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OSCILLATORY AND ASYMPTOTIC BEHAVIORS 
OF FIRST ORDER FUNCTIONAL DIFFERENTIAL

EQUATIONS

R u a n  Jio]$re(j$c, 'Ш * * *

. A b strac t

In  this paper the author discusses the following first order functional differential
equations:.

У ( 0 + £ р < &  £ M y ( # ,  £ ) № • ( £ )  = 0 ,

a f ( 0  +  f  f ( t ,  i ,  x l g ( t ,  ^ ) ] ) d a ( ^ ) =  0 .  
J о (2 )

Some sufficient conditions of oscillation and nonoscillation are obtained, and two asymptotic 
properties and their criteria are given. These criteria are better than those in £1, 2], and can 
be used to the following equations:

А О + 2 р*(Оя[>«00]=0, (3)4=1 • ■

^ # i ( 0 ] ) = o .  (4). «=i .

§ 1. Introduction
. \ . - '

In  this paper we consider oscillatory and asymptotic behaviors for the 
following first order functional differential equations:

+  f ) ] Scr( f ) - 0  Q » a ) ,  (1)

V ( i ) + £ / ( i ,  £ ,» [ ? &  (6 X 0 . (2)

"We first make the following assumptions: .
(Ei) [a, 6], R* =  g: R*[a, b]-»B+ is continuous, ..

g(t, i )  is a nondecreasing function with respect to t and £, respectively.
lim m in {g(t, £)} = +oo.

Moreover, there exists a continuous function q>\ R*x [«, 6] —>R+ such that

0€)=g(t>  £), .
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<p(t, £) is a nondecreasing function with respect to t and £ respectively.
lim m in {<p(t, £)}=,+oo„ £)> g(t, £)}

t~>+oo ££[a,b]

(Ra) p: R*x la, 6]-»R + is continuous;
(И з) or: [a, 6]->R is a nondecreasing function;
(R4) The nonlinear function f ( t ,  £, v) in  (2) satisfies “the bounded sublm ear’* 

condition: if |^ |< c 0 (c<>>0), then

. I /O , й, O I« |.  •
Furthermore, suppose

. f(* , i ,  0 )s 0 ;  / ( t, £, v)v> 0 (v +ОУ,
(R5) The integral in  (1) or (2) is a Stieltjes integral.
Recently studies on oscillatory and asymptotic behaviors for functional 

differential equations as (1) or (2) are noticed, for example, David L. LoveladyC3J 
considered oscillatory and asymptotic behaviors for second order functional 
differential equations which are analogous to (1) or (2).

In  § 2 we first consider the following first order functional differential
inequalities:

* < 0 + J .P fc  £)]<M £)<o, (3>

€)а>1д(?х €)]da (£ )> 0 (4>

and establish some sufficient conditions for (3), (4) having no ultimate positive 
solution (ultimate negative solution). Since the integral in (1) or (2) is a Stieltjes 
integral, we easily know that (1) or (2) contains the following kinds of equations:

М О + 2 М О * [М О З * = °*  (5)<=1

* '(< )+ S ? i(f)/i(* [№ © ]) =0, (6)<=1
where fi( t)  is nonnegative and not identically zero in  any subinterval [ti, oo) of 
lt0, oo). There exists which satisfies

M M O ) lim M O  = +oo, i = l ,  2, —, n.

So results of this paper generalize and modify the corresponding results in  [1].
In  § 3 we establish some sufficient conditions for (1) having nonoscillatory 

solutions and we point out that asymptotic behaviors of nonoscillatory solutions to
(1) or (2) belong only to one of types A0 and Also we give some sufficient 
conditions for (1) or (2) having a solution of the type A 0 or Ax respectively.

In  §4 we give some examples.
If  assumptions (Ri) and (Ra) are respectively modified by the following:
(Ri) git, £€.[«/& ])• There exists a continuous function ф(t, £}
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from R*x {a, 6] into R*, which satis fies ф(ф (t), g) =g(t, g), t<:ф(t) g) ^ g ( t ,  g)
( t> k , g(z \p>, &]),

lim m in {g(t, £)} = +°o;
i->+oo fe[a,b]

(R4) R** =  ( — oo, t0] , p: R* x [a, 6] ->R**; i. e. (1) and (2) are functional 
differential equations with advanced argument. We can use the methods of this 
paper to obtain analogous results which will be considered in  a fo rth  coming 
paper.

§ 2. Oscillation Criteria

Set P ( s )= £ p ( s ,  g)da(g).

(H ^ J im  f* P (s)ds> ~ ;
£-»+oo J  g(t, Ъ) G

( Я а) Е т Р  P(s)ds>  0.
t~>4-°°

T heorem  1. Suppose that (H i), (H 3) hold.
Then there is not any ultimate positive solution to (8).
Proof If  conditions (H i), (H 2) are satisfied and there exists an ultimate 

positive solution to (3), oa(t) > 0  then (f> ti)  and there exists t-j>h
such that alg(t, (#>tf2, g(~ [a, 6]). We have '

Ina> (t)-Inxig(t, 6)] + P ff  p(s, g) du(g)]ds^0.
Jff(t.b) LJ® %{SJ J

Set W (t)  J t is easy to see that W (t)> l,x{t)

l n F ( t ) > £ # b W (s)[ jba p(s, O dcr(£ )]d s= £ (t ь r (s )P (s )d s

Set l = lim W  ( t) . The existence of l is assured by W (t)>  1.

(1) In  the case of l<  +oo. There exists #„->+oo such that W (tn)->l («г-» -b°o)„ 
I t is easy to see that

I n W (tn)> W (g n) f" P(s)ds, gn£  [g(ta, b), t„], n = 1, 2, ...s
iff(fn.b) .

lnZ= lim ln W ( tn)>  lim \w (g n) f P(s)dsl
7!л-> + оо Л-» + м^ JffCn»b) •*

>  lim W  (gn) lim  f P  (s) ds,
ji—,̂ .00 • g(tntb)

P(s)ds.* * > Н » Гt—>-f °oJ ff(t, by

In i  1 ,By max —j— = —, we have
j>i l в

—>  lim f P(s)ds.
6 t-t+eoJ g(ttby
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This is a contradiction.
(1) In  the case of l = +oo. From (3) we have

»(<)-»[>(*> 6)] +  f  f p(s,

'»(*) b)] +oc[g(t, &)] f* P(s)ds<0,JvCttV)

S)] > 1 + \Vm. >)] 1Г lim f P(s)ds ] e
i-*4-oo Q)(tj 9j\i) -J L J -*

By (J?i) and Z =  +oo, we obtain

Иш < £ ( А Ш ._ + со 
"---- ®(*)

From (7), we also can obtain

» [ > 0S, b )]  ft)] h j }( u )  w  J ’

j  lim - p ^ - l ^  1» j  lim [ P (s)ds}< l.
L t-j—>oo O/J J LtH—>oo ./9>(£»Ь) J

Using (Я а) and

lim  &)J -  lim  Ь ), &)3 &)]
Чй=г=г®С?»а * ) ]  t+-»oo •&>(*, ft)] t->-f ОЭ ®(ч)

We can obtain

■ oo

(7)

lim [ P (s)ds> 0.
t'->4-oov

This is a contradiction. Bo there is not any ultimate positive solution to (3). 
Theorm 1 is proved.

We can easily obtain the following results:
Theorem  2. Suppose (Д*), (H 2) hold. Then there is not any ultimate negati/oe 

solution to (4).
Theorem  3. Suppose (H i), (U 2) hold. Then all solutions to (1) are oscillatory* 
For equation (5) we suppose

pi (t) <<p2( t)< - ’ -<<pn(,t), ' (8)
<Pi(Pi(t)) = g i0 0 , -lam f t( i) '< = lim p ,00  -  o o , i - l ,  2, n ,$-» + 00 t-» + 0O

Set

№ )

д а ) )̂{(s)ds>0.

Corollary 1. Suppose (H'2) hold. Then all solutions to (6) are oscillatory*
Theorem  4. Suppose that f  in (2) is iCbounded sublinear” and (H i), (Яг) hold* 

Then all solutions to (2) are oscillatory.
For equation (6) we suppose (8) hold and



/ i ( 0 ) = 0 ,  1 / ( 0 ) \ > / 3 \ x \ > 0  ( |® l< C o ), ■

®ft(®)>O(0=£O), —n.
Corollary 3. Suppose (H i), (H ’2) hold. Then all solutions to (6) are oscillatory«.

§ 3. Ту pies of Asymptotic Behaviors of Nonoscillatory 
Solutions and their Criteria

In. what follows we remove the assumption thaVy(i, £) is a nondecreasing 
function with respect to £.

Thebrem  5. J. sufficient condition fo r  (1) having a rwioscillatory solution is 
that 3 such that

f  P (s)d s< ± -fo rc € ia , 6], < > Г . (10)iso.») e •
Proof 1. We establish the integral equation

%(t) =  -  i )  exp ( ~ £ /ff A(s)ds )йо-(|). (И )

We shall prove that there exists a solution to (11). From (1) we have

[ ln je f t) \ y + j aP.(b dcr(£) —0 (*>*»). (12)

I t  is easy to see that

J ^ ( s )d s = In |»(<) I,

<c(t) — ±exp |J^A(s)ds

2. We make a sequence: •
U (t) = - e P ( t ) ,  :

M O  = -  f p(t, £) *exp ( f ~ l 0(s)ds)dor(g),./a \Jg(tfO /
........

M 0 = = - j oP(0 6 exP ( £ д ~K -i(s)ds^da(£).

Using the induction, we can prove that M O  is a nondecreasing sequence and 
— aP (0 < M O ^ ° *  By (Ю) we have

h i( t)> ~ e \aP(h €)&?(£) = M 0 .

Suppose M i  (t) >  V -2 (0  >  • • • > hi (t) >Я0 CO. Then

М 0 > - £ р ( 0  £ ) 6Xp ( - £ (< # М а (0 * )й а (£ )  ==M i(0. '
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d  (^n ) =  f  ■ -^e (s)d s . .■

3. Set
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Using Fatou Lemma, we see that there exists A(t) such that »Л(£) (оъ-»+оо)
and

lim I X„(s)ds=f K(s)ds.

Hence

lim f pit, £)exp ( f  - h n(s)ds) cZcr(£) = f p it, f)exp
n-f+ooja \ J  g(tt f) /  J  a

-k (s)cZ sW (£), 
g(t>() /

So X(t) is a solution to (11).

4. Set x (t) =exp ^  A(s)ds ^ . We have

»(*)
X(t).

I t  is easy to see that xifi) satisfies (1) and ®(tf)>0. Then x(t) is a nonoscillatory 
solution to (1). Theorem 5 is proved.

R e m a rk . In  that proof of Theorem 5 we set A0(t) = —eP (t)< 0, because X(t) =^0 
from (11), (12). I t  is easy to see that

Xn(t)<  0, -e P (# )< X (i)<  0.
Any solution x(t) to (1) must satisfy a?(t)a;/( t ) < 0. So we take

•® O O=exp0 X(s)dsSj ,  .

Theorem  6.. I f  f m  (2) only satisfies f i t ,  g, v)v>0(v=£0), f i t ,  g, 0) =0, then 
any nonoscillatory solution to (2) belongs to one of the following typies:

A0: ®(t)->0(t->+oo)/ (13)
A±: ■а>^)->сф0{1->+оо')\ (14)
Proof By x it)x 'it )<  0 we know that ®(t) must have an asymptotic behavior. 

I t  is easy to see that lim ®(f) =oo is not true. Theorem 6 is proved.t-*+oo
Theorem  7. A  sufficient coudition for  (1) haring a nonoscillatory solution of 

type A0 is that (10) and
'+oo

Pis)ds =  -f-oo (IS)

cure true.
A  sufficient condition fo r  (1) having a nonoscillatory solution of type At is that

0<J P (s)ds< + oo . (16)

Proof 1. If (10) is satisfied, then there exrsts a nonoscillatory solution x(t) 
to (1). By (11) we have

= £ )е х р [-£ ^ йMs)ds ]dcr(£) ^ - J oP(L f)da(£) = -P(#).
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• oo

By (9) and —e P ( t) ^ K ( t) ^ 0  we obtain

X(s)d$=
Jti

So x(t) =exp X(s)d& >0 (t-» + o o )e

2. If  (16) is satisfied, then there exists T ^ t 2 such that

£■>(.)*<# tore€'(<>, A.).
Hence

ft  I f t  I
P(s)ds <  P(s)ds +  P(s)ds \JT I Jr

< 2 s< -

I t  is easy to see tha t there exists a nonoscillatory solution x(t) to (1) and x(t) 
satisfies .

exp  ̂—ej P(s)ds)<to(t) =exp^J* K(s)ds ^<exp^ — J P(s)ds).

By (16) we have

+oo>exp^ —e j  P (s)dsj> 0, 

lim £c(i) =c^=0.
' t-»+oo

Theorem 7 is proved.
Corollary 3. For (5) we suppose

0 i ( * ) < 0 * ( * ) <  — < & ( * ) < * .
If  there exists T*>ta such that

i f  p ,(S) & < i  ( i > n ,  д а )
i=*X J fffCt) &

then there exists a nonoscillatory solution to (6).
D efinetion. f ( t ,  g, u) in  (2) is said to be a sublmear function^ i f

f . t ,  fit, L  «?I(Ml>Ma>o)i
Ut ua

(18)

Theorem 8.  Set

« ( * ) - £ / < * .  f ,  !)&>•(£)■

Suppose f  in  (2) is a sublinear function and there exists such that for 
с б  [ » ,& ] ,

f  < 3 ( s ) * « i  (ID)
Jff(ttO) в

Then there exists a nonoscillatory solution to (2).
Proof We consider the equation .
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rbf ( t ,  €, ехрГГ( ’°А (s)rfsl)
* (0  — I ------------rw h .... ' ,— - M O ,J a ■ j  X(s)dsJ

(20)

We also establish, a sequence:
. ^o(t) == —-eQ(t),

a*(0
n  f ( b  0  exp [ P  Xo(«)cZ®])

- -  л  -- r - — - — -  m o ,
Ja [expl X0(s)dsJ

ехрГ Г °  V -i(s)d sl)
• GO = -  A --------— -— -  M O  .J (L exp

LJ u
Xn-i(s)ds

I t is easy to see that Xn(t) is a nondecreasing sequence and there exists X(t) such 
that Xn(t)->X(t) (n->+oo). go there exists a positive solution to (20) Set.

a?(£)=exp|J ^ (s )d s j> 0 .

Then it is a nonoscillatory solution to (2). Theorem 8 is proved.
Theorem 9 Suppose f  in  (2) is a sublinear function and (19) is true. Then a

sufficient condition for  (2) having a nonoscillatory solution of type Ao is that
f+“ . ,Q(s)ds = +  oo. (21)
J fa .

A  sufficient condition for  (2) having a nonoscillatory solution of type A± is that .

0 < f  Q(s)ds< +  oo, (22)v •. . . Jh
Corollary 4. Suppose f  in  (6) is a sublinear function and p i(t)< 5 'a0 )< ---<  

gn(t) <:t. Then a sufficient condition for  (6) having a nonoscillatory solution is that

[* Q \s ) d s < ~ ,  (23)

where
\ .

Q * (* )-S ft(0 /« (1 ).'

R em ark. If  n =1 in  (5) and (6), then these equations are contained in  (1) 
and (2). I t is easy to see that results of corollaries 1—4 are better than [2].

§ 4. Some Examples

\ Now we give some examples as applications of the results in  § 2, § 3.
Example 1. .,

M t+ £ )d £ - 0 ,  , (24)
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where p>(b p(t, f )  we have

(1) H p > —, then all solutions to (24) are oscillatory; ■
c

(2) If then there exists anonoscillatory solution of type A0 for (24).
ciQ

Example 2. i 1

« 4 0  +  Г - € - * ( « + О « - 0 ,  (28)

where

Г+»
We have 0 <  P (s)ds< + °°, so we can see that there exists a nonoscillatory

solution of type A x for (26).
Example 3.

a / ( t ) + j "  p xy ( t + i ) d i = 0 ,  (26)

where ̂ > 0 , 0< 7 < 1, 7  is a ratio of two relatively prime odd numbers. I t  is easy 
to see that /  is “bounded sublinear” and sublinear.

-i
(1) If p > —, then all solutions to (26) are oscillatory;

(2) I f p < — , then there exists a nonoscillatory solution to (26) and it is of
лв

type A0.
Example i .

where

x '(t) +  px(kit)d i= o(p> Q , k>0^jf (27)

g(t, i )  = k it< t, cp(t, i )  = s /k it .

(1) If k ^ ( o ,  then all solutions to (27) are oscillatory.

Com m ent 1. The existence of function <p(t, i )  and the relation between <p(t, 
i )  and g(t, i )  in  assumption (R j) are seldom discussed. Here we give some exam
ples to show it.

(1) If  g(t, i ) -* + * £ , i e  [ - 1 ,  1], then p(t, i )  = t+ ~~;

(2) I f g( t ,  i)= M i,J c £ (0 ,  1), 2] , then
(3) If g(t, i )  =Vii, f  €  [1, 2], then <p(t, f )  =
(4) I f g(t, i ) = k ( t+ i ) ,  Ь€(0,  1), f € ( - 2 ,  - 1 ) ,  then

Ф ,£)—Л *+ -
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(5) If  g(t, £) = In i, -then we can not find <p(t, £), .
Com m ent 2. If  the assumption that g(t3 £) in  [1, 2] is a nondecreasing 

function with £ is not satisfied, then all results of this paper (except Theorem 
Still hold.
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