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THE ESSENTIAL MAXIMALITY AND SOME
OTHER PROPERTIES OF A RIEMANN
SURFACE OF 09,
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Abstract

The essential maximality of a Riemann surface of 0%y is verified. Actually we have
proved something a little strenger,i. e. a modified Stoilow principle and its converse
for a functiou meromorphic on a non-compact subregion on a Riemann surface of 0%p.
The significance of these assertions lies in that they fail to hold for the wider and more
familiar class O p. -

§ 1. In_troduc_fion and Preliminaries

In the present paper we shall at first establish two theorems on the behavior of
a meromorphic function near the ideal boundary of a Riemann surface of 0%y, one
of which asserts that a modified Stoilow principle is valid' in this case. As a
consequence the essential maximality of a Riemann sirface of 0%p will be venﬁed
Tt seems worthwhile to pomtout here that this is not a property possessed by every
Riemann surface of the wider and more familiar class O,p, though every Riemann
surface of finite genus of O, should be essentially maximal™,

Let us recall briefly some notations, terminologies and preliminaries.

An AD-(resp. AB-, ABD-) function means an analytic function with finite
Dirichlef integral (resp. bounded, bounded and with finite Dirichlet integral). A.
Riemann surface on which ‘every AD-(resp. AB-, ABD-) function reduces to a
constant will be said to be of the class Oap (resp. Oup, Oanp).

M. Sakai proved in 1979 the followmg important theorem whlch we shall refer
to as (ST)=: |

(8T ‘ S 04p=0.4zp.
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An AD-(resp. AB-, ABD-) function on a subregion 4 whose real part
vanishes continuously on the boundary v of 4 ig called’ an AD’- (resp. AB°-,
ABD®-) function. A subregion on which every A4.D°-(resp. AB’~, ABD’-) function
reduces to a constant is said to be of the class SO4p (zesp. 804z, SO4zp). A Riemann
surface on which every subregion is of SO,y (resp ;S'OAB, SOABD) is sald to be of the
.clags 0%p (resp. 0%z, Olnp)- '

The following lemma (KL) is due to Kuroda™,

" (K'L) Lot 4 be a subregion and 4 the double of 4 along its boundary. Then
4 EOAD (resp. Oum, Oupp) if and only if A€ 80,y (resp. 804z, 804zp).

The proof is straight forw ard and will ‘be omitted.

From (ST) and (K'L) follows immediately

Corollary 1. 80.4p=80.43p, 0%p=0%:p.

§ 2. Stoilow Principle and its Converse

A Riemann surface B issaid o have (Lp)—(zesp. (Lg)-, (Lsp)-) property if

for any subregion 4 with boimdary v on R and for any AD-(resp. AB~, ABD-)
function f(z) on AUy, |f(z) | =M =const. on y implies |f(z) | <M in 4. We have

Lemma 1. The following statements are equivalent™:

(i) RE€O0ip.

(ii) R€O0isp-

(iii) R has (Lp)—property.

(iv) R has (Lgp)—property.

Proof For (i)—>(iii) and (ii)<«>(iv) see [4] That (iii)—>(iv) is evident and
$hat (i)«>(ii) have been shown in Corollary 1.

Let R be a Riemann surface spread over the complex sphere and & a domain on
‘the complex sphere. A. component of the set (assumed non—empty) of all points on
R whose projections lie in @ is called a pennisula over G. A pennisula of B over G is
lacunary if its prOJectlon is not dense everywhere in G.

Theorem 1. A Riomann surface RE 0%y if and only zf for every subregion A
with boundaty y on R, for every meromorphic funciion f(p) on AUy and for every
cireular disk G such that f(y) NG =0 ard f(4) NG +@, every lacunary pennisula over
‘G of the Riemann surface f(\zll/) produced by f from A has infinite spherical area.

Proof  Suppose that for a Riemann surface B the condition stated in. Theorem
1 failg to hold, then there exists a subregion 4 with boundary ¥ on R, a meromorphic
function f on dUyanda c/iEa,ular disk G as discribed above such that there is a
lacunary pennisula @ of f(4) over G with finite sphreical area. Since @ is
Tlacunary, there exists a point wo € @ and two positive numbers 7 and s, such that
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the two circular disk @, and G- of common center wo and radii 9 and & respectlvely

are included in G and such that G,,Nf(4)*0 and G, Nf(4)=0. Hence f(A) has a.

lacunary pennisula @g, over G, with finite spherical area. Denote the inverse image
of @g, on. 4 by 4, which is again a subregion with boundary v, on R, Define

g(.Z’)"’f(p) — o Z)EA,,U%,

thlen._ :
—,,17< lg(®) | <%, pE4,Uvy
1
9(p) = DPE Y @
and there exists at least one point p, € 4, such that '
9o | >2. | @

Moreover, g(p) is an AD-function. on 4,. In fact, denote by Dy (v) and Dj(u) the
‘Dirichlet integral and the spherical Dirichlet integral respectively of a function
on a domain Q, then '

Duo = %@%ﬁwd%é—{ [I7@ 1wy ®)

(L+n)2 f@]* A+ e
< pe .U d+ lfzz) BE dw‘zf'/<f‘—84—‘— D, ()

<LED” pi(f)<+oo,

where z=a;+%y denotes the local coordinate of the variable point p in 4.

It follows from (1), (2) and (3) that B has not (Ip)-property, hence by
Lemma 1 BRE 0%p. The necessity of the condition is proved.

In order to prove the sufficiency of the condition we suppose on the contrary
that R€ 0%p. Then by Lemma 1 R fails to have (Lpp)—property, i. e, there exist a
subgregion 4 with boundary -y on B, an 4ABD-function f(p) on 4 whose modulus

continuously equals to a constant M on v and a point p; € 4 such that |f (pi) |>M.

Hence
M<s1§§) [f(p) | =M< +oo
P

gince f(p) is bounded. Consequently there exists a point w, € F(d) and |wy| = M.

14 — .
M then GNf#0, @0
- F(?) =0 and there is at least a lacunary pennisula @ over G of the Riemann surface

NS
J(4) produced by f from 4. Since f is an AD-function, @ has finite area and hence

finite spherical area. This shows that R does not satisfy the condition stated in

Let @ be a circular disk of center w, and radius

Theorem 1. The sufficiency is proved.
A totally disconnected closed set & on a Riemann surface is called AD-(zesp.
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AB-, ABD-) reinovable if, for every neighbourhood @ of E, every AD-(resp. AB-,

ABD-) function on. G\E can be extended analytmally to be an AD-(resp. AB-,
ABD-) function on G.

Lemma 2. Let R€0Yy, Q2 be any subregion with boundary o on R and. w=f(p)-

be a meromorphic function on QUa. Let G be a simply connected bounded subregion on
the complex w-plane such that G- Sfle)= ¢ and GN F(Q) #0, and let 4 be a compon@nt
" of the set {p|f(®) €EG}. If G\ f () s non—AD-removable,. then

sup ny, (w) = +o0,

where ny,(w) for @ given w is the cardinal number of the set f11(w), and fi(p) s the
restriction of f(p) to 4.

Proof Since H=G\f(4) is non—-A4D-removable, the double f (A) of f(4) along:
the boundary o of @ does not belong to Osp. By (KL) we have f(4) € SO4p and
there exists a monconstant AD-function p(w) on f(4) whose real part vanishes
continuously on ¢. Evidently 4 is a subregion of R. We denote its boundary by 7.

Then. pof(p) is a non—constant analytic function on 4U p, whose real part vanishes:

continuously on 7. If ‘, _
sug ny, (W) =n< 400,
we :
then .
D(peof) <nDq(p) < +o0,

so that RE 0%p. This contradiction shows

sup ny, (1) = +oo.

weG

By means of Lemma 2 we are able to establish the following modified Stoilow
principle for meromorphic function in a subregion on a Riemann surface of 0%;.

‘Theorem 2. Let Q be a mnon—compact subregion of REOip with compact
boundary a and. w=f(p ) be a non—constart memmo'rphio Sunction on QUa. Then the
supremum of the valence function ny(w) =card{pE€Q|f(p)=w} is bounded is and only
if the cluster set Og(f, B) of f at the ideal boundary B of Q is AD-removable.

Proof To prove the necessity of the condition stated in Theorem 2, we show’
that the non—AD-removabllity of COp (f, B) implies the unboundedness of nyp(w) ..

Slippose that Op(f, B) is non—AD-removable. Denote by A the subset of Co(f, B).

consisting of all the points each of which possesses no neighbourhood interseoting
Co(f, B) in an-AD-removable set. Then it is not difficult to see that 4 is non-

empty and perfect, and every point of 4 possesses no neighbourhood intersecting 4
in an AD-removable set. We denote by 4, the intersection of A with an arbitrary
closed oircular disk centered at-a point wy € 4. There are two possible cases: n;(w) =0

for all w € Ay or ny(ewy) >0 for some w; € Ao.

If it happens o be the first case, then we may construct a non-compact
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subregion £, with compact boundary &y such that QyUay Q2 and f(op) N.Ao=0.
Sinoce f(as) is compact, there exists a eircular disk 4 centered at a point o € A4, such
that 40 f(a) =@. Hence by Lemma 2, the valence function of the restriction Jo of
J 1o £ and consequently ns(w) should be unbounded. This is what we want to
prove, ' '

COonsider now the second case, i. e,

ng(wy) =ny >0 for some wy € 4.
"We shall show that the assumption sup ny(w) <oco would lead to a contrad.lctmn For
then we should have 0<ny<co and may assume without loss of generality that wy
is not the projection of any branch point of the n; sheets of the Riemanmn surface
],"'(\/Q) produced by f from 2 that cover w;. These n; sheet should cover schlichtly a
common olosed circular disk 4; centered at w,. Denote A;=4,4y. Removing the
inverse image of these mny sohlicht islands from Q we get a new non—compach
subregion. €21. Denote f; the restriction of f to 2y, then
sup iy, (w) < sup ny(w) —ny<sup n; (w) —nyg.
If it happens 0 be that sup ny, (w) =0, then. by the same arguments as in the

preceding paragraph, ns, (w) and consequently ny(w) would be unbounded, and we
arrive at a contradiction. If otherwise for some wa.€ Ai, ny, (wa) =’"'2>0‘, then the
similar procedure may be repeated so as to obtain a non-compact subregion 2, and
the restrlctlon Ja of f3 to Q, such that |
sup g, (w) <sup ny(w) —ny—nq.

Since sup ny(w) is assumed finite, by repeating the same procedure at most finite
times we shall get ultimately a positive integer # such that

sepm0=0.
ﬁvhere Ay, Ay, oo+, Ay and fy, fa,-+, fi are understood obviously. Therefore ny,(w)
and consequently ns(w) should be unbounded and a contradiction is obtamed The
proof of the necessity is completed.

Next, suppose that the cluster set Op(f, B) is AD-removable, then w=f(p)
‘has localizable Iversen’s property™. By Stoilow prmclple we have

:_, sup ny (fw) < oo
and the sufficiency is tenable.

§ 3. The Essential Maximality of a Riemann
Surface of 0%,

Theorem 8. If RE OYp, then the following statemenis are true:
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(i) R is essentially magimal,

(ii) If ¢ is @ conformal homeomorphism of R into @ Riemann surface B, then
B\p(R) is AD-removable.

(iii) Any two mawimal prolongations of B are conformally homeomorphic to each
other. »

Proof Mo prove (i) we suppose that B is a prolongation of R and ¢ is a
conformal homeomorphism of B into B. It suffices to show that B\p(R) is totally
disconnected. If, on the contrary B\p(R), the complement of ¢(R) relative to E,
contained a continuum, then the boundary of p(R) relative to B would contain a
continuum O, Take wy€0 and a coordinate meighbourhood G of w,. We may
imagine @ as a closed circular disk on the compléx plane with center wp. p(R) NG
would have at least a component @ which would bean one-gheeted pennisula of

| p(R) over @, and G\ P contained a non—AD—removable set. This contradiets Lemma
2. Therefore (i) is true.

We now prove (ii). From the above we have already observed that
E=R\p(R) is the boundary of p(R) relative to B. By similar arguments it follows
that every point woE€XH should possess a neighbourhood @ with @& ﬂ B AD-
removable, (ii) is proved.

To prove (iii) we suppose that B; and B, are two maximal prolongations of a
Riemann surface B of 0% and ¢y and @, are the corresponding conformal
homeomorphism of R into B; and R, respectively. Take w;eﬁi\q)i (R) and a
sufficiently small neighbourhood G4 of w; whose boundary is an analytic Jordan
curve lying entirely in @; (B)™. As usual wo may imagine @, as subregion lying
within a circular disk. Then ggopi! maps ¢;(R) NGy onto a subregion Gy on. @.(R).

~ Since Ry\ps(R) is AD-removable, the inverse schlicht mapping popi can be
extended to be a conformal homeomorphism of the closure @, of G, relative to R,
into G4. This must be an onto mapping since otherwise Fy would be prolongable.
Therefore paopi® can be extended to a conformal homeomorphism of @4 into B,.
Letting w; range over the whole By\p;(R), we assert that gsopi? can be extended to
be a conformal homeomorphism of B; into Ry Since R, is maximal, this is an onto
conformal homeomorphisi:h (iii) is proved.

Corollary 2. If R€ 0%z, then the following statements are irue:

(i) R is essentially mawimal. »

(ii) If p s a conformal homeomorphism of R. énto a Riemann surfaco R, then
B\p(R) is AB~removable.

(iif) Any two mawimal prolongations of B are conformally homeomorphic to each
other.

Proof (i) follows immediately from the fact that O%z0%p. (ii) and (iii) may
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be proved in a similar way as for Theorem 8. _

We note that there exists a maximal Riemann surface FE 04", Let E be an
AD-removable set on. F, then F'=F\EE 04p. So F' €0%p. Thefefore, (1) and (i) of
Theorem 8 are not sufficient conditions for a Riemann surface to be of 0%p.

It is known that a Riemann surface B of finite genus belonging to Osp is
essentially maximal and all closed extensions of R are conformally equivalent™,
However Myrberg’s example ™' shows that there is a Riemann surface of infinite
genus belonging o O,p but not essentially maximal,
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