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A NOTE ON GENERALIZED DERI-
VATION RANGES
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Abstract

This paper is devoted to the generalized derivations determined by compact operators
acting on Banach spaces. The author introduces the concept of “family of approzimately
linearly indepedent vectors” and employs this concept to prove the following result: Let X,
Y be Banach spaces, A€ B(X), BEB(Y) be compact operators. Then 75 has closed range
if and only if both 4 and B have closed range. '

Let X, Y be Banach spaces over complex field O (throughout, we assume dim
- X =dim¥ =o0). Let B(X, ¥)) denote the set of all bounded linear operators from
X to Y. If X =Y, we write B(X) for B(X,Y).For ACB(X) and BE€B(Y), the
generélized derivation 45 is an operator belonging to B(B(Y, X)) defined by
the equation ‘
' T 488 =4A8-8B, (V)S€BX, X). :
If X=Y and A=B=T, the generalized derivation is reduced to the inner
derivation
48 =T8-8T, (V)S € B(X).

Similarly, as in the case of inner derivation, one of the problems on generalized
derivations is: “under what conditions on A and B, is the range of 7 45 norm
closed?’. In 1975 J. Anderson and O. Foias ™ proved that if 4 and B are scalar
operators acting on Banach spaces X, Y respectively, then .7 45 has closed range if
and only if A=0 is an isolated point of 0(J 45). In 1980, L. A. Fialkow™ gave
some conditions under which 7,z has cloéed ranbg_e where A, B are hyponormal
operators, nilpotent operators of order 2 and compact operators in a Hilbert space
Tespectively. _ '

The aim of this note is to prove the following

Theorem. Let X, Y be Banach spaces and ACB(X), BEB(Y) be compact
operators, then T 45 has closed range if and only if both A and B have closed range.

In order to prove this theorem we give some notation first. N will be the set
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of natural numbers. For a Banach space X, X* will denote the conjugate space of
X. For a subset M X, M* will denote the annihilator of M

Mt={z"€c X", {w, 2*)=0, (V)€ M},
Sp{M} will denote the subspace spanned by M

Sp{M} =closure {éi-diwi, a, €0, m¢EM, nEN},
P .

For an operator '€ B(X, Y), ‘ker T', R(T) will denote the null space and the
range of T respectively. nul? will denote the nullity of T, i. e., the dimension of
kerT. nul’T’ will denote the approximate nullity of T, i. e., the greatest number m
<o with the following property: for any >0, there exists an m dimensional
closed 11nea1‘ manifold M, such that |Ts|<e|s| for every wE M, ‘(ses [8], p. 232
for de’valls) T will denote the’ conJuga,te operator of T. o(T), p(T) will denote
the spectrum and the Tesolvent set respectively.

For any s € X and y*€Y™, define the rank—one operator w@y €B{, X) by
the equation _

=@y y=<y, ¥, (VyEY.
-We recall a result which will be important for our purpose.
Theorem IV, 5. 2 of [8]. Let X, Y be Banach spaces, then T EB(X Y ) has
closed range if and only if v(T) >0, where : :
v(T) =inf{|T=|, dist(s, kerT) =1}

is called reduced minimum modulus.

. Let us begin with lemmas.

Lemma I. ILet X, Y be Banach spaces and AEB(X ), B EB(Y)

i) If there ewists A€ O such that R(A—A) ds not closed and there ewist unit veotors
€Y, Yo €Y such that

(B—W) gy =Um(B—2)"yi=0, <Y, 4i> =M, min|ds| =2>0,

then v(T 4p) =0.
-ii) If there ewists A€ O such that R(B—AM\) is not closed and there ewist unit vectors
2, € X, 0, € X* such that

hm(A M= (A—\)*a3,=0, oy, wp) =M, mkin])\,,] =2%>0,
then (T 48) =0. |

Proof Since T sp=-T (4-2xB-1 W6 may assume that A=0.
i) Since R(4) is not closed, there exists a sequence {w}pen© X such that

dist(wy, kerA) =1> | —-— lim[lAmkﬂ =0,

Define
Sy =2:QYx.
Then we have
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| A8, —8,B| = ”A“’k®’!l;'—wk®3* %)
<[ doy [+ (141 )| Byi] 0, a5 b>co,

On the other hand, for any T €ker.7 45, we have
18x—T'| = | (Sx—T") x| (via T ker B&ker A) =dist(Mwy, ker 4) >?\.o>0
Therefore dist(Sy, ker.T 45) =ho and hence y (7 45) =0. |
ii) Since R(B") is closed, there exists a sequence {yx}reny" such that
| dist(gi, ker BY) =1>[gi] -7, Im]B] =0,
Define .
v Sy =0 @,
Then we have '
|48, ~8S:B ” = | A5 @z — 2@ By |

< (1L o]+ B4 >0, 05 Bovoo,

On the other hand, for T €ker.7 45 we have
18,—T| =|Ss—T*| = | (Sx—T%) ws| (V1a T*kre A*Cker B*) >dist (M, ker BY)
=>1>0 v

" Therefore d1st (Sk, ker.7 48)>M1o>0 and hence y(J 1) = =0,

Lemma 2. ILet X, Y be Banach spaces and let A€B(X), BEB(Y) be compact.
If one of the ranges R(A) and R(B) is closed, while another is not closed, then R(J 4z)
8 not closed.

Proof First we suppose RB(A4) is not closed and R(B) is closed. Then B is a
finite dimensional operator and hence has the following matrix form

0 0 ) _
B=<O- B’) on M+N=Y,

where dim N < oo. In this case, by Lemma IV. 2.8 and Theorem III. 1.22 of [3] ,
there exist unit vectors 1, €Y, ys €Y ™* such that By,=B'y;=0, <{yy, ¢i>=1. Thus
v(T 4p) =0 results from i) of Lemma 1. |

The proof for the other case is similar.

Definition. A sequence of wectors {uxtrexy s called approzimately linearly
independent, if for any n €N, there ewists mEN such that if by>kg-y> >ki>m,
then any n vectors Up, ***5 Ur, are linearly 'mdependent

Lemma 8. ILet X, Y be Banach spaces and A€ B(X), BEB(Y) be compact. If

oth R(A) and R(B) are not closed and there ewist two sequences {ka}ke ¥ Y cmd
{Mtren O such that

i) {vitrew i approwimwtely linearly independent,

ii) Buy=2Ayvy,
then R(J 48) is not closed.
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Proof By condition i), we may assume that (eventually discarding a finite
number of v,8)v,%0 and this fact will imply M Eo(B). In order to prove this
lemma, we distinguish the following two subcases:

a) If A,=0 for infinitely many k’s, then we have nulB=co. By the proof of
Lemma 2 we have y(7 4z) =0.

b) If A,=0 for finitely many k’s, by discarding those A, We may suppose all of
Az are not zero. Let M, Ny be the eigenspaces of A and B corresponding to {A }
respectiVeiy (Gf Mo (4), then M,={0}). Since A and B are compact, we have dim
M, < o0, dim Ny<co. By condition i) we may assume that Ay Ay for 5#%" and this
fact will imply that N+ Ny for k+#¥%. Let y1 € Ny, 91 €Y such thai

loa] =yl =<vs, 9> =1
and choose 7} €Y such that
[<sh, B'yi>|>|Byi| -1, |4i]=1.
Let ny be a natural number such thabt dim Sp{Nj, ---, N,,}>>2. By Lemma IV. 2.3
of [8], there exists a vector ¢ €Sp{Na, +--, N,,} such that |
|ya] =dist(ys, Sp{vs, Byi})=1.
Hence there exists a functional 93 €Y ™ such that
|92] =<ya, ¥2> =1, y5€ (Se{ys, Byi})*.
Continuing in the same way, we can consiruct three Sequences {tven Y,
{U}4evCY, {Yitren Y™ such that
P ESp{N a1, ***5 N}, mo=0, my=1,
Il =dist (ys, Se{ys, By, =+, Yu-1, Byi-1}) =1,
Il =<we, 2> =1, 9 € (Se{ys, Bys, *+*, Yu-1, Bvia}) L,

[<th, B'oi>|> B0l — - Ik =1,

By the proof of Lemma 8.2 of [4] we may suppose |B*y;|—>0. Since R(4) is not
closed and dimM;<<oo, by Lemma 1.1 of [4] there exists a sequence {@}yexCX
such. that

|ow] =dist (@3, Se{Mpia, »y M}) =1, Ao <.

Define
Q=1
‘Wo have |7 15Q:[—>0. On the other hand, since SMC M, for S€kerT 45, we
derive that ,
dist(Qy, ker J ap) =inf{|Q, -S|, S EkerT 45}
=inf{| (Q—S) 4|, S Eker T4z}

>dist(ay, Sp{M,, 41, -, M 3)=1, |
Thus the lemma is proved. :

In the sequel, we shall consider the Banach space
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Z=XiY,
where the norm of the element 2= (w, y) €Z is defined as follows
|2] =max{|=], |y}
We define the projections P, @ by the following equations
. Pe= w, Qz=y, for z=0+y, s€ X, y€¥,

Lemma 4. ZLet X,7, Z P, Q be deﬁned as above. Let {Pk}keN {B}ven<B(Z)

be sequences of pq*oyectzons with the following properties:
1) {|| Pyl }ner 48 bounded,

i) im| By— Py =0,
let {@y}ie }VCX » {Dutvew, {Ztven<Z be sequences such that

i) Pupy=24, {|ve}rex ts bounded,

iv) a=Ppy, |ox| =1, dist(sye1, Sp{wi}icy) =1 for kEN, ’

V) z=Hyp.
Then for cmy nEN and 0<d<1, there ewists @ natural number N (n, 8) such that
dist (Pz,,,,, Sp{Pz,}i-1) =9,
provided kyyi>>ky>+>bi=N(n, ).
- Proof We proceed by induction. Letn= 1. Suppose the conclusion is false,
then there exist two subsequences {Z,my}tmey, {2 ymeySZ such thab
dist (Puyemyy Sp{Pouumy) <9, a8 m~>oo,
‘Hence there exists a sequence {Cy,my}tnexyC such that
| P zka(M)—O#;(m)P Zeuemy | <8, a8 m—>00,
Since
]1‘}3"1)21:" =,}_1;7§3||PEkPk|| =}c._’HEHPPkPk||_ =1,;1£2°|[“’k" =1,

we have
lCMm) l <1+8, as m—>o0,
By condition ii), we can derive

d=1m | Payyemy ~ CraomyP 2o | —hm||P (Eka(m)pks(m)_Ok:(m)Ekx(m)pkx(m))“

m~rco

=lim|P(P ka(M)Pka(m)—ka(m)P tatm Pracmy) | =1im | “’mcm)—okx(mﬁk.(m) |=1,

P e
This contradiction shows that the conclusion is true for n=1.

Now assume that the conclusion is true for n—1 and it is not true for n. Then
there exist sequences {Zumltmen(@=1, -, n+1)CZ, {Cpumtmex(t=1, -+, n)cC
such that

| P2 00my— Ostny P gy = ++* = OpianyP2enimy | <3, a8 m—>c0.
We shall prove that {|C,m|}tmex is bounded. Otherwise, we may assume that
| Opomy | >0, as m—>o0,

Then we have
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11m " P, imy = Crontemy Crestrmy P 2iesemy = *** = CrsknyCt s omy P Fomesmd | =0,

Thls fact W111 imply that
dist (Pe,m, Se{Pem}izi)—>0,
which ig a contradiction. Continuing in the same way we can prove in turn that
{|Okpnemy| Ymew is bounded, <+, {|Oum | Imen is bounded. Similarly, as in the proof
for n=1, we can derive _ ' ' '
d=1im| P, cm — OsimyPitmy — +** — Oy P2ienim) |

n—rco

=lim || Bt m) — Orstmy®istmy = *** — Ol 0myBtonmd " =1,

Again we obtain a contradiction and the proof is complete.

Lemma §. Let X, Y be Banach spaces, A€ B(X), BEB(Y') be compact. If both
R(A) and R(B) are not closed, then R(T 4p) s not closed. | |

Proof By the symmetry, Lemma 5 is equivalent to the following:

If both R(4) and R(B) are not closed, then R(Z 34) is not closed.

Therefore we need only to prove y(J 4p) =0 or y(Zs) =0. By the proof of
Lemma 3.2 of [4] we can construct four sequences

{oyec X, {dn,cX?, {yk}k=1CY:'{y;}l°c°=1CY s
such that . v
loul =2kl =l vel = 192l =1,

" Kow, B> =<Y, Yi> =By for A<,

lim[ 4z, ~lim] '] ~lim| By ~lim| B3| -

where 8y is the Kronecker delta. Then we define operators
' Uy =50k, V=9,
Obviously, '
hm||7ABUk|| ——hml]fBAV,,]l =0,

If dist(Uy, ker T 43) =8 for some 8>0, then y (T 45) =0. If dist (V;,, ker .734) =5
for some 3>0, then y(Z p4) =0. Thus the lemma is proved. Therefore we assume
- that dist(Uy, kerT 45) =dist(Vy, ker7 ps) =0 and hence there exist two sequences
{4y}m1CkerT 45 and {By} o CkerT pa such‘ that ‘

| | [U%—4x]—0, [Vi— B[O,
Qonsider the Banach space
| Z=X4iY,

4.0 0 T, 0 4,
== == 0
g (o B)’ e (Vk 0>' a (Bk 0)'
It is easy to see that

rank Wk=2, 0;,61{91' Ar_n, “Wk"'o'k""_)O.

Define operators




No. 8 Iy, 8.J. A NOTE ON GENERALIZED DERIVATION RANGES 267

Since spaces X an_d Y can be decomposed as follows
, X =8p{m} 4+ X3, Y =8p{ts} + Y,
where X =ker ay, ¥ =kery;. Therefore Z can be written as
| Z =8p{wy, yr} 1+ 21,

Pr=+ Y, G =T~ Y,
then |pyf ={qf =1, {21, ps, -}, {g1, ¢s, -} are linearly independent respectively
and ‘

where Zk=Xk';‘Yk' Put

Wipr =08, Widu=—aqx, WiZy={0}.
Hence, corresponding to the decomposition

Z= SP{Z’k} 4+ 8p{qu} +Zk:
W+ has the following matrix form

_ 1 00
Wi={ 0 —1 0
. 0 00
Put
1 0 0.0
P,=|0 (O 10
\0 0 O 0 0 0
Then Pj and @, are rank—one prOJectlons and
| Wi=Py— Q.

More preelsely Py, @ have the followmg forms

Pk——pk®<mk+yk): Qk——9k®(9‘la —Ui)s

where <z-+y, @+ =<w, vy +<y, yr>. Hence we have
[Pl =lQul =1, keEN,
, Pupr=pr, Quqr=qr, kEN,

By simple calculation, for A& {—1, 0, 1} we derive that

A=Wi)™t= A= Py+Q) ' = (A—Py) [+ @ (A —Py)~*] _
=x(x—Pk)‘1(7x+Qk)"1=—x(1“Pza_' P )(1=@_ @ )

Ao 1A= T THR
- (1-=Py) (1"‘Q7o) P, + Qx ' S
1= A 1+7\.
Let I" be the circle with center A =1, radius I' = _5 and counter elockw1se dlreetlon,

Then we have
P,o-—-——j (A—W3) LA,

On the other hand, for A¢{—1, 0, 1} we have
A—COp=(A— Wu) [+ A—We) = (Wy— Gu)]

Sinoo {|-=F (1= L2 %] rer ben 5 o 15 wnitormiy
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bounded and || Wi—C%|—0, we may suppose I'c P(C;). Put

- -1
By= Qmj (=02,

Obviously, Hy is a projection and since Oy € ker AT , We have B} Cker dp. Moreover

we can derive that

[B—Pul < ge| [ (b= 02— (=) ]

<———f |+ (= W) = (W= O] 1| 6= W),

Henoe we may assume that

lim| B, — Py =0,
Applymg Lemma. I 4.10 of [8] we have rank H,+-1.

We now construct those three sequences defined in Lemma 3. Put
Zy=HyZ,

Since dimZ; =1 and Zk is an invariant subspace of T' (i. e., TZ;,CZ,G), there exists
~ an eigenvalue ), and for any vector 2€ Z;, we have

T =2,
Put 2, =Eypy. Since z},EZk, #, satisfies the above equation. Let z=u+v,, where u;

€X, v, €Y. Then we have
A‘U/}; Muk, ka—~?\,k'z),,

‘We shall prove that both {}ren and {v3}scny are approximately linearly indepen-

dent In fact, since {Pilrcn, {Futrvey, {@rtrew, {Oufrer, {%}tvey satisfy the conditions
of Lemma 4, for any n€& N, there exist >0, m &N such that for any Cy,, -+, O,

€0, .
” Ui —Oklukx et 0’0 " " >8

provided k,i1>k,><->ki=>m. Passing to sequence {¥}rex and projection @ we

-obtain
” Uiy = OV, — +++ — O, Vs, ” =9,

Obviously, these facts will imply that {#i}ren, {¥i}rex are approximately linearly
independent. Thus the lemma follows from Lemma 3. ,

Proof of Theorem The “only if” part of the theorem follows from Lemma 2
and Lemma 5, while the “if” part is a routine exercise, so we omit it. Thus the

theorem is proved.
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