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Abstract

In this paper, the global result on bifurcation given by P, H. Rabinowitz is extended to 
strictly set-contractive maps and condensing maps.

The bifurcation is an im portant subject in  nonlinear functional analysis. 
There have been a lot of papers about it. The local result of M. A. Krasnosels;kiira 
and the global result of P. H. Rabinowitz1-23 are very good ones in  this direction. 
But they only discussed completely continuous maps. [8] has extended the resutl 
of [1] to strict-set-contractive maps. In  this short paper, we extend the result of [2] 
to more general maps, namely, to strictly set-contractive maps and condensing 
maps. To do this, we need some results: the index formula of isolated fixed point of 
.set-contractive maps (Lemma 1), the multiplicative formula of topological degree 
(Lemma 2) and a result of spectrum of linear set-contractive maps (Lemma 3). 

■Our main result is Theorem 1.
In  this paper we always suppose X  is a Banach space and I: X — the identity 

map. The concepts of strictly set-contractive maps and condensing maps, and the 
«definition of their topological degree can be seen in  [3, 6] .

• Lemma 1,вд Let F: X -> X  be a strictly set-contractive map, x0 a fixed point of 
F. I f  1 is not an eigenvalue of F '(x0) (the Frechet derivative of F  at x0), then x0 is an 
isolated fixed point of F  and . .

index IF, xf] =  ( - 1 ) ]i,
where дь is the sum of the algebraic multiplicities of the eigenvalues of F '(x f), lying in

(I, °°). '
Remark according to [5] we know that Lemma 1 is still true if F  is a 

condensing map.
Lemma 2 (multiplicative formula): Let Q, D be bounded open sets in  X , F: Q 
be a k± -set-contractive map, Q: D—>X be a b^-set-contractive map, f = J —F , g —
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I —G. I f p £ X ,  p£g°f(dQ ) \Jg(dD), g г(р) is a finite set, J c = h + h + h h < l ,  then 

■ deg(g°f, p) = 2  deg(g, Da, p )d eg (f, Q, Da),
a

B em ark. The mumber of terms in  the summation is finite In  the formula,. 
Da is a connected component of D \f(8Q ). deg( / ,  Q, Д )  ==deg(/, Q, 1), b £ D a. By 
the property of connected region it  is independent of the choice of b.

Proof We first suppose that д~*(р) = {q} only contains one point, and write; 
/ - 1(д') ={дй). For conciseness we may suppose p= q= 0. I f  not, we discuss F x(x) ==■ 
F(a>)-\-q, Gi(®) —G (x)+ p. W rite g ° f—h —I  — H , where Я  is a strictly  set- 
contractive map because of Л=^1Ч-^3+ /51А2< 1. Then 0<9 (g ° f )  (<№)> deg( g ° f ,  Q, 0} 
is well defined, we only need to show

deg(<7° / , Q, 0) =deg(5f, D, 0)deg( / ,  Q, 0).
We make the elementary-sets of F  relative to Q and G relative to D:

A¥>=coF (Q ), 4 ^ = со> (Й П 4 и-1)) , to>2, 4 = П 4 ° ;
■ n > l

=coG(D), А^^=со&(ВГ\А^~1}), n> 2, А ^ \_ }А ^ .
. »»i

Then Alr Aa are compact convex sets. Let F*: Q~>At be a compact extension of F  on 
4ТШ> be a compact extension of G on Аа П D, f* = I —F*, g*= I—G*. By
[3], § 16.B, ( /* ) - i ( 0 ) = / - 1(0 )= fe > , О Г У ^ - г Ч 0 ) 4 0 }  and ( /o /* ) - i ( 0) ~  
( g ° f )  _1 (0) =  { q B}  •  Also by [B] '

d e g (/, Q, 0) =deg(/*, Q, 0) , 

deg(p, D, 0) = d e g ( /,  D, 0).

Next we prove [ I — (tG+  (1—t)G*)']~1(0) = ( I —&)~г(0) for any t £  [0, 1] .  If 
[ I — t)6T)] (a?) =0, then x= tG (x) + ( l —t)G*(a>) and %£co(G((c), Aa)
because of G *(x)^A a. By the definition of elementary-set, x  belongs to Aa and 
G*(<o) — G(x). Hence G(x) =  tG(x) + ( l  —t)G*(x) =x. I t  is obvious that ( I —G )_1(0) 
cz [jf— (tG +  (1—t) G*) ] -1 (0) . Notice / -1 (0) =  {qB}, we have obtained 

(*) { [!-(< © +
In  the same way

Define Их, H a: Q x [0, 1] — as follows
H i(x , t) = Я »  +  № +  ( I - F )  (x),

H a(x, t) = tF(x) +  (1 - t )F * (x )+ G * [ I - ( tF +  ( l - t ) F * ) } O ).
We can prove H i, H 2: Q x [0, 1] — are ^-set-contractive maps, where h=hi+hs 
+ № < 1 .  By the condition 0 £  (g°f)(d® ) and (*), (**), we have H i(x , t)i*x  and 
H 2(x, t)=£x for any t £  [0, 1], %£8Q. Hence H i, H 2 are homotopy maps. 
Obviously g o f= I—H i(x , 1), g * ° f= I—H i(x , 0) = I —H 2(x, 1) and g*°f*—I — 
H 2(x, 0). By the homotopy invariance of topological degree, i t  is easy to see that
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deg(9°f, °) = deg ( I - H i  (я, 1), Q, 0) = d e g ( I - S 1(x, 0), Q, 0)
• =deg( 1 - Я а(», 1), Q, Q )=deg(J—# 2(ay 0), 0)
. r d e g fo V »  12, 0), : •

Obviously 0(= (dQ) (J g*(8D). The multiplicative formula of degree of Leray-
Schauder gives

deg(/° /* , Q, 0) = d e g ( / ,  D, 0)deg(/*, Q, 0) =deg(y, D, 0)deg( / ,  12, 0). 
Hence

, , d e g O / ,  Q, 0) =deg(tf, D, 0 )deg(/, 12, 0).
When there, are more than  one point in  g~xip ), by the region addition 

property of topological degree, the result is easy to prove from the preceding 
discussion. .

Remark. W hen one of F  and Gf is completely continuous and the other is 
strictly set-contractive, the condition h<  1 is always satisfied. By the property of 
condensing maps, we can prove corresponding result similarly.

Lemma 3. I f  T: X —>X is a linear Jc-set-contractive map, then the, essentially 
spectral radius of T, r<s{T)<Jc. Therefore, out o f the circular diso with radius To and 
center zero in  camplex plane, the spectral set of T  only contains finite eigenvalues and 
the algebraic multiplicities o f these eigenvalues are all finite.

Proof By, Theorem 1 of [7], re (T) = lira (r (Tn) ) ", where r (A) = inf {A [ A is Jo-

set-contraction}. By, Lemma 1 of [7], r(T B) < ( r ( T ) ) n,'hemcere(T )< A  Combining 
the definition of essential spectrum and the fact that a compact isolated points set 
is a finite set, we obtain this result. .

Now we can prove our m ain results. Let X  be a Banach space, A  be a real 
param eter space. Consider the equation

(1) f { x ,  J O -0,
where / :  X  x  A—>X can be w ritten as ;

'f(® ,h )= A (® )= a -X A x -h g (x ,X ),
(2) • A\ X -* X  is linear й-set-contractive (#<1),

g: X  X A -> X  is a completely continuous map,
I g(x, X) I =  о ( I а? I) at 05=0 for X uniformly in a bounded interval of A .

So I —XA is Frechet derivative operator o f f  a t (О, X) by g( 0, X) h=0.
. ■ ■ 1 ' ' ' Theorem 1. Let f :  X  x A -> X  satisfy (2), |Яо| <C-̂ -, Xq be a characteristic value

o f odd algebraic multiplicity o f A . Suppose S  denots the closure of the set of non-zero 
solutions (x, X) of equation (1), and G is a connected component of S  and contains

(0, Xo). I f  О does not intersect {0} X °°) U ( — °°, — . ), then either О is

noncompact or О only contains finite points (0, Xf) (jf=.0, 1, •••, n), where Xj is a
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characteristic value of A , and the count o f the characteristic values of odd multiplicity 
(imVudmg Ao) is an even number.

Proof Notice 05=0 is always the triv ia l solution of equation (1). By Result 
9.1 of [3], the A corresponding to of these points (0, A) are the characteristic

hvalues of A. Because G does not intersect {0} x ( J j p  °° )u ^ - ■co. )> the ab

solute values of these A are all less than  -y. By Lemma 3 the count of these pointsfc
are finite, we denote them by (0, A*), j =0, 1, 2,*••<№. Take»?<i- such that |A#| <r),

j= 0 , 1, 2, •••«. .

Suppose О is compact. Since G does not intersect {0} x  ̂ ^j-, co^ U 

— and (7 is a connected component of 8, there is a bounded open set Q that

contains O, such that
1) on 8Q, there isn 't any nontriv ial solution of (1);
2) for any characteristic value A of J. except Aj{ j= 0 , 1, 2, •■■n) (0, A) does not 

belong to Q.
Consider the map f p: Q -+ X X Л, f p{so, A) =  (/(&, A), f|£e[|2—p2) , it is a ^-set- 

contractive field. Obviously, the following two facts are equivalent: f p has a zero 
point (pc, Я) and f{so, A) has a zero point {со, Я) with ||®|| =p. By (1) , deg ( f P) 
Q, (0, 0))  is well defined for any p > 0, and f p is a homotopy map when p is 
changed. Hence d e g (/p, Q, (0, 0)) is independent of p. I t  is easy to see that f p 
doesn’t have any zero point when p is very large, so deg(/p, Q, (0, 0)) = 0.

Next we compute deg( f p, Q, (0, 0)) when p is sufficiently small. Take e>0  
very small such that A  has only one characteristic value on [Â —s, A,-+s] and

write j&T = [—77, ^]\U (A ; — s, h + s ) .  By Lemma 3, A G il if a regular value of A.
}= о . .

Hence there exists a constant R  such that [| ( I —‘hA)~1\\ < R  for any AG-&L Take p

small enough such that \g{so, A) || y lk l l  when ||a>|<p.
2Jti

.»
There isn’t  any zero point of f p on where QjdQ  is small ball with

radius v V + s 2 and Center (0, A/). In  fact, if  {so, A) and f p {so, A) =0, it is0
easy to see tha t A G К ,  | гс|| = p  and

N H K I - A ^ ) - 1̂ ,  A) \\<R\\g(cc, A )fl< -|-H .

This is a contradiction.
Take

h% {co, A) — {so, A) — H  ( {so, A), t')
... ■ = { { I —hA)x+tg{cc,,X), tf(IMIa~P2) +  (1—0 (s2 -  (A—A j2)) .
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I t  is easy to see tha t ht is a homotopy map. Thus
degC/pjp Qh (°, 0)) = deg (hlt Qh (0, 0)) =deg(/j0, Qh (0, 0)).

We can prove that h0(со, X) =  ( ( I —XA)cc, 8s— (Я—Х})а) has only two isolated zero 
points (со, Я) =  (0, Xj± s) on Qj, and the differentials of К(ао, X) at these two points 
are '

dh0(0, Xj±s) (x ,  i )  =  ( ( J — (Xj±s)A)%, — 2 (± s)s )  =M°N( x ,  s),  
where M (x, s) = ( ( I ~  (X,-±s)A)B, s); N (x , 5) =  (5, —2 (± s ) s ) .  W hen e> 0  is 
sufficient small, M (oc, s) is a strictly set-contractiye field and N(x ,  5) is a compact 
continuous field. By Lemma 2

index [h0, (0, ^ + s ) ]  — — index [J  — (Я,- +  s) xl, 0] =  — 

index [h0, (0, Xj—s) ] = index [ I  — (Я,-—s)A,  0] =гф.
Hence

deg(h0) Qj, (0, 0
and

° = d e g ( /„  q  (q 0)) = 2  d e g (/p, Qj, (0, 0)) =2(*3>--*3>).
j=o о

By Lemma 1, Ъф=гф when Xj is a characteristic value of even algebraic 
m ultiplicity and Ъф — — when Я,- is of odd algerbraic multiplicity. By these, it is 
easy to obtain this theorem.

Remark. Changing h into 1, Theorem 1 is still true for the condensing maps 
because we have the corresponding results of Lemmas 1, 2, and 3.
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