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Q i a n  T a o ( ^  j f ) * * *

Abstract

In this paper the following result is established: For at, i ~ l ,  •••, n, and .

T(a, / )  (®) =w(®, x, •)/(•))>

It holds that

. |2,(«,/)||а<̂ ||/||р0Й ||^ ||Р4,
П

where a= (a i, •••,«„), q~1=p71+'2lp71€;(P, 1); Vi, p«S(l, °°)or \fi, pt=  °o, рй£ (1 , oo), - 1
for an integer №,*>0,

Pm4(e« Я?, y) =«<•(»)- 2  • ( x - y Y ,

&)(», | )  is a classical symbol of order |?re|, m=(mt, mn), (m\ =m^-h--‘+mn) mt are 
nonnegative integers. Besides, a representation theorem is given.

The methods used here closely follow those developed by Coif man, R. and Meyer, Y. in 
£5] and by Cohen, J. in [3].

§ 1. A Representation Theorem

(1 .1). Let g £ O m(RK), m £ Z ,  and Z  denote the set of nonnegative integers. 
We define the remainder operator of Taylor series CS1

R-«g(£) = 9 ( £ - « ) -  2- \в\ <m p i

where £ =  (& , •••, $к), /3! — & !•••£*!, |/3[ -& + •• •  +  £*, д(в)=двд, £, a £ R K.
If  m =  (m1} •••, •••, «») €  (#*)"> ----- \~mn,

g £ 0 ]ml(RK), then the аг-fold composition of remainder oprator of Try lor series 
an  be introduced as

Denote by Sl(RKx R K)ih.Q class of the symbols of order 1:
Sl(RKx Rx) =  {m6 0 “ (R?x RK) : £)'|< 0 . ,e( l+
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The following theorem is established:
Theorem 1. Let a>(sis, £) £ S ml(R z x B z ) and fo r every fixed х £ В к,а>(х, ■>) g  

Gq(B k) .  Denote

Н ® , У ) =  f eiyt(d(x, i ) d i .JRx

Then fo r f ,  a ^ S f iJ L F ) , we have

I П  ■?«,(«<, y ) L ( x ,  x —y ) f ( y ) d y  
J  B* i=l

= О f eix(B{%a>(я, g)a  («)/(£ -  [«] )da dg,
J  (ВК)им

where a(a) =oi(« i)*••««(«»), [a] ==«iH-----ha», da=da±---dan, and G is a constant.
Proo/ Using the following multiple index notation

^ = { /c z {  1 , - ,  и}: J '= O i, l< j i< -< j* < w } ,

| J  | .=number of elements in  J ,  . 

kj~ = Ща'"> kf<)
fo! — kix\"'hjt \, {kj]=hjX+ ' " Jrh}t, |^j,| =  A}4+ •••+&*,

( -  aj) z' = ( -  aj4) *'*—( -  ««)
we have

е д ^ « ) - 2  2 . -------------- ь-г— ^ — ( - « Ж ' (i.i.i)
je.9bjeNj Aj!

W ith the notation

aj (a) = ал (a*) • -ah (ajt) ,
• a f j )  (ж)  =  _№Л) (д.) . (ж)  ̂

(a fj)) $ («) =  « * )  л («>) • • ■ («Ж ) л (<Xjt) , daj == dah• • -dajt! 
and setting g(j-) =<x>(%, g) in (1 .1 .1 ), we have '

[ е (̂В {-1)0> (a>, g) a (a )/ (g -  [a] ) da dg

й)аад)(®, £ — 2..%)
— - —  о («)/ (£ -  [«] ) da dg2  2  ( ~ i ) m f Je f ieJ'

je&KjeN j J<BK)«+i K j  l

= 2  2  ( - l ) W[ etef f etef6)(bl)(»; £ - 2 a})ajfa)da j , )J6» fcjetf, J(B̂ ) J(B*)
/Г / 1  («(ЫЖ « ) / ( ^ - 2 ^ -  2 « i )  \ ч
( L „  ( i r --------------y d * — * — ) * ) * ->№)•■» ' ■ \  K jl Г 1™'

Integrating in  daj the inner integral equals

■ ■ • 
Integrating next in  daj>, and then using the following equation
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we deduce

J  еш Я'/"^о>(х, ( )a (a ) f (£ - ld i )d a d £

Z o  s  2 ( » ) , , «Je&icjeNj «•'LrejJI \  kj\ /
^ _ х у л + |с а д |

= ^ S  2J6»fcj6Wj V i [ад i
_ х \и а д |

(ж —y ) [fcj]Jy(a?, ж — ?/)
&j!

0af j){y)f(y)dy

- o f  ( s  s ( o , _ j , ) « ) £ ( » , я - у)т < 1 уJRx\je&Jc &Nj fOjl

= 0  f П  PmX^i, ®, 2/Ж®, ® — y)f(y)dy.
J R *  4=1

The proof is thus finished.
•: R em ark . If 7% =  ••• = m „=1, we have

f eta:iA-a,o.. • o J a  (« )/(£ — [a] )d«
J №»)»«

=<? f П(«4(®) -a i(y ))L {x , a>-y)f(y)dy
J R*  4=1

. ■ =<?[«», , [«l, o>(®, D)1  —] / ( » )  ■

which is the wth commutator of «о (ж, Z>), where сг{( / )  (ж) = («;/) (ж). Therefore we 
■«an extend the notation of commutator and call the operator in  the theorem a 
commutator of oader | m \ (see [8] ) .

§ 2. The Boundedness of Higher Commutators 
The First Case: v i  Pi£  Cl, oo)

(2 .1). For a symbol сг(ж, a, £), we denote

Ta{a, f )  (ж) = f еш а(со, a, £)a (« ) / (£ -  [a])dad£.J (JBK)»+i

The main result of this paper is as follows.

Theorem  2. Let a>£S'ml(RKx.RK), д'"1= ^ 1+32>Г1€  (0, 1), p o € (l, °°),
. 4=1

Pi satisfy one of the following two conditions: (i) \fi, piG (1 °°); (ii) Vi, pi=oo. Then 
fo r ai} f £ S ^ ( R K)i ш  have

I2’* » 4 « , / ) l l a< o |l /IU -n ilV " ^ ||„  '
4—1

where G = G(K,  n, m, Oa,e, p0, p{)is a constant, | | | | = 2  1^%Ip,-
. . l/8|=m(

In  this section, we prove the theorem for the first kind of indexes: Vi, PiG 
(1, oo). Introduce the following notation:
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IIVmaIp= П 1 1 Pl) where p = (p 1} •••, p„);
4=1

*  (to) -{cr(e , a, £) £C°°(R«X (Д-)«хВ*):|5Р,(л, / )  J < ^ / |U |V ”4I*, 
G =G (K, n, to, a, p0, p ) is a constant}.

To prove В ^ а)с»(х, £) £ M (m) we use the induction on |to|. The induction, 
hypothesis is that: For to = (to*, •••, % ) , 0 <  |m | <  |to|, and co£Slm'(BKX
B K) we have В{%уш(х3 £) £ M (m ).

First we make the following observation.
Denote J  =  то4 —0}and J '  — {1, • ••, n } \J .  There exists

R{%(d(ж, £) =  Rpal)Oi(®, ),

and hence
(a, f )  (ж) =  Oa3 (ж) (a3,, f ) (ж).

So we can restrict ourself to the case:Vi, m4>  1. And, from the above equation it 
follows that for | to | =0, B ^ c o  (ж, £) £ M  (to) . .

(2 .2) . The plan of the proof: A partition of unity of space '
(£*)"+1 = { K  0  :« .€** , ££R*}

permits us to decompose А^)<у(ж, 0  into a finite sum. There are two posibilities 
for the terms:

(a) The terms supported in  {(a, £ ) : |£ | >(7|a;[} lead to a kind of symbol 
of order 0 . The estimate is obtained then by using the Ooifman-Meyer’s theorem 
([5], Theorem 1, see(2.7), (2 .8)below);

(b) The terms supported in { (a, f ) : | f  |< C '|a |}  lead to a subtle analysis 
for which a special interpolation teorem due to Ooifman and Meyer is heeded ([5], 
proportion 3, see(2 .9 )Lemma 5).

For the technical reasons we proceed first with some primal partitions in  order 
to choose the biggest coordinates of the vectors ai} £ (see (2.3), (2 .4)). .

(2 .3 ) . Suppose <p £  Oq(Bk) and p(£) =1 for | £ | < w + l. W riting
o>(ж, £) ==&>! (ж, £) +o)2(x, £),

where
<*>i(x, i )  =<р(£)ь>(®> £)> .

we can restrict ourself to the case В^соаСж, £) £ M (m ) .  In fact, let

o>i(x, £) = f : Li(as, y)e~mdy. J R*
as a result of regularity  of 6>i, sup | Lj.(ж, у) | is rapidly decreasing at infinity. From

«6 RK
Theorem 1 and the equation

P m( .a „ x , x - V) -  2  (2.3.1)

where у' = -Лг-, 
12/1

and using Minkowski’s and Holder’s inequalities, we get
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R{%o>i(x, £) G M  (m ).
(2.4)-----------Choose <p1} •••, pK G <7“ (E /ir\ {0}) such that V* 9sis homogeneous of degree 

0,---------- 1-̂ л; on Дя\{0) and

9» i(O ^0= » |^ |> -i-S up(|£ i|,---, |й г |).

Since |£ |<ю+1=Фсо(ж, i )  =0, we can write

со (ж, i )  =Pi(£)o)(cc, £)H----- \-9k (£) w(», i )

and <р}(§)е*(а>, £) =  f ) ,  where О G #1™1-1 (RKx R K).
The folowing lemma is established.
L em m a 1. Under the induction hypothesis shown in (2.1), fo r t  G $1,,M-1 (й я x 

1ВЯ) w  Лй̂ е

Proof Keeping in  mind m4> l ,  and letting F (t)  =(?( t)H ( t) , G(i) =
€j—tcin,i, H ( t)  =v(®, £—tan), we have

Ж *.(£/*(», £)) -  J U )  (0 )- n o ) - •  - T—^ r n -. “  -V 5

. -< ? (0 ) (Я (1 ) -Я (0 )  — - ■( ^ 1y i"g ft- - , (0))

+fl'(0) (я (l) -  я  (0) - : -  ■ ( - ^ауг я<*‘-”(°)) . ■

Repeating this programme up to a total of n times, we derive the 
formula

О) £) “ 23 0 ,
i=l

where т*= (m1}-<-, то*—1, 

exists

, mn). By denoting 8at
дх/ there

Taj.jRppT (a, f ) (®) — {—i ) T (й4, / )  (®),

and then the induction hypothesis can be used to m4.
Now we have to prove that RK)=^£sR ((!llCfc(x, g) G-M(m) .By

introducing the class M(mi) = {<х'(ж, а,£):<т(ж, a, f - [« ] )G M (m )} and applying 
the following lemma, it is reduced to proving £+ [«]■) G M (mi) . '

Lemma 2. Under the induction hypothesis shown in (2.1), for r(x, | )  G 
8 m ~1(RE: x R E), we have

Proof W ithout loss of generality we can suppose i  =)’ = !. Since т г>1, we have
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£ + [ « ] )  = a 1,1R T 0,l 1-- -R ”̂ nT;{co, £ + [ « ] )

\Ш± — 1; ! \e\=mi—i
and then the induction hypothesis can be used to I i  and to each term  in J 2.

Make a further partition of unity

i jR ^v (o o , i +  [a]) = ( 2 (pj( o ) ( 2  <Ps(«1) ) - - - (2  Vi(«»))<^-Rei)T(®, £ +  Ы )

= 2  <Ph (£) 4>h («0 • • -<Pi« (sxn)£}Ri%v  (®> £ +  M ) •
By symmetry we can restiot ourtelf to the ease $)=■••• = j« =1 and prove 

w(®, os, 0  = ( £ )  Pi («1) * • • («») £зЯ(™1)Ъ(» ,£+[«]) €M (m ),
where r G ^ 1” 1-1 (f i^ x iB ^ an d lf  | <w +l=^r(® , £) =0.

(2.5) We need the following formula.
. Lemma 3. Let m £ Z ,  m> 1. Then for F GOm~1(RK)and a, £ G

жу?(f ) -  2  s
0< |fc |< m  №\ r —jn + l

where k = (Jc1> ••*, ^ - 1, 0), k i£ Z , i = 1, •••, Z  — 1,
r0, *-U«(0, •••, 0) ^
tsu p -jjr^X )} , кфЬ,

«> = (0, •••, cê , 0, •••, 0), a(s) =a*H----- Foss, l < s < Z ,  and a ( Z + 1) —0.
Proof We use the induction on m. For m = l, the formula is clearly correct. 

Now, suppose the formula is correct for m*: J  We have only to prove

-  2  (2.6.1)\Tc\~m, f0\
where

F <,mm-\wr) ( £ _ a (-r + i) )  ( - a )x  ■<j  _ _  ^  %ч ______=______
0=SII K m  r = ^ 2+ l  Z ! (p7l —  j l  [ )  !

h -  2  - b ? ^ - ( 2 W « _ 5 ( A H - l ) ) - 2 r ® ( 0 ) ,
|fc| =m K\

l+On-lHSr

and 8r =  (0, •••, 0, 1, 0, •••, 0), 1 occupying the r th  place.
To prove (2.6.1) we take a fixed k: \k\ =m  and examine that in  the both sides 

of the equation the terms related to Z® are equal. There are two oases:
(i). (&)я:=0. Then in  I 2 the term s related to Z® exist and are

l ^ ( * ™ ( f - 5 ( & + l ) ) - . F ® ( £ ) ) .  (2.6.2)

To see I t we decompose к in  k = ( k — (&)/s) +  (&),g=Z + (m — |I |)  8,-g and the 
term  is

F*>(,l-aU t + i ) ) .  (2.6.8)

Since k\ =Z! (m — (Z [)!, by adding (2 .5 .2) to (2.6.3) we see the term  of Z® in  the

righ t hand of (2.6.1) is— Z ® (£), which equals the corresponding term inkl
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the left hand of( 2 . 6 . 1 ) .  . ■ .

(ii). (k)K>0. Then there is no corresponding term in  I 2. To see 1г we 
decompose A =Z+(m —|Z|)8^ and the terms of F №) in the both sides equal

(-«)*
h\ F®(f).

The formula permits us to write R{Z%F(g) as

№>*(£)- 2  s0 < « i K% J • ••Л'я i
1< i<n l<i<n

oR?b£WF<b+~**"> ( |  -  aj ( n + 1 ) -------a„ (r„+1) ).
W ith the notation

&= (h, *») € (Я*)", Л! a}£RK,
0 ^ b ,< m h j«„), r  = ( r j ,—, r.)»

F = (j6 T , •••, K ) f j b + l ^ ^ K & V j ,  j kj+ l < T i < K ,

( l * l ) “ (l*U , - Я (гя) € ( ^ П

• «е(0 =  (о, •••, 0, «{>г, •••, «г,*) = 2 ам £-йД> 0< 1< К ,

(2.6.4)

3=1

а(1) —2  aidi) GRK, 0<1<K,
i - 1

we can rewrite (2 .6 .4) as

B&J'Cf)- 2  2 . 1)).; • 0<fc<W

Ussng(2.6.6)to .F(f) =г(ж, [a]), there follows

<*(»,«,£) = 2  2  £/*»,*(»> a,
0 <fc<m # !

(2.5.5)

where
(2.5.6)■ ê rO», a, i)  = Д ^ / №,)тг(ад(ж, .£+ [a] -a (r  +  l)).

(2 .6 ) . Let XGO'o (.R^and s £  [ —10/Ьг, 10/сп]=ФА,(в) =1. Denote

0(«,«, C -(i-» (A .)) ...( i-> (^ -))«(»,.«, f), ■

We have to prove .

£(®, a, g ) £ M ( m ) ,  П Я .( -^ - )« р(», a, g )£ M (m ) ,
i e J  \  <Xi,t /

where 0:^,7c { l ,  • ••, n}.
For the first assertion we need to prove that

0 M {a, a, =  a> l)

••fj(«#)6l(™)-
(2 .7 ) . Suppose a e O - ^ x W ) ,  and for VySfER*, V«G (Rff)n, snch

that for V(«,.£) £ R Kx ( R K) n, £ = (£i,---, f»),
дам ® , О l<a**(i+ |f|)J-Je\ *€#.
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Then we call <x a symbol of order l and type(l, n), denoted by <x E S l(RK x  (R K) n) , 

The following theorem was proved in  [5] . .
1 Theorem A. I f  a £ S ° (R Kx  (RK)n)and Vj/p^E (1, °°),

^ = 2  ̂ 6  (o,i),
4=1

then for f j  E @(RK) and ;..

п л . - , / . ) ( « ) = L  *ып<г0», е А ( £ 0 - Л » . ) # .J (B*)»

it holds that

' Ш Л ,  - , / » ) I , < o n i ! / . I U ,
. 4=1 .

where О —0 ( K ,  чь, Оa,B, p})is a constant.
(2.8). To deal with E Ж (to) , we see that for a fixed cc E 12*9

supp OjcrdA =  {(a, O v l l i l  >10JK"w |a}tl| ,

M > ^ M ,  K K K ,
Let •

2 =  j(« , £ ) : ) f i |> - ^ - |£ | ,  |^ i| >4л|об,|,

I t  is easy to see that J\{0}c:2 . Choose 0i(a, g) £(7“ ((В я:)“+1\{0}), homogeneous of 
degaee 0, ^ = l o n  A\ {0} and supp 9%cl2  U{0). To smooth 6% we choose again a

02(«, g) £0°°((Ек)п+1) such tha t 02 = 0 if | (a, g) | <-^-and 0a= 1 if | (a, g) | > 1 . Make

в = 9a, I t  follows tha t 0 = 1  on the support of £ Й|Г. Therefore
J0»,r(®9 «, £) =0n+1̂ fc,f (®, a, | )

=  П (0(а, 0 ( l - ^ ( - J ^ - ) ) ) # ( « ,  ^ ) 6 ( “ «)fc,̂ .r(®, «, £))°(<Pi(,£)<Pi(cci)

We make the foliowimg observation:
If to{, 1 < K « , and m are L 9 Fourier multipliers, l< p < o o , and a(cc, a, g) E 

M (m), then ™(£)mi(ai ) ‘‘ (««)cr(ж, «, g) EM (ro).
Since pi is an Iip Fourier m ultiplier([6], Oh. VI, 3.2), we need only to prove

that

(i). Vi, 9 (a, g ) ( l —x(-~±~yjis a symbol of order 0 and type(l, w+1);

✓ ..V 7 .a’ is a symbol of order 0 and type (1, w + l).
Wv т-сч,гГ<-ш<s»i
To see (i) we make the following observation: .
If  o-(a, g) ECfc"((12ir),*+1)and it is homogeneous of degree 0  outside a 

neighborhood of the origin, then <r(«, g) E $°(RK x (RK)n+1).
To see(ii), first, we have the following equation
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n (« W - |All - 1 )  !
г  И й

j-mi-UCil-l

' ' • • r 1 < i< n

(2.8 .1)

which can be proved from (2 .3 .1). Let F(g) = rtic,r(®, 0  in  (2 .8 .1). We need
to prove that

»(«, 1+Ы -5(?+1)-2Аг,+2*л,,)\  1=1 ‘ 1=1 ‘ /

£ S \ R Kx ( R K)n+1), . (2.8.2)
and the corresponding constants Ga, B are independent of [0, 1]".

To see this we have, firstly
v £ S ]m'~1(BKx B K)= î?m+s(mi~№<D3̂  € S - \ R Kx B K). .

Since
« ( r + 1 ) -  [«] +  2  a«, rt -  2  Ы  ,ff <  3 ( | »i | +  •• • +  | a„ | ) , 

in  the support of в there exists
i=i

£ +  [«] - a ( r + 1 ) - 2 a<>r< + 2 t&itrt > \£ \  —3(|« i| H----- h |«„|)
i=i i=i

>-24w I («,£)!•
Now it  is easy to see th a t(2 .8 .2 )holds.
(2.9) To deal with

( П  х(-^-))яг(ж , a, i )  € M (m )}\  i&J \  05̂ 1 / /

keeping in  mind that -rj^r- q>i(« 0  are Lp. Fourier multipliers, from theI Si I
observation made in  (2.8) we need to prove that

- 161 .(n/(-|^))AiV(a>, £+M )6»(»).
Lemma 4. I f  X^.Oo{R1)and X is even, then for Vs>0, there is r j ^ ^ ^ R 1) such 

that for y t  Ф 0,

| t | BA (t)= j' \ t \ iur)(u)dM.

■ Proof In  fact, denoting q>(0) =ee*l(e®)we put r]=<pv,
Uging the lemma

-  ел  i -<,j i й ) а д « ( « , f + [« ])• f п  ( У Ц Г  ч(«.)лч ,iSJ ■ ■ J RJ- i€J" \  j j /
since l̂ il*"' and |'os<(i} ~<fii are I f  Fourier multipliers and 97 £^(22), it is sufficient to 
show that ]
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f + M )  G-M(m). •
• • 4 (zJ

The last assertion comes from Lemma 2 and the following lemma.
Lem m a 5. Under the induction hypothesis shown in (2.1), for

' ' r e s ^ - ' i R K x R K ) ,  0 < t* < l, S * 4= l,
. _ ■■ «=1
and all the choices of{ji, •••, j n} c:{l, n}, we have

I «l.ii [fx* * * I I *” * £ + Ы )  бЖ(то).
The proof is similar to the one in  [5], Proposition 3 except that the definition 

of Юг (ж, a, f )  is substituted here by r .
co*(ce, a, i )  = g + la \) .  ■

§ 3. The Boundedness of Higher Commutators 
The Second case \f i, р*=оо

(3.1). We are going to show that in  this case

is a Oalderon-Zygmund operator ([4], Oh.IV, Definition 1), and henc it is bounded 
on Lp, K p o o ,  and maps L 1 into weak 7Р([4], Oh. IV)...

For q G [1, °°), f  ̂  L%C(RK) and a cube Q, we define

“  (-ЩГ Je I ^  (®)
The following proposition was established(P>])..
P ropositioe A. Suppose К  (я, у) defined оп{(я, у) £ R Kx R K:x=Py} satisfies the 

following conditions:
(i) \ К ( я , у ) \ < С \ я - у  \-*, (3.1.1)
(И) IV JTfo y ) \ < 0 \ a > - y \ (3.1.2)

' (3.1.3)
(Ш) y fe o z ( R K ) ,

T  ( / )  (ж) =  lim f К  (ж, y ) f  (у) dy exists a . e.. (3.1.4)
e- >0j \y—® |>s ; :

Then T  can be extended to a bounded operator on LS(RK) if and only if there 
is a pair of real numbers: q, r, 1 <д,< г< о о , such that for every cube Q and 
f  £  Co (RK), supp/czQ , we have

M g(T ( f ) ;Q )< O M r(f;Q). (3.1.6)
Furthermore .

\T ] „ < 0 ( K , 'q ,  r)-C ,  (3.1.6)
Where flT (Ia,a denotes the norm  of T: L 2—>L2, C is the largest constant in  (3.1.1)-— 
(3 .1 .3)and(3 .1 .5 ).



No. 2 Qian, T. HIGHER COMMUTATORS OF PSEUDO-DIFFERENTIAL OPERATORS 239

(3 .2) . Take <p£OZ(Re), $>„(0 =?>(|-), ®>1. Let

««0», £) =<pv(g)<o(x, g) o>v(co, g) =  [ e~iy(Lv{x, y)dy
: JJB*

and
» . ■

2 /)= П  -Р)»Х% y )L v(x, 2/).
«=i

I t  holds that *

2 4 / )  (») = lim  T „(/)  (») =lim  \k v(x, y)f{y)dy.
■ t;—>oo u->oo J

I t  is sufficient to examine(i)—(iii) and (3.1.5) for K v and Tv with some constants 
independent of v. For the assertion that T is a Oalderon-Zygmund operator, refer 
to [4], the proofs of Theorem 19 and Theorem 18. '

(3 .3 ) . Suppose Щ, . I Vm'«i || „ =1. By using (2.3.1), Leibnitz formula, the 
following formulas

VeP m<(^ , (о, у )= Р т,-1(¥хъ, x, у), (3.3.1)

VvP CTj(a,, a?, =-^— ( x j - y ^ D , )  Vat(y) (3.3.2)

and by a standard argument on the kernel corresponding to a symbol of order | m  | 
([4], Oh. IV ), we get (3 .1 .1 )— (3.1.3) for K v with some constants independent of 
v.

Now we are going to show (3 .1 .5). Take a cube Q and denote by Q the double 
of Q. Take %£Co (RK) , which equals 1 on Q, supp %cz(l and

||V^||00< ^ (d ia m (Q ))-<, l£ Z .  (3.3.3)
For the existence of such a %, refer to [6], Oh. VI, 1 .3 . Now let

A j(x )= P mi(ah x, x0)%{x),
where x0 is the center of Q. I t  is easy to see that for x, у £ Q, we have

PmXA i> У) = ^ ( %  80-
Therefore, for x £ Q and f £ C o  (RK), supp f a Q ,  it follows that .

2^</>(«)-2».,e(/)(® )f
where

T VtQ( f )  (oo) Л  f ( Й Рт£Ль x, y ) )L v(x, x -y ) f (y )d y .
J R* '

According to the result obtained in  § 2, for a choice of p, q, r  such that p, q%
r £  (1, oo)and q ^ ^ n p ^ + r ' 1, we have

I  A

( £  |r„ (/ )  |«)“ - ( | e i ") ” <011/11, n i v ^ i » ,

where the constant О is independent of v.
By using Leibnitz formula, (3 .3 .3), (3 .3 .1), (2 .3 .1 )and keeping in mind that 

eupp A{c:Q, x £ Q r$ \x —aj0|< \ / A ‘*diam(Q), we have
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||V^1«<C7,
and therefore 

So we finally obtain
l  .

I" ) ’ < 0  f e r i j f '  l l ,« ! 0 |« |H |/ | r>

i, e., (3 .1 .5), and the constant О is independent of v.
t
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