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Abstract

In this paper, the giobal result on bifurcation given by P. H. Rabinowitz is extended to
strictly set-contractive maps and condensing maps.

The bifurcation is an important subject in mnonlinear functional éna,lysis.
There have been a lot of papers about it. The local result of M. A. Krasnosels’kii™”
and the global result of P. H. Rabinowitz™ are very good ones in this direction
But they oxily discussed completely continuous maps. [8] has extended the resutl
of [1] to strict—set—contractive maps. II;. this short paper, we extend the result of[2]
t0 more general maps, namely, to strictly set-contractive maps and cohdensing
‘maps. To do this, we need some results: the index formula of isolated fixed point of
set-contractive maps (Lemma 1), the multiplicative formula of topological degreo
(Lemma 2) and a result of spectrum of linear set—contractive maps (Lemma 3).
:Our main result is Theorem 1. |

In this paper we always sﬁppose X ig a Banach space and I: X —>X the identity
-map. The concepts of strictly set-contractive maps and condensing maps, and the
«definition of their topological degree can be seen in [3, 6].

Lemma 1.9 Let F': X—>X be a strictly set-contractive map, @ a fived poo}ﬁt of
F. If 1 is not an eigenvalue of F'(wo) (the Frechet derivative of F at o), then @, is an
-isolated fixed point of F and : :
index[F, %] = (—1)",

-where w is the sum of the algebraic mult@plwcmes of the eigenvalues of F'(wy), lying in
, <), _ | _
Remark accordmg to [5] we know that Lemma 1 is still true if F is a

'condensmg map.

Lemma 2 (multiplicative formula): Let 2, D be bounded open sets in X, F: 0 |

-=>D be a ky —~set-contractive »map, G: DX be a ks-set-contractive map, f=I—F, g=
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I-@G. Ifpe X, p€gof(02) Ug(dD), g~*(p) is a finite set, k="rki+hat+kika<1, then
deg(gef, 9, p) =2deg(y, Da, p)deg(f, 9, Do),

Remark. The mumber of terms in the summation i finite In the formula,
D, is a connected component of D\ f(2Q). deg( f, @, D,) =deg(f, 2, b), bE D,. By
the property of connected region it is independent of the choice of b.

Proof We first suppose that g=*(p) ={¢} only contains one point, and write
J2(q) ={gs}. For conciseness we may suppose p=¢ =0. If not, we discuss Fy () =
F(2)+q, Gi(w)=CG(x)+p. Write gof =h=I—-H, where H is a stricily set~
contractive map because of k= k1+k2+k1k2<1 Then 0€ (gof) (6!2), deg(gef, 2, 0}
ig well defined. we only need to show

deg(geof, 2, 0).=deg(yg, D, 0)deg(f, Q, 0).
We make the elementary-sets of F relative to Q and @ relative to D:

4P =0F (), 4 =coF @N4070), n>2, 4=(140;
. . . n>
49 =00 (D), 4P =coG(DN 4™0), n>2, dp=\ AP,

Then 4;, 4s are compact convex sets. Let F*: Q—>4; be a compact extension of F on
4N 8, G*: D4, be a compact extension of G on 40N D, f*'=I—F*, ¢*=I—-G*. By
(8], §16.8, (f)7H(0) =f(0)={ga}, (¢)7*(0)=g71(0)= {0} and (g"of)*(0)=
(gof)7(0) ={ga}. Also by (8]

deg(f, @, 0) =deg(f*, 2, 0),

deg(g, D 0) =deg(¢*, D, 0).

Next we prove [J— (tG+ (1-—- t)G‘*)]‘i(O) (I-G)"*(0) for any t€[0, 1]. If
[I— G+ (1—1)G)](2) =0, then o=iG(2)+(1-H)G () and v €co(G(z), 4)
because of G*(w) € 4;. By the definition of elementary—set, @ belongs to 4, and
G*(w) G'(z). Hence G (o) =1Q (%) + (1—1)G*(0) =a. It is obvious that (I —Q)~1(0)
c -GG+ {1 —£)G*)171(0). Notice f‘i(O) {95}, We have obtained
(#) {[I- @G+ 1A~-)@) 1T —F)}(0) =f~1(0) ={q4},

In the same way
(x) {(I—G*) [T~ (4F+ (1—8) F*)1}7(0) = (¢"5) (0) = {g}.
Define Hy, Hy: 2% [0, 1]1—>X ag follows
' Hy(w, t) =F () + G+ 1A ~1)G ]I —F)(2),
| Hy(w, t) =tF (o) + (1—t) F*(2) + Q*[I — GF+ (1 —)F*)] ().
We can prove Hy, Hj: 2% [0; 1]—>X are h-set—contractive maps, where k=Fk;-+Fks
+kkys<1. By the condition 0€ (geof) (0R) and (x), (=), we have H;(w, £) % and
Hy(z, t)+#2 for any :¢€ [0, 1j, v E0Q. Hence H;, H, are homotopy maps.
Obviously gof =I—Hi(w, 1), g*of =I—Hi(w, 0)=I—Hy(w, 1) and g*of*=I—
Hy(», 0). By the homotopy invariance of topological degree, it is easy to see that



No. 2  Yu, @.Y. § Cheng, J. G. A BIFURCATION THEOREM OF. SET-CONTRACTION 253

deg(gef, 2, 0) = deg(I -Hi(z, 1), 2, 0) =deg(I—H;(w, 0), Q, 0).
=deg(I — Ha(w, 1), Q, 0)=deg(I— Hg(a; 0), Q, 0}
. =deg(g*of*, 2, 0). -
Obwously 0E (g*of*) (02) U g*(eD). The multlphcatlve formula of degree of Leray-
Schauder gives | .
deg(g"=f*, 2, 0) = deg(g D, 0>deg(f*, Q, 0) =deg(g, D, 0)deg(f, Q_, 0). o
Hence '
deg(gef, 2, 0)=deg(g, D, 0)deg(f,.2, 0).,

When there, are more than one point in g~(p), by the reglon addition
property of topologlcal degree, the result is easy to prove from ‘the precedmg
discussion. o

"Remark. When one of F and G is completely continuous and the other is
strictly set-contractive,’ the condition <1 is always satisfied. By the property of
condensing maps, we can prove correspondlng result snmﬂarly

Lemma 8. IfT: X—>X isa linear h-set-contractive map, then thc essentially
spectml radius of T, fre(T) <k. There fore, out of the cireular disc with radius b and
center zero im camplex plane, the spectral set of T only contcms ﬁmte gigenvalucs and .
the algebmcc multcplccctccs of thesc etgenvalues are all ﬁnctc. |

Proof "By, Theorem 1 of [7], re(T) = llm (r(T™)*, % where fr(A) —1nf{lo| A is b=

set~contraction}. By, Lemma 1 of [7], r(T") (r(T))*, hence fre(T)<la Oomblnmg |
the definition of essential spectrum and the fact that a compact isolated pomts set
is a finite set, we-obtain this result. ' ' '
Now We can prove our main results. Let X be a Banach space, A be a veal
parameter space. Consider the equation o " ) S o
@) f(@, 1) =0,
Where 1 X ><A-—->X can be written as
F(0, 8 =fu(@) mo—Rdotg(@, 1),
(2) 4 4; X—>X ig linear k-set—contractive (k<1),
g: XxA->X iga completely continuous map, _
{9(@, M) | =0(|#]) at £=0 for A unlformly in a bonnded interval of A.
So I—A4 is Frechet derivative operator of f at (O ?») by 9(0, A)=0.

Theorem 1. Let f: X x A—)X satcsfy ®), l?\.o, < 7\,0 be a@ chamctemstfw wlue

of oold algebraic multiplicity of A Suppose S denots tke closure of the set of mon—zero
solutions (», A) of equation (1), and C is a connected component of § and’ contwms

(0, X). If O .does not imiersect {0} % ([-710—, 00> U (—90,- ——710-]), then %thefr C is

noncompact or C only contains finite points (0, Ay (=0, 1, -, n), where ) is @
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characteristic value of A, and the count of the characteristic values of odd multiplicity
(including Ao) s an even number. '

Proof Notice =0 is always the trivial solution of equation (1). By Result
9.1 of [8], the A corresponding to of these points (0, &) are the characteristic:

values of 4. Because C does not mtersect {0} x ([ 1 oo) U (4—00, —%D, the ab-

/0 2
solute values of these A are all less than —1]; By Lemma 8 the count of these points
are finite, we denote them by ©, Ay, §=0, 1, 2,.+.n, Take n<% such that [As] <w,
j=0, 1, 2,

SuppOSe C’ is compact. " Since € does not intersect {0} x ([—]:%-, oo) ] (-—.00,

k
contains C, such that

,1..]), and C-is a connected component of §, there is a bounded open set 2 that

1) on 2R, there isn’t aﬁy nontrivial solution of (1);

- 2) for any characterlstlc value A of A except A,(j=0, 1, 2, --n) (0, ) does not
belong to Q.

* Oonsider the map f,: @—>X x4, f.(x, \) =(f(z, A), |2|*~p®), it is a k-sot-
~ contractive field. Obviously, the following two facts are equivalent: f, has a zero
point (z, A) and f (@, A) has a zero point (4, &) €Q with |z =p. By (1), deg (f,,
- R, (0,0)) is well defined for any p>0, and f, is a homotopy map when p is
changed. Hence deg(f,, @, (0, 0)) is independent of p. It is easy %o seo that f,
doesn’t have any zero point when p is very large, so deg(f,, 2, (0, 0)) =0.

Next we compute deg( f,, 2, (0, 0)) when p is sufficiently small. Take &>0
very small such that A has only one cha,racterlstlc value on [A;—s&, A;+e] and

write K =[—mn, 7] \U(?» —g&, M+¢). By Lemma 3, A€ K if a regular value of A
Hence there exists a constant R such that | (I —KA) “1| <R for any ?\,GK Take p

small enough such that |g(z, &) | < |«| when |o]<p.

2R P
There isn’t any zero point of f, on Q\p Q,, where Q,cQ is small ball Wl‘oh

radius /o> + &2 and center (0,A;). In fact, if (o, A) EQ\HQ, and f,(z, A) =0, ilis
easy to see that A€ K, |#|=p and |
- . 1
lol =1 (I-24)7g(z, M) | <RBlg(z, M) |<5 =]
This is a contradiction. '
Take | A
ht(w; A’) = (m: A‘) '—H((a’; ?"): t)
(I artg(s, ), H(JalP—p?) + (1—1) (2= (A—D)D).
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It is easy to see that h; is a homotopy map. Thus
dog(for Q1 (0, 0)) =deg(hs, ©;, (0, 0)) =deg(ho, B, (0, 0)).
We can prove that ho(w, A) =((I—A4)w, e2— (A—1,;)?) has only two isolated zero
points (w, A) = (0, A;+8) on 2y, and the differentials of ho(z, A) at these two points
are ' | T
dho(0, Mte) (m, &) =((T—(Mte)A)z, —2(+s8)s) =MoN(z, &),
where M (z, ¢) =((I~(M+e)A)z, 8); N(z, &) =(z, —2(%e)s). When >0 is
sufficient small, M (w, &) is a strictly set—contractive field and N (z, s) is a compact
continuous field. By Lemma 2 '

index [ho, (0, \+8)] =—index[I— (A;+8)4, 0] =—if;

index [ho, (0, A;—&)] =index[I— (A;—g)4, 0] =ig.
Hence

deg (ho, £, (0, 0)) =ig—iG

.and -

0=deg(f,, @, (0, 0)) =3} deg(fy, @y, (0, ) =iy —ib).
By Lemma 1, ¢ =45 when A; is a characteristic value of even algebraic
multiplicity and 4%, = - 4G, when A, is of odd algerbraic multiplicity. By these, it is
easy 10 obtain this theorem.
Remark, Ohanging & into 1, Theorem 1 is still true for the condensing maps
because we have the corresponding results of Lemmas 1, 2, and 8.
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