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ANOTHER PROOF FOR THE SOLVABILITY 
OF FINITE GROUPS WITH AT MOST TWO 
CONJUGACY CLASSES OF MAXIMAL

SUBGROUPS

XtT MlSGYAO

Abstract

In  this paper we give a very short and elementary proof to the following theorem due 

to S. Adnan.
Theorem 2. Finite groups with at most two eonjugacy classes of maximal subgroups are 

solvable.

Let i  be a positive integer. A finite group G is called an Mj-group, if the 
number of eonjugacy classes of maximal subgroups of G is<£.

It is nearly obvious that an ifj-group must be a cyclic p-group. (See Pro
position 1). And for IH2-groups, several authors conjectured that they are solvable 
(See[l, 3]), and S, AdnanC4:ihas proved this conjecture. The purpose of this paper 
is to give a short and elementary proof to this conjecture.

The notations and terminology are standard. Eeaders may refer to [2] when 
necessary.

Proposition 1 . Mi-groups are cyclic p-groups.
Proof Suppose that G is an lUi-group and Ж is a maximal subgroup of G. 

Then U  M ^ G .  Let a £ G — U  Ж®, then we have <#> = (?. (If not, <«> must be
а?€(У A76G

contained in a maximal subgroup M* * *. This contradicts the choice of a.)Therefore G 
is cyclic. Further, if G is not a p-group, then G has at least two maximal 
subgroups, which are of course non-conjugate, this contradicts the fact that G is an 
Жг-group. ,

Conversely, it is clear that a cyclic p-group is an .Mi-group.
Theorem 2. M 2-groups are solvable.
Proof Let G be an Жа-group. By Proposition 1 we may assume that G has 

exactly two eonjugacy classes of maximal subgroups. Let L  and К  be the represen
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tatives of the two classes respectively. We discuss the following three cases.
Gase 1. L<\G and K<\G. In this case, all maximal subgroups of G are normal 

in G. This implies that Gr is nilpotent. The conclusion is true.
Gase 2 L<\G but K<faG, '
Let#) \ G :K \, P £ $ y lp(G), N ^ N 0(P). If N < G , then N < L  as p^\G: N \ .  

Because P  is a Sylow subgroup and N = N G(P), we have NG(L) = L. This contra
dicts the fact that L<\G. Thus we have N =G, i. e., P<SG. '

Set G = G /P . If M = M /P  is one of the maximal subgroup of G, then M  is 
maximal in G. Since G is an Ma-group and Ж >Р, we get M =L. This implies that 
G is an Hit-group. By Proposition 1 G is cyclic, the conclusion holds.

Case 3. Neither L  nor К  is normal in G.
■ We shall show that this is impossible. Let \G’.L \ =r, \G :K  j =s. We have* 
(r, s) =1. (If not, suppose p | (r, s) and P £ S y lp((x), we have P ^ L ,  P ^ K .  Hence 
there exists a maximal subgroup Ж > Р  which is conjugate to neither L  nor K f 
contradicting the fact that G is an iH2-group. ) Hence we have 

|(т:1>1,П-Кч'| =  \ G :K y\ =rs, V», y£ G .
It follows that ,

' \L*nK «\ = \G \/r s = \L r )K \,  V®, yGG.
Without loss of generality we may assume that r>s. Then we have

\G \> \ K*KU К* 1 \K W .. Iffl3
K z n sa I jST® П | '

, V2, w GLG.

(1)

It follows that
\K g f]K W\> \G  \/s2>  \ G \/rs=  \L f)К \, Vs, wGG, . ( 2 )

If we can prove
\К *[)К *]Р< \1 Г } К \Р, . (3)

for any prime p  and any K* f) which will imply that (K “ f| K w (<  | L  П IT | „ 
contradicting(2), the proof will be completed. .

In order to prove (3), we choose two conjugate subgroups ф K w° of К  such 
that I К й° П К*' I p reaches the maximum value. Without loss of generality we may 
assume that 20 = 1 and \K  ПР’“0|Р> 1 . Suppose that P £ S y lp(K  ClK™*), P% £  Syl*, 
(K ) .  Then P a> P . Set N = N G(P) . We may assume ШфС. (If not, we get P<^G. 
Set G = G /P , we can complete the proof by induction on| (?|.) Let M  be a maximal 
subgroup of G containing N . We discuss the following three possibilities.

(i) PA> P : In this case, we have M  П П К  = N K(P ). Then j Ж П H | p>  | P  [ 
as P i> P . Similarly, \ M |p> [ P | .  By the choice 0 we get M  is not 
conjugate to HT; i. e., M==La for some xGG. Without loss of generality we may 
assume M  =L. Hence

\ЪЪК\р=\М ()К \Р>\Р[ = \ К № и'\р>



(3) holds.
(ii) Pt —P$:Sylp(Gf): In. this case, we have p\ \Q:K\,  hence p\\G:L\.

Therefore |P | .  By(l)we g e t | i n ^ | p= \P\ =  \К П К ”°\Р, (3) holds.
(iii) P i = P  GSylP((?): Suppose that M  is conjugate to K . Without loss of 

generality we may assume that M = K W\  Since P<jKT”° and P Wô K v:i>, by Sylow 
theorem there exists an element h £  -ET ŝuch that P  =  Pv:̂ . Then w0h GNq (P) <,KWo. 
This implies w0 £  A"u°and К = K w% a contradiction. Thus, we have.Ж = Р Ж for some 
*€G . Therefore|i[jp== |PT|p= |(?|p. B y(l) we get \L(}K\P=\G\P= \ K  ПК«'\Р, (3) 
holds. The proof is completed.

Corollary 3 The number of conjugacy classes of maximal subgroups o f a finite 
nonabelian simple group is^B .

Because A5 and PSL (2, 7) has exactly 3 conjugacy classes of maximal 
subgroups, the bound in Corollary 3 is best possible.

Remark. Applying Theorem 2, we can slightly simplify the group-theoretic 
proof of Burnside’s p^-theorem  for the case of odd order. In analyzing the 
minimal counterexample G of this case, we can deduce that G has exactly two 
conjugacy classes of maximal subgroups (See [5, Lemma 4. 135]), then Theorem 2 
can be applied to deduce the final contradiction.
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