivial solution y(t; t0, Уо) of (4). By the uniqueness 
of the solution of the initial value problem, у (t) Ф0 for We rewrite (4) as
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follows:
dy
dt

hi(y+ u)-hi(u) g(t)[h2(y+u)~h2(u)'}
У У ‘

,dy

(6)

From i) or ii) we have у - £ < 0, and hence \y(t)\ is decreasing. Now we seek to 

prove that lira y(t) =0. If this is not true, then \y(t) | > d > 0, where d is a constant.

Since > — ^ —-1—- is continuous on the compact set

{(w, y) | M<sup|wOO|, d<y<y0 (от y0< y< -d )}

and positive because of i), there exists a constant c> 0 such that —— ~ (u)

>c. Thus

from (5), and hence
IУI | Уо | e_c(i_w-^0, (as tf-»-f-oo),

which contradicts the fact that \y(t) (> d>0 . Thus we have lim 4/(t) =0. Under

condition ii) we have

r+~
where cg(t) < 0 and cg(t) G A. P., and hence cg(t)dt= — oo as proved in Theo-»/ *0
rem 0. From this fact we can derive the same conclusion. By [2], Theorem 7.8 
and Definition 7.7, the trivial solution of (4) and hence u(t) are uniformly 
asymptotically stable.

Finally, if iii) or iv) holds, by the mean value theorem we have .

[ -  К (9t (t))+g(t)h’2 09, Of))] y2‘< -  bya,dv
dt (4)

where b>0 is a constant. Thus the solution yz= 0 and hence the solution u(t) of (3) 
are uniformly asymptotically stable in the large m, and all other solutions are 
asymptotically almost periodic. This completes the proof. .

In equation (2), hi(x)=coz, h2(®) = ж. we have
Corollary 1. I f  Xg(t) <0, then (2) has a unique a. p. solution which is uniform­

ly asymptotically stable. Moreover, i f  'kg(t')<, — /3<0, then the a. p. solution is 
uniformity asymptotically stable in the large. All other solutions are asymptotically 
almost periodic.

Now we consider the case when hi(x) is not monotonic. For simplicity we 
discuss only the type of equation

dx
dt - x n+Xg(t)x+iuf(t)} (6 )

where w>2 is positive integer. Without .loss of generality we can assume that
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inf|flf(«)|“ S u p |/(# ) |- i .
Using a fixed point theorem we will prove the following

i
Theorem % Suppose inf\g(t) j =sup|/(tf)) =1 and let = . I f

| X\>nMn~\ (7)
then (6) has an a. p. solution u(t), |w(t) | <Ж. It is uniformly asymptotically stable 
i f  Xg(t)<0, unstable i f  Xg(t)>Q.

Proof If ju-==0, obviously, (6) has the trivial a„ p. solution ж=0. If рфО, 
then M>0. By (7), we have .

ж «-1+ Ж _  |Л| \p>\M-n2 -  |Я| «wM”-1- \X\<0,

l .  e .

^ + |М .< Ж .  (8)

Since inf |Xg(t) | — |)t| ^O, either inf Xg(t) = ]X| >0  or sup Xg(t) = — [X| <0. Since 
these two cases are analogous, we only consider the first case. Therefore

lim ~  f Xg(t)df> |Я[ >0.
!F-»oo JL Jo

By [1], Theorem 6.6, for any a. p. function p(t), the equation
' dx

d t
-Xg(t)x+ )if(t)-pn(t) (9)

has a unique a. p. solution*, say T<p,

T p = j  (expj Xg (u) duj (pn (s) — p f  (s) ) ds. 

Let
B ~ {p (t)£ A . Р.|||(р||<Ж>, ||p||=sup|<p(i)!. 

Clearly В is a completemetric space. From (8) we have

\ T < p |. =  | j^ (expj Xg(u)duj(pn(s) - pf(s))ds )ds

therefore |27̂ ||<Ж . •

| Tpx ~ Tq>z J - | j ( (expjs ty  (u) duj (pi (s) -  pi (s) ) ds
/•со M Tl/ftl — ’X

< j t e~w 1Pi(s)- p%(s)\ds<—щ — \pi~p%\ = p \p i-p A >

Vi _where p = -—, T- < 1  from (7). Therefore T is a contraction mapping, and hence
■ \X\

there exists a unique fixed point u. Relation (9) shows that u(t) is an a. p. solution 
of (6), and

*) In fact, the uniqueness is proved in Theorem 6.6.
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In order to discuss the stability, let y = x —u(t). We obtain

= (’kg -№ n-1)y+0(y*).

In  case Kg (t) <0, from (10) and (7), we have

(10)

(11)

Kg(t) — ош”-1(£) (t) +  | <  — | К \ +«гМй_1<0.
By the uniqueness of the solution of the initial value problem, the nontrivial 
solution of (11) satisfies y(t) Ф0 for Thus we can rewrite (11) as follows

"Therefore

i f < -  .
where «>0 is a constant. Consequently

S2/(̂| <  1 2 / o | > o  (|yg|«:l, t-»+oo).
Bo the solution y = 0 of (11) and hence the solution u(t) of (6) are uniformly 
asymptotically stable. In case Kg(t)>0, we have

K g ( t ) 0.
Bo the solution 2/5=0 of (11) and hence the solution u(t) of-(6) are unstable.

The proof is complete. Being different from Theorem 1, Theorem 2 does not 
show the uniqueness of the a. p. solution in the large, but it gives us a bound for 
the norm of a. p. solution. This estimate provides some informations on the a. p. 
solution as the parameter varies. In fact, for given g(t), f ( t ) and fixed КФ0 (7) is 
satisfied for |[ju | small enough. Let be an a. p. solution satisfying the bound 
.given in Theorem 2. From (10) we have

Corollary 2. Suppose g(t), f ( t ) are given, inf \g(t) j =sup|/(f) | =1, and К is 
fixed. If (7) holds, then approaches zero uniformly as 0.

Rem ark 1. Condition (7) is related to the bifurcation curve C3:i for the equi-
• © .

librium solutions of the autonomous equation obtained by setting g(t) = f(t)=  1 in 
{6), that is, the equation

/7/»»
■xn+Kx+fi.dx

dt
In  the(X, fi)-plane, the bifurcation curve for equilibrium solutions is given by

xn+ K x + fjb = 0 .
■ nx':n- 1 +  X  =  0.

n—\
Eliminating the parameter x, we obtain

^4 ,Hr)
Therefore, we find that the bifurcation curve is a branch of the curve defined by
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П—1

1Ч Ч Ш ’ - .
As we will see later, for the almost periodic equation, the situation is much more 
complicated than the autonomous equation. '

Remark 2. If the term — as" is replaced by af in equation (6), then the 
theorem is obviously true. Moreover, the theorem may be generalized. In fact, 
consider the equation

dec
dt ■ r(t)ecn+%g(t)ecJr p>f{t), Ю

where r(t) 6  A. P. and w>2 is a positive integer. If |r (0  | <1, the statement and 
the proof are still valid without any change. If sup|i*(0 | =A>1, instead of (7) we 
require

|Л|>юйЖ’,-а.
Noticing that R>1 implies n+ R< nR+ l, we can prove

In fact, we derive that

RM*-1- Mм

RMnjr\li\

|Х|==Ж«-1(А +|р,|Ж -”) - |Л |

(7')

(8')

Thus, (8') is true. In this case

Tcp= (exPjs ty  (u) duj (r (s) q>n (s) -  /if (s) ) ds

is also a contraction mapping and (11) has the form

^ ~ ( a r ( t ) ^ + X g ( t ) ) y + 0 ( y ‘). (11')

The stability may be discussed in the same way. Thus Theorem 2 may be genera­
lized to the following

Theorem 2'. Suppose
inf 10(0 I -sup  1/(0 I =1, sup I КО | = # .

Let i
M = ( A ^ L y .  I f  |A |>m ax(l, Е)»пМ*-\

then (6') has an a. p. solution u(t), \u(t)\ <Ж . It is uniformly asymptotically stable 
i f  %g(t)<0, unstable i f  %g(t)>0.

Remark 3. We can also apply another method C6:! to prove the existence of a. 
p. solution in Theorems 2 and 2'. The advantage of this method is that we can 
apply it to a higher-dimesional case. Consider the system

^ -A ( jt)x + iif( t)+ q (m ,t) ,  (12)

for which the following conditions hold:
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i) Square matrix A (t) is almost periodic and the homogeneous equation 
. dx

dt —A(t)x (13)

satisfies an exponential dichotomy C6:i;
ii) Vector f( t )  is almost periodic;
iii) Vector q(x, t) is almost periodic in t uniformly with respect to as in a 

neighbourhood of x=0, and there is a S>0 such that
dg
dx = 0(|ss(a) (as ®—>0),, \q(e> ,t)\0{\x\^),

uniformly for t £ (  — oo) +  oo).
We now prove the following
Theorems. I f  conditions i), ii), iii) are satisfied and \рь\ is small enough, 

then (12) has a unique a. p. solution in the .neighbourhood of x= 0. v
Proof We only prove the existence of a bounded solution; for almost, perio­

dicity, see [6]. From i), the fundamental matrix X (t)  of (13) can be decomposed, 
as follows

X (0 -X i(< )+ X ,(* ), X -1(s)= ^ i(s)+ ^ a(s), 
X (0 X -1(s)= X 1(i)^1(s)+ X 2(0 ^ 2(s)> 

and there are two positive constants a and /3 such that .
\X 1(t)Z1(s) | < /8 ex p (-a (i-s )) ,^> s ; ‘
|X aOO^a(s) |</3exp(a(tf—s)),tf<s.

From iii) there is a constant X  >0 such that .
dq
dx\q(x, t) | < K h ^ \

where h may be taken arbitrarily small. Let
x0(t) =0,

<,Khs for —oo<i<+oo,

»(0 = j_ooX 1(#)^1(s) {itf(s) +q(xm-1(s), s)}ds

~ \t  X s^ ^ ^ ^  +  q^ - 1 ̂ 5 s)}ds>mz=1>2>
Take h<£ 1 such that

4/3XAa
a < 1,

and then take |/л| <SCl such that
4£Ы11/11

a

we have

■<h, 1/1 =sup |/ ( 0  | .

№ f t )  I</S{\[m\ 1/1 + K h™ }\^_ j-« t-s4s+
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||«т+1 -®яг|</ЗЖ'Да[|£0т -®„1_ а |||| ^a~“w~s)ds+ £  e“(t S)ds|

“  II ~  40m-1II < 4 1 <X>m ~ ®m-l | •CC £k
Therefore, {xm(t)} converges uniformly to os(i), and \x(t) | <,h. Differentiating the 
equality

® (0-J*_X 1(0 ^ 1(e)W (e)+?(»(«), s )} -£ °X a(4)£a (s)W (s)+g(®(s), s)}ds,

we see that x(t) satisfies (12). The uniqueness can be easily proved.
W e also mention that every nontrivial solution of (13) is unbounded if i) is 

satisfied, so (13) has no nontrivial a. p. solution in this case. Let X (t)rj be a 
nontrivial solution of (13). Corresponding to i), we decompose rj as 4=»ji+ij2, 
where

4 e“ °).1729/
For any vector £, we have

|X a(№ (s)£ |< |£ |/3 < r“«-s>, t>s; 
|X a(4)Za(s)£|< |£|/3e“«~s>, 4<s.

Taking i  = X  (s) 7] we get

I Х(«)ч| 1 x,(O iW «)X(.)i,| -

|X ( i)4 il , <>s;

IX (s)4 1 > L  1 X a(i) г ,  (.)X(.>j I I x ,  ( i b  I

-А е-»« '» |Х (<)ча|.« 8 .

Since X (t)97̂ 0, we have X (t)^ ^ 0 or X (if)^^0. In case X(t)r]хФО we have 
I XT(s)771 —>- f - a s  s->—00, and in case X(t)r/a=£0 we have |X(g)»7|*-»+oo as 
s->+ 00; so in both cases, X(s)^ is unbounded,

Applying Theorem 2 to equation (2), we have

Corollary 3, Suppose inf'|p(i)| =sup|/(4)| =1. I f  {Л.j >3 ’ then (2) has
. .1 •

an a. p. solution и(f), | w(4) l ^  uniformly asymptotically stable i f

Xg(t)<0, unstable i f  Xg (i)> 0. v
Corollary 1 shows that an a. p. solution of (2) is unique when %g(t)<<0. Now 

we consider Kg'(t) >0 and prove the following
Theorem 4. Suppose in f |с/(4) | =sup[/(4) | =1, sup|p(4)|<3. I f  kg(t)>0, 

then there exists &>1 such that, for all (k,fl) satisfying the condition
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W>8i .(M)*, (14)
(2) has exactly three a. p. solutions.

l  A
Proof Olearly (14) Implies |Я| • We suppose and 1<

g(t)<,Q<3. The other case is similar. From Corollary 3, (2) has an a. p. solution
• . : 1 ' ' - . '• '

00, |w (O I< ( -^ )  . Put x —u(t) =y, then

; ^ r  = -y [y 2+3uy + 3u2-Xg']' (15)

If F(y, t) = — у [у2 + buy+8w2—Xg], then we have F y(y,t) = — (3ya+ 6uy+ Зм2—Xg) . 
From F(y, if) =0 we have y0=0,

и

y + J x g - - £а(0 = - -? р kg- 3 u2-<0.

From F’y(y, f) =0 we have

yi(t) = - u + J ^ - > 0 ,  g/2 (f) - и ~ ^ <0-
We claim sup ^(f) < inf ^ ( i ) . If

X = 3& I AC

then

and we have 

where

Since yi(f)=:—u+

it follows that

K 0 < W |r >

0<kl
к- < 1.

X&3 -^Icfe+Ve),

Since
sh  j x  . /»
2 V T ’1”'" A’

k] _ s/~3fa
4 2 ‘)-

we have inf y-i.it)> s/ X iJ  1 iq _ki_s/ 3
)■

By a simple computation, we conclude that

V/A ( fe + V tf) <  v r ( . / i -  4  - ^ + # - 4 ) .4 2 J '  - ' 2
Therefore, if (?<3 is- given, the last inequality holds true for all #i>0 small 
enough, and hence we have sup yt (t) < inf y±{t) for, all (Л, /у) which lie on the
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2

curve X = , where &>1 is large enough. If sup y^t) = Ai, then F(A1} t)

>0. Since u(t), g ( t ) are bounded, we can take B1>A1 such that F(B i, /)<0. Then 
(16) has a bounded solution y(t), At<,y (t) <,Bt for 0<i<oo. Since F'u(y, t) <0 for 
A i^ y ^ B i,  by Theorem 0, we conclude that there exists a unique a. p. solution of 
(16) in [A1}Bf\ . In the same way, let B2 = inf ys(t) , B2< 0 and take A2<B2, \A2\ 
large enough. Then (15) has another a. p. solution in [A3, Bf\ • Using the fact that 
an a. p. function q>(t) for which lim q>(t) =l must satisfy <p(t) =1 for all t, we con-

t~>°o

elude that there is no a. p. solution in every horizontal strip in the (у, t)-plane 
where F(y, t ) > 0 (or <0). Thus we have proved that (15) has exactly three a. p. 
solutions, i. e. (2) has exactly three a. p. solutions. This completes the proof.

If then (2) has the form

dec
dt —х3+Хх+уь.

In the (X, y,)-plane, the bifurcation curve for equilibrium solutions of this equa-
2 '3
. The number of equilibrium solutions for a given (X,

y) is shown in Figs 1 and 3. For the case/, p£A.  P., by Corollaries 1 and 3 and 
Theorem 4, for some (X, y), we can show the number of a. p. solutions in Figs. 2 
and 4.
If п = 2 in (6), we have

^ - = - x 2 + Kg(t)x+fifi(t). (16)

tion is given by X = 3

Similarly we can prove
Theorem 5. Suppose in f\g(t) [ = sup|/(t) | =1, sup|^(i) | <2. Then there exists 

k> 1 such that, for all (X, y) satisfying the coudition |X| >2k*f | у j , (16) has exactly 
two a. p. solutions.

If we do not change the variable and we use the same method as in the proof 
' of Theorem 4 directly to equation (16), then the following theorem can be proved:

Theorem 6. Suppose inf | g(t) | =sup|/00 | =1, sup|p(tf) j <2, in f |/  (t) [ =cr> 
0. I f  pbf(t)>0 or pbf(t) < 0 and X2> 4 1/̂ (, | y | < l ,  then (16) has exactly two a. p. 
solutions. In the first case, one of them is positive, and the other is negative. In the second 
case, these two solutions are both positive (or negative) i f  hg(t) > 0 (or hg(t)<0). I f  
y /< 0  and X2<  |y |cr, then (16) has no a. p. solution.

Theorem 6 is a generalization in the almost periodic case of [7], Chapter 11, 
Theorem 3.1 and Theorem 3.2 for special Eeccati equation. Being different from 
Theorem 4, Theorms 5 and 6 are true for both Kg> 0 and Xy<0. For some (X, y), 
the nuxnber of a. p. solutions are shown in Figs, 6 and 8. The boundary of the
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region in which there is no'a. p. solution depends on inf [ f( t)  [. For the autono­
mous equations, the numbe r  of equilibria for a given (A, f )  is shown in Figs. 5 
and 7. Figs. 1—8 show that our results in almost periodic case are far from a 
complete one. In the periodic case, the bifurcation diagrams for (A, f )  small are 
similar to that for the autonomous case (see [3], Chapter 9). It is still an unknown 
but interesting problem to determine the complete bifurcation diagram for (A, }Jb) 
small. '

Fig.l Fig.2 Fig.3 Fig.4 Fig.5 Fig. 6 Fig.7 Fig.8

At the end of this section, we apply Theorem 2' to the periodic equation. It is 
well known that the a; p. solution must be periodic and has period ,T provided 
F(x, t) has period T  and the scalar equation ж ==•• F (cc, t), has a unique solution to 
the initial value problem ш. Bo we can make

Remark 4. If rif), gif), f( t)  have period T, and the conditions in Theorem 
2' are satisfied, then (6') has a periodic solution with period T.

For example, we cosider the equation

^ ^ r ( t ) x n+%(2+sint)<je+fx,cost, (17)dt
where n>2 is an integer, r(t+2m) \ f ( t ) | <1. If |/л|>1, we can easily prove

\Mi  l  ) П an<̂  fi01icej (7r) holds for w>2 provided (p, [ >1. Remark

4 shows that (16) has a periodic solution with period 2m for 2. It is uniformly 
asymptotically stable if A<0, unstable if A>0. When n is odd and r(t) =  — 1, since 
there exists a bounded positive trajectory, the existence of periodic solution may be 
shown by Massera theorem C4VBut in the general case, the existence of a bounded 
positive trajectory is not clear.

2 .

In this section we shall consider the equation
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doo
dt ---- h(x)+ g(t)v+ f(t) (18)

in the case that the sign of g(t) may change. 

Theorem 1?. ■ Suppose i) Д'(я)Х), lim mат-> ±оо h (со) =0; ii) there exists an e>0 such

that (2g(s)+s)ds is bounded for tf>0. Then (16) has a unique a. p. solution which

is uniformly asymptotically stable in the large, and all of the other solutions are 
asymptotically almost periodic.

Proof It Fix, t) = —h(x) + g(i)x+ f(t), then Fix, t) is almost periodic in t 
uniformly for x £ ( —o°, +oo). From i), we have h(—oo)=— oo, Л(+оо)=+оо. 
Noticing h(x)=fcQ for \x\ large, we may write (18) as follows

dx
dt

-Ъ (х)\ i i  eg.ft) | /0 0  1
AW L 1 + t 75T+ a?w J-h (x) h{x)

Therefore, there exist K > 0, L > 0 such that
dx dx >L  for x < —2Г.

Thus

d t - < - L t 0 T < ° > K - ,  i t

x(f) < —L ( t —t0) -\rXofoT x0> K , 
x ( t ) > L ( t  —10) +(c0 forage—K ,  x(t)<.—K ,  t> t0.

Hence, we can see that the solutions of (18) are ultimately bounded for bound K . 
We consider the system­

----- h (x )+ g (t)m + f(t)  ’
(19)

dt

and take the Liapunov function

V(t, x, y) = (®—i/)2exp(—j o (2g(s)+s)ds'j, 0<i<oo, |a;|<W*, \y\<K*,

where K *> K  is a constant. Since [ (2g(s) + s)ds is bounded, there are constants
Jo

«, /3 such that « < - £  (2y(s) +e)ds</3. Then we can derive:

i) ea(x—y Y < V (t,x ,y )< e B{x—yY )

ii) | Vit, %, 1/0 - V i t ,  x2, 2/0 | = e x p ( - jo (2g (s) +  s)dsj [(®i—2/i)2 — (x2- 2/02]

<:4:К*ев{\х1—ха\ + \у1- у 2\},

iii) V(t, x, y) [до) = 2 ( x - y ) exp (-J*  (2g(s) + s)dssj h (y )-h (x )  + 1-( y - a?)]

= - 2(a>-2/)2e x p ( - jo (2g(s) + e)ds^h'(i) + — < ~ sea(x—yy,

using the mean value theorem in the last equality. By [2], Theorem 19.2, (16) 
has a unique a. p. solution which is uniformly asymptotically stable in the large.
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And hence all of the other solutions are asymptotically almost periodic.
Applying Theorem 7 to equation (2), we have

Corollary 4, I f  there exists an e>0 such that j  (2Xg(s) +s)ds is bounded for

then (2) has a unique a. p. solution which is uniformly asymptotically stable in  
the large, and all of the other solutions are asymptotically almost periodic.

If u=0, then (2) has the form

^ - - я » + Я (20)

and Corollary 1 and Corollary 4 hold for (20). Since (20) has the trivial a. p. 
solution ге=0, we have

Corollary 6. I f  either i)there exists s> 0 such that (2Xg(s) I  e)ds is bounded

for 0 or ii) hg(t) </3<0, then the trivial solution of (20) is uniformly asymptotically
stable in the large, and (20) does not have a nontrivial a. p. solution. In Corollary 1, 
it is possible that g(t)=0, so that neither Corollary 2 nor Corollary (4) implies 
Corollary 1.
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