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abstract

Let В be a left and right Neotherian ring with identity. Let A be the Artinian radical. 
Lenagan ^pointed out that В has Artinian quotient ring if A = 0 and the Krull dimension 
of В is one. In this paper first the structure of Artinian radical is investigated. Then for 
В with Krull dimension one the author gives a necessary and sufficient condition under which 
В has Artinian quotient ring. The main results are as follows: (i) A=eR, where e is a 
central idempotent element of B,  if and only if »>(A)A»=&(A)A=  ( П  t w h e r e  A is

я ь з а
a positive integer, })(«/*>) are prime ideals of В and ?*(A)(ZA)) is the notation of right(:eft) 
annihilatorof A (see Theorem 7). (ii) In the case (i) В = AQi 1 (A)A. (iii) I f  В has ДгиЦ 
dimension one, then В has Artinian quotient ring if and only if  there exists a positive 
integer A such that j!(A )a=Z(A)a=  ( П  PW*>>)A*

g I -

In  this paper “King” always means associative ring with identity. Unless 
otherwise stated all concepts and terms used here are cited from [1]. As we know, 
a right (left) ideal of a ring  В  is said to be A rtin ian  if it  is Artinian as a right 
(left) jR-module. As usual we define the A rtin ian  radical A  of В  to be the sum of 
all the A rtin ian righ t ideals of B. When В  is left and right Noetherian, it is clear 
that A  is also the sum of all A rtin ian  left ideals of В  (see [1]). ■ j

Let В  be a left and righ t Noetherian ring  and Ё  be the right socle of B, 
e i. e. Ё  is the sum of a ll m inim al right ideals of B. If  а' then i t  is clear that 

there exists a minimal ideal (a) such that (a) d  («'), where (a) denotes the principal 
ideal of B. W ithout loss of genarality we can assume that Ba and aB are minimal 
left and right ideals respectively. I t  can be easily shown that

$ = 2 ©  ВщВ ® ±  ®BbsB ® L, (*)
f=l 4=1

where (щ) ^Ва,{В  and (Ъ}) = Bb$B are minimal ideals of В, (a<)a= (щ), (Ъ^)2=0, and 
L  is a righ t ideal of В  which doesn't contain any non-zero ideal of B. For the
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convenience we call (*) a right standard formula of Ё, and w-t-s the length of the 
right standard formula (*) of Ё, n  the lenth  of idempotent part of Ё  and s the 
length of nilpotent part of Ё. F inally  we say that a right standard formula of Ё  
has most length, if every length of righ t standard formula of is not greater 
than this length. Let the formula (*) be a righ t standard formula of Ё  having the 
most length, and

<=i 3=1

be another righ t standard formula having the most length, then it is clear that 
n = n /, (ае) = (<*I) i = l ,  ••*, n and s=s',

± © (» ,) -2 © (У /) -2 1. 3=1 i=i
In  fact, if(bj) n  ( (b i)© -© (6 .) )  =0, th en ((%)©•••©(«„)) Л ((& i)© -© (6 .)© W )) 
=0. This shows that

£ ==2©(«, )©  ±  © ( Ъ ь Ш Ъ 'М
■ «=1

where L  is a righ t ideal of R. But this contradicts the fact that Ё  has the most 
length n+s. Therefore (6 y )c (6 i)© " ‘©(&s) for any(6^), i. e.

2 © W ) E 2 © ( b i ) .
3=1 3=1
s s'

Similarly, we can show that 2©(&з )£=2©(&з)« We have already shown that
3=1 3=1

s . s' . n n*

2 © ( ^  ) = 2© (& з) • Using the same method we can show that 2 © ( a<) = 2 © ( й0»
3=1 3= 1 *.=1 i=l

' n* ' •
From this it follows that (щ) 2 ) (a'i) • Therefore there exists an element, for

.' 3=i

example (a[), in  the set{(«i), (a'2), .•••, (o'-)} such that (oi)2= (%) (a'x) and {ax){a'l ) 
=0, £=2, •••, s'. Hence(%) = (ai). We can go on in  this way and obtain(oj) =  (а[), 
i  = 1, •••, n, and w<n'. Analogously we can show that «/<«, and (ej) =  (аг) for i  — 
1, •••, n. Since n+ s= 7 i'+ s ', it follows that s= s'. 0

A s
Denote by -®=2©(oi)©23©(& i)©U a r i§bt standard formula having the most

3=l 3=1
A й slength. Then we call JK =2© («;i )© y!© (6 i) the normal socle of В  and call E x —

«=1 3=1 " . ■” л *L A
2 © ( й<) tbe non-nilpotent part of E  and Д э= 2 © (^ з) Uie nilpotent part of E. It
.*=1 3=1

is clear that Ё, E x and E 3 are independent of the choice of the forms of right 
standard formulas with the most length.

Similarly, denote by Ё  the left socle of R  and

Ё =^(нР)Д as Д(+)^1(+)ДЬ<Д(+)1у. . (**)
■ 3=1 3=1 ' .

where (a{) =RatR, (b}) = RbjR are minimal ideals of R  with (а{) 2ф0, (6;-)a=0 and 
Rah Rbj and a{R, b}R  are minimal left and righ t ideals respectively, L is a left
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ideal of R. Then we have the notion of left standard formula having the most
length as the righ t one we stated above If (**) is such a left standard formula

«■ „ s ^
having the most length, then 2 © (® 0 © 2 © (fy )  is called the left norm al socle of 

JR. Denote ^ j  == 2 ©  Д з= 2 © (^ )*  Then Д . is called the non-nilpotent part
«=i j = i

of Ё , Ё% the nilpotent part of S .  Similarly, we can show that Ё, Ё г and are 
independent of the choice of the forms of standard formulas with the most length.
I t  is easy to see tha t the norm al socle of R  is equal to the left normal socle of jR. 

» *
Infact, let E = 2 © ( ^ ) © 2 © ( ^ ) be the right norm al socle, where(щ) =Ra{R, (Ь})

( = i  j = i

= RbjR and Rat, Rb} and %iR, bsR  are left and righ t minimal ideals respectively. 
Hence E c zS , n + s^ n + s , i. e. the m o st, length of right normal socle of R  is not 
less than  the length of left norm al socle of R. Symmetrically we can show that 
n+s<;«-fs. Hence Е = Ё ,  i. e. the right normal socle is equal to the left normal 
socle. I t  is clear tha t we can introduce the notion of the normal socle of R. Using 
the norm al socle E  of R  we set R = R /E .  Clearly R  is left and right Noetherian. 
'Then we obtain again the norm al socle E a) of R  and

w > - S © w ') e S © ( 5 ? > ) ,<=1 3-1 .
w h e re o f5)2 =£0, (5f)) a =  0, and(ae) , (B}) are all minimal ideals of R. We can go on 
in  this way and obtain inductively the following formula

jBW=JE7Cm-l)+ g ,(aCm-l))+ Sg ( 6Cm-l))^ (Д )

where E (0)= E, E ^ '^ —O and ■
_ %-i _. . Sm-i _
A(m)= s  ©(«iCw~1)) ©  2  © (5 f -1})

<=a =̂i

is the normal socle of R / E ^ ^ —R,
• ___ Пт-1 _

2 © (a« ( ))

is  the non-nilpotent part of E (m),

. 3=1 : :
is  the nilpotent part of E (m). .
, We call E im) of ( Д ) the w-graded socle of R, where m = 0 ,1, •••. Denote by A  the

A rtin ian  radical of R. Then because R  is left and right Noetherian, there exists a 
non-negative integer m  such that A —E {mK

D efinition 1. Let A  be an Artinian radical of R, and E  be the normal socle of 
R, i. e. 0-gradational socle of R. Denote E = E m . Then the following chain of ideals 

Ц  U (0)C jE(1)C  ■ • • C jB (,' 1)G # )C  • •• =  i  .



218 ОНШ. ANN. OF MATH. Yol. 6 Ser. В

is called the acsending chain of normal socles o f Artinian radical, whereEil) is the nor 
mal socle o f R —R /E ^ v ,  i. e.

Я© =, jE«-w +  (ep ) +  .•• +  « )  +  (5i«) + .. .  +  (&g>) 
for every 1 and (a(l)), (5(l)) are minimal ideals of R  and (a4®)a =  (a40)), (5®)a=0.
Moreover, we c«W '

^ ) = ^«-1)+ (й«)) +  ... +  (й(0)

and
jE7«)==jBa-i)+ (6^ )  +  . . .+  (&(0)

Йе non-nilpotent part and the nilpotent part of E il) respectively.
Now we consider the following

. E ™ = E f+ E (£ \  E2»=E<*-»+%(<#»),i=i

W rite P = P / jE?№-1). Then

A ^ = § © ( S f )
4=1 j=l

are non-nilpotant part and nilpotent p a rt of P  respectively. Denote
p(«Sw)= { r £ jR| (5j№)) r  = 0}.

Since (a®5) is minimal ideal of R , i t  is clear that p(5SM)is prime ideal of R. Because* 
( a t )  is A rtin ian  right ideal, JR /p^hs A rtin ian  ring by Lem m a4.5c)in[l]. From, 
Theorem 1.24 in  [1] it  follows that pcs^is maximal prime ideal of R . W rite

p№<«, = {r e R \ ( a t )  rczE »-«}. .
Then from R/W4*>)=R/p(«S*’) it  follows tha t p« 0  is maximal prime ideal of R*. 
Denote

#«»>( E t )  = { r £ R |E tr c z E <*-*>}, Z№>д а )  = { r€ A |д а <zE«-«},
We can show that

n-k .
,,»> д а ) )  = pi = &»> д а ) . (1 )

. i~X

In  fact, from (a f)) r ( E f  )) c z E ^ ^  and ( a t )  c£p<®™> it follows that
n* ■

p№iM). •
«=1

Since (a4(fc;) np<tt<w>Q-E?№_1) for every ( a t ) ,  i= l ,  •••, % and p<®S*’) is atmaximal prime 
ideal, it is easy to show that (1) is true.

Now we want to show that the foregoing ideals pc®*), pca$> are all minimal 
prime ideals of R. In  fact,let N  be the nilpotent radical of R = R /E {lc~1), then

N - H P i ,«=i
where P 4 are minimal prime ideals of R . From («®))рс«'(и) =0 it  follows that there 
exists an element P 4 of Pi, •••, Pt such that pester P {. Because of the maximum of
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we have р(Цю> —P {. Hence p« 0  is a minimal prime ideal of R. .
We are going to show that

!?>©*<*> д е> ) = -5 . (2)
In  fact, since R  = (a f0) © ^ * 0* for i  = l ,  •••, nk, we have рсз«>) =  (а^)©р<а«>)П 
R  = («i© ©  (й® ) © ? ^  П ptos9). We can go on in  such way and obtain

Now we consider

^ fc)= S © ( 5 f ) /  © f ) 2=o,
' 3=1 .

and denote p' <»?’> =  { г € Р 1 ( b ^ r d E 00"^}. As before we can show that pf(W,*’> is a 
maximal prime ideal of R  and (bj© d p '«>$*’> for j =1, •••, sfc. Similarly we can prove 
that

= П рЧ*’>, (3)

г® д а 5) = П р'Ч-’>, (4)i-1
where ff’afb are maximal prime ideals of R. In  general p' <ь«>) Ф p"ctfp>, р(к)(Е (̂ )  ф
г ^ д а 5).

From (1), (2) and =  П-Р*© where N (1{) is the nilpotent radical of R = R /
<=i • .

E we have

P ^ n - n P f ^ W W ,  r <k>(Eff) = П Р 4. (5)
■ - <=i ■

We sum up the obtained results in  the following > -
Proposition  1. Let Rbe a left and right Noetherian ring, A  be the ArUnian 

Radical of R. Then there exists an ascending chain of different graded normal socles 
o f  R(see Definition 1). Let E m be the normal socle o f M = R /E 0t~1') and let IV№) be the 
original imagee of nilpotent radical N (lc) of R , p ^ a n d  ^(© j© ©  having the same
meaning asbefore. Then we have the following relations’

^ (© M ©  = p p № «,)=Z(fc)(Pifc)), (6)
■ • «=1

. Sic

^ ( E f f )  = П р (Ь®Ь (7)
: 3=1

г® да>) = jV < 4 “>, . (8)

P = P f © / © P f ©  (9)
E w = E cf f+ E $ \  (10)

where p («?’), p' (ь?’> and р"о>ф) are maximal prime ideals of R. Moreover, i f  we set

2V<w = fV®,i=i .
the intersection of prime ideals P® of R, then
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я*^№)да))=р|Р№)? Pf> =})*,<*>), i - 1 ,  (11)

)+ A (fc) = P®+i n • • • n P® • (12)
Denote by m the least positive integer which satisfies A = E im>, and by P im) non- 
nilpotent part of E (m). Then

Л»» /  \  .
i2=-®im)+  n ^  -®im)fl( j a E ^ - v»=i \ s=i /

end pi, •••, £Ят are all mammal prime ideals of B.
Using the foregoing notations and results we can prove the following 
Theorem  1. Let В  be a left and right Noetherian ring, A  be the Artinian  

radical of B. Denote by r (A ) and 1(A) the right and left annihilators of A  respectively. 
Then

©  \ m + l  m

r™(E™) ) d r  (A) c f > (fc4-®(fc))>
) . /  fc=0

(18)

(14)
/ m \ m + l  m

. ' (Г)1Ш(Е™ )) d  1(A) d f ] l (k) (E (k>) .

where m, r^and  lm have the same meaning as before.
Proof We only prove the form (13), the form (14) can he proved similarly. 

Let r £ r ( b ) .  Then A r= 0 . Hence h £ (_Ea)) for h=0, 1, • ••, m, and r m (l5(0)) =

r (E ) .  On the other hand, if cc£ f)N k)(E (k)), then E (k) ccczE<-'k~1) for &=0, 1, •••, m,

where P (-1)=0. Hence A (x )m+1 — 0, (x)m+1d r ( A ) .  This proves the theorem.
As in  [1] denote C (I) = { c £ B \c + I  is regular element of B /I} ,  where I  is an 

a rb itrary  ideal of B.
J T heorem  2. Let В  be a left and right Noetherian ring, A  be the Artinian  

radical o f N. Then ( A + ^ (~)г(кУ(Е м ))') contains elements of 0 (N ), where N  is the 

nilpotent radical of В  and h is arbitrary positive number.

(
m \ft

A +  (jr™ (E™ (E™ )) П <vBdN, then we can show that x B a N .
\ft

In  fact, we have ccBAbd N  and oaR у ( П (E (k)) j  d N .  Since f| ••• Г)Р* is the
/ m  \ ft

intersection of prime ideals P h we have  ̂ (E {li)) j  d P  if хВ ф Р , where P £

{Pi, P t}. By Proposition 1 we have
m / njt / Sk \
n ( f W >  n ( rV < bP>) )c;P* (15)
fc=0 4 = 1  4 = 1  /  ■

Therefore P  is one of{tKo?’>, •••, P&Q, P'»?’), •••, ) ) ' for example P —$. But since 
В /p  is A rtin ian and P=pis aminimal prime ideal, we have А ф Р  by Lemma 4.10 
in  [1]. Hence from жРАлс Р  it follows that x B d P . This contradicts хВф Р. Since. 
P  is any element of {Pi, •••, P t}, we have x B d N .  By Goldie theorem



No. 2 Xu, ¥ .  Я. ARTINIAN RADICAL AND ITS APPLICATION 221

($<*>))* .

'Contains elements of О (N ) .
Therefore the following theorem (see [1] ) follows immediately from Theorems 

1 and 2.
Corollarly. Let В  be a left and right Noetherian ring, A  be the Artinian  

•radical of B . Then A + r  (A) contains elements of О (N ) . .
Theorem 3. Let В  be a left and right Noetherian ring, N  be the nilpotent

t . . .  .radical and N  = the intersection of minimal prime ideals P{. Write P £  {Plf •••, 

P t}. Then either (i) A a P , r(A ) ф Р  or (ii) А ф Р , r(A )czP .
m

Proof If r(A ) czP, then (E ib))ciP  by Theorem 1. Hence В /P  is A rtinian
. fc=о

for P. But P  is a minimal prime ideal. Hence Р ф А  by the Lemma 4, 10 i n [ l ] .
Corollary. Let R  be a left and right Noetherian ring, P  a minimal prime ideal 

of B. Then R /P  is Artinian i f  and only i f  А ф Р .
Proof The necessity of the condition has been proved by Lemma 4.10 in  [1]. 

The sufficiency of the condition is now to prove. In  fact, it А ф Р , then ^ ( l ) c P .  
Hence R /P  is A rtin ian  by the proof of Theorem 3.

T heorem  4. Let В  be a left and right Noetherian ring and A  be the Artinian  
radical, N  be the nilpotent radical o f B. Then В = А +  Pi |x o  and A  f| ( П  Jx$w))

ezN, where £(O is the maximal prime ideal stated in  form  (6).
Proof By (6) is a maximal prime ideal. Hence B  = (af:>) 4 -p (0 . If k = 0 ,.

then

’ B - j S i + n t W ’)
<=i

from (2). If Je = 1, then it is easy to see that

1X0 = E X +  (P P (tt<01) П
Hence

By induction we obtain

В = Е г+ (4 Р + (р )з< О Л 1 к ‘Л )).

and

По / JH \
В = E i+ Е ф 4-p ) x o  П П ^ > ) )

4*=1 \$=1 /
m

B =  S M fc)+  П  1^(0.
=0 ,'",m

m
Since 2  -A ,

fc-0
R = A +  p  t>m.

. ,nK k=0,-,m
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Now we want to show that А П ( П  t><®<*'>)c N .  Let ® EAfl (П ^(а<В)) -Then for any4=1 itlcJc=Ot—,m
Jo we have (a f}) (x)dJE(lc~1). Since ®E A, there exists a positive integer b such that 
x  £  (й®) -i----- 1- («<*>) +  (6f}) 4----- h (5®>), x  $  Ж7<fc-1). Therefore

a!B=ea - i )+ « '+ - + < + 6 ,1+ ...+ & '„  E W fc)),
Suppose that there exists an  element a[ E {«'i , •••, a4J such that aj $ t hen

(«Й) (ap>) +JS®-1>, (apO ® +^<fc-1)== ( « f )«*+-0(й_1).
This contradicts (a|fc)) (®) c jS05-1*. Hence E-S(fc-1) for i = l ,  •••, %. Therefore (a;)2 
С2Ж(1с~1}, since ( b 'jY d E ^ v .  Also we have

flft-i Sft-i

(eO*c Д ® -»+ Е (ар-« ) +  2 ( b f _1)) .
< = i

Let 2/E (V)2. Then (а?0) (у) с ^ №_1) for all A. Analogously we can prove th a t

(2/)ас : ^ - 2> + 2 (& Г 1))-

Since у  is an a rb itra ry  element of (x) and E  is a left and right Noetherian ring, 
there exists a positive integer Я such that

, s*-l

(»)*с.э0,-а>+2(Ь Г '1>).. *=i
W ith this procedure we can find a positive integer n* such that (®)n*=0. This 
proves our theorem.

Theorem  5. Let R  be a left and right Noetherian ring , and A  be the Artinian  
radical of R . I f  A  contains no nilpotent ideals o f R, then

m

R-A+*(A ), A = ^ E (Y
k-1 ■

and
K A ) =  n £(a?!).

i=l,-,n*fc=0,—,m
Proof By the hypothesis and Theorem 4 we have R=  А© П  P<®<s>>. Hence

4 = 1» "'»»£

П  Щ™)^г(А).
(={,—,m,. .»* k=0,—,m

From this it follows that
^ (A )=  U  *ка$и>© (А П КА )).4=l,”»,n» fc=0 f»’9m

But A  contains no nilpotent ideals of R. So r(A )  f| A = 0. On the other hand, from 
the proof of Theorem 4 it  follows that

m
R =  +  П  *><®sw>

fc=*l 4=1>,м»л»

Therefore A  =  2  This proves our theorem.
&=1

Theorem  6. Let R be a left and right No&therian ring which has an Artinian
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quotient ring. Then for evevy nilpotent ideal I  of R  which is contained in  A  P m= 0 
holds, where m  is the least integer satisfying E (m)̂ A .  Moreover

I?= A © ( П  *>«>)*,

where X is an integer>2m. ,
Proof By Theorem 6.1 of [1] A =eR , e is a central idempotent element. As 

before we set

^ = ^ ~ 1 > + 2 ( й® ) + 2 ( 5 .® )  .
i=1 j=l

for Js — 1, • ••, m. Since eG A =I2(m),
tlfn

e = + « i(m)+--- +  d ff f  +  b'fm)+  ••• + 5Ц® -  + 2  (m)\
<=i

where е(?и-1) G Therefore we have
tlm . fhn-i . Sm-i ttm

A = R e = ^ M + 2 ( « f }) = ^ (M"2)+  + 2  (6 ^_1)) +2(<4*°)5i=i «=i i—i <=i

e = e(m- 2)+ «"-и+ §  5)® -® +2 -  e(m~2> +  2  «' 2(w“1>+  2  й т).«=i j=i t=i «=i s=i
Hence

, flm-l _ Л#»

A = e R = A (m-2> + 2  O f 15) + 2 K n))-
<sal 4«1 •

-J

Going on in  such way we have

4 - 2 к « . ) + З к * , ) +  2  G O -4=1 5=1 4= 1 ,•••,№»
fc=Q,-,W

But A==eR=A2, Hence

. A =  £ ( « , )  +  2  (of®). ..
4=1 4 = l»M,,7i-/j .

Now we want to prove that
Af]( Г) £«>?">*=0  

<=1, •••,?!* k=0,-,m
for any integer h>2m, where (<?|0)) =  (a{) . In  fact, if <o£A(] (n t> W )A, then a?=cA, 
cG П }ЖИ). Since A =eR  and e is a centarl idempotent element, it follows that cc = 
ect-=ecx=ec---ec. But ec G A f) ( П d N  and N  is nilpotent ideal. Applying the 

Я time

first assertion which shall be proved below we have(ec)2m=0. But 0 =£аз=ес‘--ес, X>
Я timo

2CT. This is impossible. Hence ж=0. On the other hand, since A = e R © (l—e)I2, we 
have A ( l—e)U =0. Thereofore (1—e )R c  ( f| lx**))7'. This proves
that JR =  A © ( П  IW ’))% (1—e)R = ( flIW ’))A for %>2m.

i - 1,lc=0,"-,m .
Now we want to prove the first assertion. Let I  be a nilpotent ideal of R  and 

l a  A. We prove first tha t Suppose that Then from
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J0 (m-1>+ (a[m)) +  • • • +  (a(Z }) = E (m)
it follows that contains, for example, (a[m)). And from Й(т~1)+1с:р(а[’п>)
it follows that (a{m)) c: £>«”). This is impossible. Now suppose that jTc:i?№), 1 ф Е {'к'~1'>.
Since =  ----- h (a®>) +  (&ifc)) +  •“ +  (b®), then if E <-b~1)jr I  contains
one ideal (a p ) , then as above we obtain a contradiction that (izf0) с:|Ж л>).
Hence jBa-1)+JCA7(fe~:L)+ (6 ifc)) +  +  since (a f5) is a minimal ideal in  12 =
R /E (й-1) and (ap))a=  (a®). But (2>|fc)) (b ^ )  =0  for i, j  = l, •••, sfc. Hence J 2=D. 
W rite I i ~ P .  Then as before we can prove that there exists an such tha t the
ideal 1% of U = R /E (lc'~1:i satisfies 1\=Q. We go on in  such way and finally obtain 
P m=0. This proves our theorem.

Corollary. Let Rbe a left and right Noetherian ring which has an Artin ian  
quotient ring. Then the Artinian radical

A =  2  (a® ), r (A )h=Z(A)A =  ( П  t>«))A = (1 | e)R, R = A ® r(A y »
4 = 1 ,- ,» *  . 4=1, :7с=0,—,m fc=0,—

wAere %>2m and e is a central idempotent element of R  such that A=eR.
Proof We only show that

г*(А)л=4(А)А= ( П  р(®$и))л.
4=1, —,Я* •fc—0,—,m

By Theorem 6 ( p | £«#’))* = (1—e) 12. On the other hand, from e R (l—e)R=*
4=l»,,,f»ftfc=0 ,-»m

A ( l—e) 12 = 0 it  follows that (1— (A).  Clearly A) = p | p Hence
' «=1,•••,»*6=0,

^ (A )A =  ( П  £«><*’>)A.
fc—0>—tm

Similarly, from (1—e)12A=0 if follows that (1—e) 12 c:Z (A) c  p |
4=1»"*fc=0,-

{к®р’>. Hence

1 (A )* - ( П
fc=0,-,m

Theorem 7. Zetf R  be a left and right Noetherian ring, A  be the Artinian 
radical. Then A  has a central idempotent element e such that A= eR  i f  and only i f  
there exists a positive i/nteger k> 2m such that •

^ (A )A= Z (A )A=  ( П  £ ( 0 ) \
leal, "•»»»fc=0,—,m .

Proof The necessity of the condition has been already proved by Theorem 6 
and its co ro llary  Now we want to prove the sufficiency of the condition. From 
Theorem 4 it  follows that

R = A + (  П  i> w )A,
i=l ,-,пц■■ Jc=0,—,m

where h is an  a rb itra ry  positive integer. Then

l= e+ e', e £ A ,  e '£  ( f !  }M*’>)A.
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By the hypothesis of our theorem it is easy to see that e=ea, e '=e/a, ев' —e'e=0» 
Hence 22=e22©(l —e)22. Since e R c A , (1—e) Rdn{_A)f-= l{A y , %>2m, we get

eR (1—e)R  = 0, (1—e) R eR=0,
i. e. for any r£22 we have er = re, e is a central idempoteot element of 22. Since 

(1—e)R cz(  П  R ^ e R + (  f]  }Ж*’))А.

I f» = e r= c A, c £  П  then ж=есА=ес---ес. From  Theoran 4 it follows that
A, tim о ■

<=i, •••,»*fc=

•4П( П  ciV .
fc=0. - , m

Because 2? is left and righ t Noetherian, there exists a positive integer t such tha t 
N f =0. Choosing A>iH-2m we obtain a}=ec---ec=0 from ec £ J. f) ( П  £«*<“>)• This

, ’ v— ’ <=»1,
A timo fc=0,»,m

proves that
eRf l (  П  £<*',*>)) A=0

k=0,— ,m

for a suitable integer X. Hence 22=e22©( П  p(®',*))A. From this it follows tha t
<=»!> "■»»* 
k=0,-,m

(1—e )R = (  П
fc=0, •«,!»

I t  is clear that A = eR ® A (\ (1—e)22. W rite toG-dfl (1—e)22. Then from А г{А )% = 0 
it  follows that a>( 1—e) =0, i. e. ®£e22, £=0. This proves A=eR,

Theorem  8. Zetf R be a left and right Noethericm ring and A  be the Artinian  
radical o f R. Then A  has a central idempotent element в such that A —eR i f  and only 
i f  the p’ = {r £  221 (b®) r  c: 25 №-i>} and the p№o>T) = {r £  221 r  (&®) c # 6' 4} all belong 
to the set , where j  = 1, /c=0, •••, m.

k=0,-,m

Proo/ Necessity: By Theorem 7
^ (J .)A=Z(AL)A = ( П  <̂aF°5>A-

I t  is easy to see from the above definition that

pGi) (_gKW= ( n  П (^fV «>'/’>

=(гЪ<а'<й)) П (jV<b?>> )•
Hence from (IB) and (14) it  follows that any £'(*>$*’) and p'!(bf>) contain ( P | pea?H))A,

fc=0, — ,W

Therefore from the property of maximal prime ideal рщю), follows, immediately 
the assertion of the theorem, where &=0, •••, m, i== 1, •••, nk.

Sufficiency: By the hypothesis
m m

= j > a )(P ifc)) =  П
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From ( l ) ,  (IB) and (14) it follows that
П Z> ( П £<«?*’>) m+1, p| |)(a'<*>)Z3?(J.)Z)( f] 1 («?’)) m+iQ

$=*!,•••,л* i=*l,fc=0 ,'“fm fc=0,—,w fc=o»—,m fc=0»*-»m
From the proof of Theorem 7 we have

( п  •|x (o ) a + a = . r ,
$s=l, •••#»» fcs=0,"‘,m

where Я can be an arbitraay positive integer. Therefore R = A +  (r(A )  flK -^))A« 
"Write l  = e+e', e £ А, е'€ .г(А ) ПК^)* We have e2=e, e/3=e', ее'=e'e—Q, R = eR ®  
(1—e)R. Hence eR( 1 —e) =0, (1—e)Re=0. This means that for any r £ R  we have 
r=er, where e is a central idempotent element of R, Because of

(1—e)Rcz ( r (A ) D 1(A)) A ■c: ( p| | k®?’>)a, R  *»eR+  ( П  1
4=1» —.»» 4=1,k=0,—,m

Similarly, as in  the proof of Theorem 7 we have
«ВП( П £«*?">) л=0.

4=1,

к=0,-,т

fc=0,—,m
Hence

(1 - e ) R ~ (  f l  p w ) A = (K A )nZ (A ))A.
fc=0,

I t  is easy to see that A = eR ® A [\ (1—e)R. I f  co^Af] (1—e)R, then from <в(г(А) П 
1 (А )У а А г(А )  =0 it follows that x(± —e) =0, (c=exCeRf] (1—e)J2==0. Hence A  = 
eR.

Theorem 9. Let R  be a left and right Noetherian ring which has Artinian
quotient ring and A be the Artinian radical. Then РУ (А )Ас=Р)сг‘(А)А = 0, f)Z( A ) Ac

0 0 0
=(~}с1(А)л=0, where c denotes all regular elements o f R, Я is a positive integer.

C

Proof By Theorem 5.1 A  = f^\Rc = f~\cR. By Theorem 6 and its corollary
0 0

П-йс= A © p | (Rc f| p (A) A) == A@ [Jr (A) Ac.
G O  0

Hence f~)?t(A )>-c=Q. Analogously we can show that P|c4«(A)A=0. On the other hand,
C C

since R  is left and right Noetherian, the right A rtin ian radical is also lelt one. 
Faom the A assumption that R  has A rtinian quotient ring it follows symmetrically 
tha tf)Z (A) Ac = P|c (A)A= 0 . ;

§ 2.

In  this section we shall discuss mainly the following problem: When does a 
left and right Noetherian ring with K ru ll dimension 1 have quotient ring? In  the 
preceding section we knew from Theorems 7 and 8 that if 12 is a left and right 
Noetherian ring which has A rtin ian quotient ring, then the A rtin ian radical A  of 
R  must have
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*«(A)A=Z(A)A =  ( П  t><»$*,))A, %>2m\
fc=0, •»,m

this is equivalent to saying that р'(»У’) and all belong to the set {.)3(®{*>>}{=lf „
0=fc,

Now we ask whether R  has A rtin ian  quotient ring  if the A rtinian radiaal A  of R  
satisfies the above stated condition. To reply this quastion we need to establish the 
following theorem which expands Lenagan's theorem (see [1], p. 73, Theorem 6.6).

Theorem  10. Let R  be a-left and Tight Noetherim ring with Kmdl dimension 
one and let A  be the Artinian radical. Then R  has Artinian quotient ring i f  and only 
i f  r  { A y =1 (A) A =  ( П  £<*<*’>) л*

4= 1 .—.»*fc=0,-,w
Proof The necessity of the condition has been shown by Theorems б . 1 and 7 

in [1]. Now we need only to show the sufficiency of the condition. If

?*(A)A=Z(A)A = ( П  £(®$*>))A,
1c~0r-fm

then from Theorem 8 it follows that E = A © ^(A )A. Write 8 =A©?*(A)A. Then we 
can show that the K ru ll dimension of 8  is one. In  fact, the minimal left and right 
ideals of 8  are also the left and right ones of R, and R /A © L  ̂  г  (А)л/ L, where L  is 
a right (left) ideal which contains nilpotent radical N  of 8. Set 8 = 8 /Ш. Then L  is 
essential righ t (left) ideal of S  if and only if A ® L /M  is essential right (left) ideal of 
R/fit, where M is nilpotent radical of R. I t  is clear that M~)A. Because the K rull 
dimension of R  is one, the K ru ll dimension of 8  is also one. Since the Artinian 
radical of 8  is zero, by Lenagan's theorem 8  has Artinian quotient ring. I t is 
well-known th a t the A rtin ian quotient ring  of A is itself. On the other hand, if c 
is regular element of R, then c= c i+ c2, Ci£ A, ca £.8, ciand c3 are regular elements 
of A and 8  respectively. I t is easy to see that the Artinian quotient ring  of R  is 
the sum of the A rtin ian  quotient rings of A and 8. This proves the theorem.

T heorem  11. Let Rbe a left and right Noetherian ring with Krull dimension 
one, let A  be the Artin ian radical of R ,

9t{A)h = l{ A y  = ( П  P(S*>))A,
4 = 1 ,- ,» *Je=0,«.,m

and lei К  be a right ideal of R, К  ZD A. Then R /K  is Artinian as right R-module i f  
and only i f  К  contains regular elements.

Proof From the hypothesis it follows that JJ=A © ^(A )A. Hence К  = A ® В, 
B = K [)г(А У , and R /K ^ X ( A y /B .  Since the A rtinian radical of ring ^(A)A is 
zero, by Lenagan’s theorem (see p. 74 in  [1]) г (А )6/В  is A rtinian as right ?«(A)A-  
module if and only if В  contains the regular element o' of ^(A ). Hence R /K  is 
A rtinian as Д-module if and only if К  contains regular element e+c', where A = 
eR, e is the central idempotent element of R. This proves the theorem.
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