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WEIGHTED NORM INEQUALITIES ON MIXED 
HOMOGENEITY SPACE

You Zhong (Z Ю * * *

Abstract

In this paper, the properties of the weight functions in mixed homogeneity spaces 
«.re discussed and the corresponding weighted norm inequalities for maximal functions, 
Macinkiewiez integral and singular integrals are given.

§ 1. Introduction

Suppose that R n = R 1 ><.•-• XR 1,R 1 =  ( —00, 4-00) and ||X ||3=  (a?,a?), where (sc, у)

Ith \is  the inner product of vectors sc and у  in  R n. Let A t = \ \  1, t> 0 , ( j =1,

H, •••, n) .  Obviously, A t ’A s= A t.a. Let

Г ( . ,  Р ) - ( | ( ^ ) Т  (R>0).

tln I

'For any fixed сс(фО), F(cc, p)is a strictly decreasing function of variable p. So there 
exists a unique t such that F(sc, #)=1 for any хФО. Thus we obtain a function 
,p(x) = t for sc=£Q. Now set p (0) ==0. I t  is easy to prove that p(sc) > 0 , p(sc+y) <р(ж) 4- 
p(y) and that p(sc) = 0  if sc=0. Hence p(sc) may be considered as a metric on R n. The 
:Space (Rn, p) is a special case of the parabolic space defined in  [1].

We have the following properties:
1) p(Atsc)=tp(x); : .
2) If h > l, then p(hsv) >p(a?);

3) I dy=0<r7, where a> 0, 7 = 2  h  and p(x, y) = p(sc-y)‘,

4) (Rn, p, рь) is a homogeneous space, where p is the metric defined above and ц 
is the Lebesgue measure on R n. The definition of the homogeneous space is given in 
[2].

6)  Denote by Q(a?, a) the parallelotope with center at sc and of measure 2a*1 X 

:2йА* X ••• x2«An, whose sides are parallel to the axes. Then there exist balls В (sc, a) 
and В (sc, /За) such that ,
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a) B (x, a )^Q (x , a )^ B (x ,B a ) , .
b) O t\B (x , a) J =  |Q(x, a) | =  0 21В (x, fia) | ,

where ft, 0 1} |?2 are constants independent of % and a, B(x, t) =  {</GR" p(®, y) <t}?. 
and | E  | denotes the Lebesgue measure of a measurable set E.

I t  is easy to verify 1) and 2) by the definition of p(x). For 3) a generalized1 

polar coordinates transformation formula is needed. 4) follows directely from 3) „ 
Using 2) and the following figure, we have 6) a) with fi= p(x) and x =  (1, 1, 1, •••, 1) 
6) b)follows from 3) and the fact that \Q,(x, t) | = 24 y.

The definitions of A p conditions of weight functions in the mixed homogeneity 
spaces are the same as that on Euclidean space except that the averrages are now' 
taken in balls B (x ,t ) .

If we use the parallelotope Q(x, t)instead of the ball В (x, t) in  our definition^, 
the corresponding A p conditions will be denoted by A*p»

W e shall establish the following theorems:
Theorem 1. (Weighted norm inequality for maximal functions)
Let

a) I f  со (x) G A it then | {x G R”: /*  О) >Я} | ||/||i.»;

b) Ifoa(x) G i J( l < p < « )) , then |/*||р.а.<СгР.м| / | Р.ш, where
i

Theorem 2. (Weighted norm inequality for maximal vector-valued functions)* 
Suppose that f ( x )  = ( f i ( x ) ,  f 2(x), • • • ) , /* (»  =  (Я  0*0,/:>(>),

1
l/W I.-(g  l/.WIr)T (<->!)•

a) then |{as6 R “: |/*(® )lr>*’}l <■£ I № )  M j,«;

b) Ifa>(x) £ A p(l< p< oo), then II \ f ( x )  |r||p,a.<C,p^|| !/(«) |rl*,«-
Theorem 3. ( Weighted norm inequality for MarcinMewicz integrals)
Suppose that P  is a dosed set and 8(y) = in f  P (x, y ) .  Define

r« / ( * ) = f
J  Ja

cetp
f (y )8a(y) ■dy,Ы »P a+v (x - y ) + d a+?(y)

°° •
where 7 = 2  ап$ «> 0 . I f  co(x) G A P, l< y < o o , then

5—1

. Theorem 4. (Weighted norm inequality for singular integrals')

Assume that К  (x) = - ~ ^ y ,  where 7  =  2  %j/and Q(x) satisfies the following■
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conditions:
(1) Q (Atx)<=Q(x); .
(2) \Q (x)\< B ;

(3) [ Q (x) H  (a ) dcr=0, where das= ry~%H  (a) da dr and 2n-i =  {as £  R"„ p (a?)=1} £
J 2n-i .

(4) | Q(xf — y) — Q(x') | <B p (y), where p(as') = 1  and 0<cs т т - 1{Я/}<1.

Let T r,Bf(as)-=Kr,R*f(as), ,
where

ГУСгв) =  sup |!Гг,л/(а;) | .
r / R <  0

0

(if r< p (x )< R ), 
(otherwise),

Suppose that <»(a;)6 J.w ( l< p < ° o ) ,  then we have |2I*/lP)U)<C f| / ! J)>(01 

2>=1 , i. e, ct>G-4i, use obtain -
In  case

Theorem 6. I f  we weaken the condition of Theorem 4 in replacing (4) by
i

(4') f dt<oof w(t) = sup { \Q (x '- y ) -Q (x ')  |}

arid keep the rest o f the conditions unchanged, then the results o f Theorem 4 remain> 
true. •

§ 2. Preliminaries

Lemma 1. w(as) € iff w(x) £ -45*
This follows directly from property 6 of p(as).
Lemma 2. (Colder on-Zygmund decomposition on miased homogeneity space) 
Suppose / 6  L p(R n) ,  ( l< p < o o ) . Then for any «>0, there is a decomposition of 

R n\ R n=Q{J Qc, with Q = (J 1% satisfying:
. Ю

1) I I П I°j =  ф, (К  фу) (II  is the interior o f the parallelotope I-f) ;
2) For any I ^ Q ,  there exists a parallelotope Q?t=Q (x, af), defined above  ̂

satisfying 1 ^ 1 ^  and |Qfc| < /3 \ I n\, ushere ft is independent of 1%;
3) |Xfc|->0, wAen k—»+oo;
4) jFor «712/

' « <  I i - [ |f (x )d x ^ B a ,
’ | -Aft I Jr*

where В is a constant independent of
6) I f  x£Q °, then | / ( я ) |< «  (a, e).
Proof Let

R ? = R ix R 2x  — x R n, R }=*(-<x>, +oo) ( j= l ,  2, •••, n).
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Divide Rts into intervals(Ktty, (K  + l) io J)* — - 2, — 1, 0, 1, 2, •••) with
the same length tty. Their product sets are parallelotopes {Д} of R n with the  same 
measure tty X tty X ••• Xt*$ (We denote every such parallelotope by Jo without making 
distinction). We can select t0 large enough so that

.!/(•) I * < «

for every J'0.
Denote by K {=  [2Ai] the integer part of 2 4  Divide the j~th side of every T0 into 

K {  subintervals with the length tty* Their product sets are sub-parallelotopes
of I'o. We denote every one of them by I'i without making distinction. Now two 
different cases occur:

The first case:
/ ( « ) ! * » « .

The second case:

Select those I \  which satisfy the first case and put them into a set, say Q. We 
•denote them by{ii}. Now we subdivide those of I \  which satisfy the second case into 
{Д} as before and repeat the above process until we are forced into the first case. In

П * ‘
the  vtA step we subdivide Д _j into П  K sv sub-parallelotopes I'v with the measure

1
I i ( K m - ‘Ki)-Hty, where •

K l  =  [ (K{Kty . .K U )  -Hty/ (2-40y q  =
According to our subdivision, we obtain the following relations:

From (1) and (2), we obtain (K{Kty~K{)-4ty>2~v4ty, and (K{Kty"Kl)~4ty  
<J2* (2~v*Jtty) respectively. .
Therefore there is a parallelotope QV=Q («, 2~40) with the same center a? as I v such 
that I vczQv. Moreover we know that there exists a ball B(x, f i 2 Obviously, 
\B (x , fi2~vt0) | < 0 |Z „|. 1) and 2) are proved.

Sine e 2T£> [2Ai] > 2  for any v, 3) follows directly.
Since

K t +i<  (K{Kty • -K{) - 1 (2<*'+1>A0  =  { (K{Kty • -K t) -1 • 2*A'} • 2Аз< 2  • 2A' -  2*'** 
for any we have .

“  <  B a >
71

where 5  =  П  2Xi+1. 4) is proved.
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As to 6) , since x££20, there is a sequnce of parallelotopes Д  which satisfy the 
second case and 2) , 3). If  we apply the theorem about maximal function on 
homogeneous space w , the proof of 6) is similar to the case on Euclidean space1203.

Remark 1. Lemma 2 is an extension of the Lemma 3 in  [3].
Remark 2. The other decomposition of Oalderon-Zygmund on mixed homoge

neity space has been given in  [4]. But the proof of a sublemma in  [4] is not correct. 
However the Lemma 2 here can be used as a substitute for it.

Because of Lemma 2, A p condition in  mixed homogeneity space then plays the 
same im portant role as in  Euclidean space.

Corollary, a) I f  w(x) G A P ( p > l) ,  then there exist 0 > 0 and 8 > 0  such that

<a (твсЪ н к,»”® 1'*')-
b) I f  w (x) G AP) then w (x) G 1„.
c) I f  w(x) G A p( p > l) ,  then there is an e > 0  such that w(x) G
Proof The proof is similar to that of Lemma 2 in  [6] .  But we should point 

out , .
(1) By Lemma 1, we can deal with A*p condition instead of Ap condition.
(2) Since Q(x, t) consists of 2 congruent Д , we can apply Lemma 2 for Q(x, t), 

although Lemma 2 is the decomposition on whole space.
(3) By 2) of Lemma 2, for I ^ Q ,  we have

As in  Euclidean spaces, Ap condition on, mixed homogeneity spaces has the 
following elementary properties:

■ i • '
a) w(x) G AP, if w (x) p- 1 G-dp, where p - 1+ ( p ,) _1==l ”
b) If  w (x) G-4p( p > l )  and E  is a measurable subset of B(x, t), then

| Е \ш f  „ (  \E\
> a \  1Ж ® ,0 1

ft

Lemma 3. Let ф(x) = esssup jp(y) |and q>t(x) =t~y <p(Atx), where 7 = 2  V  I f  

ф(х) GL1(R"), then sup | ( a ? )  | <(?/*(»).
f<0

Proof Let Tf= f*(p, then ®

, (AT*TAf)f(a) — \ f ( A ty)<p(At1x —y)dy=  f f(z)t~yq>{Aj1{x -z))d z^ f* (p t
J R n  J  U P

A tf ( x )  =  sup 1/(2/) l ^ = suP T p T T ^ t L  _*л \ K ^ ) \ d z

(  1-ffl У 
V IЖ » , * ) I /  *

=sup-
<7> 0 В

т Ч л Г L  • J I ■*' -M(ЛЛ(«).
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Let
А С О -Г * 7"1*  f E ( a ) \ f ( x - a t ) \ d c r = o \  \ f(y) \ dy=0 (ry).

J O  J  2„ - i  J  $ ( x > V ) < r

Let W(t) =  ф(х), if t = p ( x ) . Since W(t)  is a decreasing function and ф(х) (EZr^R”),

then
■ %<p(s)<r

Therefore W( r )  • r 7-^ 0. If r —>0 or г—>+оо}

|  if,(® )dx> O w (^yrv ,

(  / ( 2 / Ж ® - « / ) * / 1 < f  \ f ( y ) № ( ® - y ) d y  = [  W(t )P  1 d « f  JS(a)\f(x-crt)\dcr
J R "  I J R n  J O  J s „ - i

f^oo «J.oo Лео
=  W(t)dAx( t ) = A z(t)W(t)  -  Ax(t)dW(t)

Jo 0 Jo

<=Of(x)^~ty dW(t) .
4.00 /*4.00

~ - C f ( x ) t yW(t) + O f ( x ) \  ( 0 >  0) .

§ 3. Proof of the theorems

Observing that
IДfa .01» / \B(x, t) j у  _ a
\B(x, 2 i) |»  V |R fa  20 j /  S’» '

»
where &>(&) (E4p( l< p < ° ° )  and 7 = S  h i  we know that the space (R“, p, 16) with

1 .
dv = co(x)dx is still a homogeneous space. The proof of Theorems 1 and 2 is similar to 
the proof given in  [5] and [8] by using Lemma 2 instead of Calderon Zygmund 
decomposition in Euclidean space С1<и.

Eor the proof of Theorem 3, one can refer to [6] noticing that
q> (x) = 1 / (1 +p (x) ) 7+“ G L1 (Rn)

for a> 0 .
Now we come to the proof of Theorem 4. From the definition of p(x) we obtain 

p (x)mf  u }̂ <  I ж I <  рюа/ , when p(<c)> 1; 
p (as) mfx aj) <  (I x  J <  рыГ when р(ж )< 1 .

Since 0 < a  max_1{^} < «  m in-1 {kj} <  1, we know that Q(x) is not a constant.
3 ,

First of all we introduce two lemmas.
Lemma 4. Suppose that (X , p, p) is a homogeneous space, and that I7c X  is a 

bounded open set, then there exists a sequence o f balls B (xh t}) such that

( i )  *7 =  L J A fa ,  *j);i=i
( i i ) i f  x GV, then x belongs to at most Mballs, where M is  a constant;
(iii) i f  B j= B(xj SK tj), then В, П { X —ЛУ ^ф , where К  is the constant appearing 

in  the definition of homogeneous space ([2], Theorem 3.2).
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L em m a 5. Suppose that

( i ) K (x )  €  JPCS-a) and f K(x)H(a)d<r=0,Js„-i

(Я )  К  (Atx) -  rLBT (шГ1) , (in) f I ( x -  у) -  К  (x) | dx<G.
J p ( X ) < 2 p ( y )

Thm  a) |{S'7 ( ® ) » . } | < 5  J / l , ,  b) i r / i s< O J / I „

where T  f  is defined as the maximal operator in  Theorem 4 ([7 ],Theorem 7 .1 ).
Now, we are going to verify that К  (x) =Q(x) /p{x) satisfies the conditions 

required in  Lemma 6 .
Since |fl(a?)|< B  and f Q (x)H (a)da= 0, (i) follows directly.

J Sn-x
Observing that Q(Atx) —Q(x) and p(A tx) = tp(x), we get the equality (ii). 
For (iii), when p(a?)>2p(y),
Q jx -y )  Q(x) 1 1 ■ d \Q (x -y )~ Q (x ) \  _ r  T
p7(x —y) p7(x) p7{x~ y) p7(x) p7(x) 1 :
Since p(A ;c%x) = 1 ,

\Q ( x - y ) - Q ( x )  | - \Q {A ~ U * -y )  I < B P\ A ; U y ) < B ( ^ ) a .

So I a< B p*(y)/p7+“(x),

h < G
p270 )

G
P7 0 )  

_1 
2

l p 7 ( c G - y ) ~ p 7 (« ) ]

V p n O - ^ м У '
pW

О
p 7 (x )

О

• Cp7 (Л<1> ( » - » ) -  p7 (Л «® ) ]

p7 (ж) 5§
p(2/) p(i/) ,,

< 01 W ^  ( i }’
1 Я

where -^ •< p ( f )< ^ -a n d 2/,,==J.)0(̂ 2/(p(2/") = 1 ). Here, we have used p (a?) f=0°°(R"— 0).

Hence

[ rB r(« -2/)-jKT(aO|d0< a f +~ - ? ® _ л ч - а ГJ p(x)>2p(v) J 2p(V) р ( х ) 7 * 1 J  2p(y) p 7 +  ( x )

the conclusions of Lemma 6 are valid for the operator defined in  the theorem.
oo

When # > 1 , we make the decomposition {x £  В": T*/>A} =  M В fix,, ts) by using
■ i~i • ■

Lemma 4. A ll we need to prove is that

( * ) |{x e B fix ,, tfi: T*f(x)>/3X, f ( x ) < h X } \< 0  A  |Bfixh t,)\ (/3>1, h < l) ,

then \{T * f(x )> p l, f ( x ) < h X } \ -  |U {x £ B fix h t,): T*f(x)>/3K f ( x ) < k l } \
j - i

where Ж is a constant defined in  Lemma 4.
Therefore | { Г /> £ Я , f< h X } ) 1 !Р/>Я} | w,

and IIT*/1 c« <  GP) ш l / l  p, (p >  1) . .

However, the proof of (*) is standard053. In  the proof, Lemma 6 and Theorem
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3.6 in [2] are used.
In  case#—1, using Lemma 4, we make the decomposition 

£}=■{>£RB: jГ(m)>K} - U  B,(y„ *,).. j<=i
Let f= g + b , where

9 (»)'
/ ( » ) , when oj £  RB—Q,

oo ■

2  When
.

Here ^(a?) is the characteristic function of ball B} (yh t}),

Vj‘
2 ^ 0 )
j=i

BKtii’tj) \g(y)\fy°

■ CO ' oo j* '
By using Lemma 4, we obtain 2  Xj(ft>) 2  oo^O 'M 1 jQ|ш and

J j f  | / ( # )  |o o ( V ) c k ; < .M  f  |f(a>) | со(a>)dx.- Jbp

The rest of the proof of Theorem 4 b) is standard1-93.
The proof of Theorem 6 is similar to what we have just done.
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