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CIOSED-LOOP SYNTHESES FOR QUADRATIC 
DSFFERENTIAL GAME OF DISTRIBUTED

SYSTEMS
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Abstract

To differential game problems of linear distributed parameter systems with quadratic 
criterion; closed-loop syntheses of optimal strategy are proved and solution of related 
operator Biccati equation is investigated.

§ 1. Introduction

Differential games of distributed parameter systems are of interest to some 
practical examples such as pollution control and competitive fishing in a water 
region^3. The latter problem, especially, can be formulated as a game of parabolic 
system with respect to quadratic criterion.

In  [2] (Chap. 6) various results are given on the properties and the open- 
loop necessary conditions of quadratic optimal strategies of linear distributed 
parameter systems.

In  this paper we explore the closed-loop syntheses of such a class of differential 
games described as follows.

Let real Hilbert spaces X , U and V be the value spaces of state as(4), controls 
u(t) and v(t) respectively. ia> 0  fixed. Denote 3T =U  (0, fa; X ) ,  (0, U).
and =  L 2 (0, L; V ). Consider a linear evolution system

x(t) = T (t)a> o + ^ T (t~ s)iB u (s) +Cv(s)~\ds, t > 0, (1.1)

and a quadratic criterion

J (m, »)-<Q®(*j) ,  »(*»)> +  £  [<Wx(t), ®C0 > + < S 1“ (<)> “ (*)>+<& «(<). » ( * )> ] * ,

(1.2)
the game problem is to find a strategy (w*, v„) £  X 't ' such that

J (w*, v) < / (w„ %)< J (и, ®,)> G %  Vv£  (1.3)
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J v(u, v) =  <,Qx(tf), » (fe )> +  f l<Wx(t), m(t)y-\-(Riu(t), w(*)>J T
4-(B 2v(f), v(t)y]dt, (3.2)

where wG =  ti, U) and a>G F ) .
To (Q P)V we attach the subscript r  to the counterparts of those operators 

shown in § 1 and § 2. Ф > 0  implies Фг> 0 and W< 0 implies WT< 0  by null 
extension.

Lem m a 1. For any given x0z G X ,  the unique optimal strategy (x^, v+f) of 
(& P)r can be expressed by

u ^(t)=M v(t)x0r, *G l>, У ,  (3.3)
where operators Mr(t) and Nv(t) are strongly continuous with respect to t and such 
that

sup \M v(t)\nx-,m <°o, Sup \\Nr (t)---' 0 (3.4)

Î Ovt

H z '- \

(3.6)

(3.6)

(3.7)

Proof Analogous to (2.3) and (2 .4 ), we have

М  =  - я - 1 1 K -WT( '- ' * ) + z i r Q T ( t 1- 't)
W J  T \ L lW T (- - r )+ L tr(^ (h -n f)  .

in view of (2 .6), Щ 1 is given by
' П”1 - П - 1 (K lW Lr + K lvQLlvyF ^ '
, -  Г - 1 (L*TF K r + LlrQK  iT) 1 ' 2 V  ' ,

where . . .
я т= фт-
r v=Wv— (L*rW K r + L trQ Klv) Ф? (K*WLZ +K*lvQLlz) .

By (1.4) and (2.6) it can be seen that
sup | Я Ж 2 Ч - - * ) + ^ д а ( * ! - * )  I а д в д ш г о ^ 00) 

sup ||L*TFT(• —r) 4-AiTQ27(h —r) |U(x!oaT,«I];7))<00; 

sup | |Я Ж ^ + Я ^ ^ Я ат|| ̂ (оат.е,); Г)! car,hi; Ю) <  °°>0<T<s<i
sup || A"r + L lrQKlv 1 (car,tii; w, oar,hi; vo <  °° .0 <r<ti

As Hypothesis 1 implies sup ||®r1|Uc«T) < ° °  and sup < ° °>  ^  turns out0<T<fi 0<T<!i
from (3 .7), ПГ>ФГ and that

(3.8)

sup ||H;1||Wr) <oo , sup 1 Г г 1 Inn) < ° ° -0<T<ti 0<st<s£i
(3.9)

Taking note of (1.4) and (2 .6), we have the explicit expressions of

(Фхд) (t)=*Ihg(t) + ^ Z ±(t, a ) g (<r)dcr, g G 

ft» .
(WTh) (t) =  B 2h(t) + 1 Z2 (t, a)h (a)da, h G "F'r,

Фг and Wv:

. (З.Ю)

Rrhere
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а д ,  <r)=B* Г т * ( ь ~ т т ( ь ~ а )  +  {и T%V-t)W T(v-(r)dv ] в ,
L J max(i,«r) J

Z2(t, a ) = C *  \ T ^ h - m T i h - ^  +  i*1 T*(V-t)W T(y-(r)dr) 10 ,
L J  max(t, o-) J

a < r ) € [ r , i a] 2. (3.11>

Similarly to the Lemma 3 of [3], Фг and Wr are bisections on О ( [т, ; U) and
0 (  С'®', i?i]; V) respectively, and

sup 1 Фт1II ifccccr.ij; TO <  ° ° ,  SUP || || 2 (С(\хМГ, TO < 0̂0> (3.12)0<T<tx 0«ST<<i
Hence, (3.7) implies that IIV and are bijectipns on 0 ( [r, if}’, U) and О ([г, tfj; 
F )  respectively, and

SUp IIl^1|U(C([r,t,l;ro<00> SUP I I 11|j?(C([r,ti];Г))< °°- (3.13)0<T«fi 0<T<{i
In fact, for example, if l l vg = f ^ 0 ( [ r ,  if]’, 77), we have

1Ы1с«т,п];£о< sup WnA^Ziit, <j)g(v)da\ -

+  II тгг1 + К 1 Д Ь 1Г) W’-\L IW K Z -hlAvQKir) 9 II ссст,у; to ,

+  1-ВГ1/11о<[т,Щ;Р> '

<con st|p ||^+con st||/|oaTl<l].i7, . , . -
< constIIПъЦясих') ll/I&x+ OOnSt 1 / 1 c([T,il];V)< const fl/||c([T,m:P).

Combining (3.6) and (3.6) with (3 .8 ),73 .12) and (3.13), we obtain (3 .4 ). 
Lemma 2. For any given ж0 6 X , the optimal trajectory of (GfP) is .

^*00 =(?(#, i )  « . 0 -<?(*, 0 > 0> (3'.1'4>
where G(t, £) (0 < £ < 7 < 7 i)  is a family of mild evolution operators with uniformly■ 
bounded norms. The optimal strategy (ад», -и*) о/ (GfP) is given by (2.7) where the• 
feedback operator P (*)  is characterized in Theorem 2.

Proof The optimality principle of dynamic programming indicates
a;*(;5; 0, «о)-«•*(< ;.&  ®* (£‘> 0, «о))» ic0G l .  (3.15>

Let (?(i, r) be given as follows

(?7 , < r )= 7 (i5 -T )+ Jt T ( f - s ) [S M T( s )+ C 7 T(s)]ds, (3.16?

where Mr (>) and N v(*)  are shown in (3.3). Hence (3.14) holds. (3.16) implies5 
that G(t, r) possesses the evolution property and it is strongly continuous with 
respect to t£  [r, tf\. (3.4) implies that \\G(t, v)fl^w  are uniformly bounded for 

These two facts in turn imply its strong continuity with respect to- 
t £[0 ,  t]. ’

Substituting (3.14) into (2.1), we obtain (2.7), where P ( * )  is given by .

P (t)= T *(h -№ G K ti,t)+ \y *(c r- t )W G ((r ,t)d c r ,t£ lO , tf}. (3.17)

Similar to the proof of the Lemma 6 of [3], it can be proved that P (*)  given by
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(3.17) is a Strongly continuous and Self-adjoint solution of the Riccati equation
(2 .8) . Q. E . D. 

Thus we have completed the proof of the “only if” part of Theorem 2 except
(2.9) which will be proved later in lemma 6.

2. Proof of the “if” part of Theorem 2.
Lemma 3. Let F  be any self-adjoint operator in L£(X ) . For any two game 

processes {щ, и, v, со} and {cc0) u, v, a ), the following identity holds:
<гТ (о—«)*(<), 5P(cr—

=  (Fcc(<r), - » )» (» ) , T (<r- «) [B «(O+tfw ( •) ]> *

—|  <JFT(<x—s)ce(s), T ( a —s) [Bu(s) + O r(s)]> d s,0 ^ < cr . (3.18)

It can be verified directly.
Lemma 4. Let P {t) (0 < t< ii) be a strongly continuous and self-adjoint solution 

of the Riccati equation (2 .8). For any two game processes {%, u, v, ce} and u, v} 
a }, the following identity holds: I

<P(t) a,(*), x(t)>

. = < Q < h ),. * & ) > - £  <®00, Р(») [# *(•) +O v(s)}}ds 

—|  (cc(s), P (s) [Bu(s)+0<v(s)2yds

+ £ < C r - P ( s )  [B R l^B *+0R 210*2P (s) ) oo(s) , x(s)}ds, t £  [0, * J . (3.19) 

Proof Let F  =  Q in (3.18), we obtain 

<QT (<! — <)«(*), «)»(<)>

~ \ ‘'< Q T (h -s)i(s) , T th - V  IBvAs) +0®(s)]><fe. (3.20)

Let F ( g ) = W —P (a)(B R ^ 1B *+ 0 R 2 10*)P(cr) in (3.18). Then integrate it 
with respect to cr£ [t, tf\, we obtain

{ jV (o - - t )  ( I f --P(cr) (B R ^ B *+ O R 2 1C*)P(cr))T(<r—t)do-a>(t), w(t) }

I B P ^ + O R f O 'l P i s M s ) ,  a(s)}ds . : .

' -£*<«(«), { j V ( u - s )  ( I f-P (c r )  [B R ^B ?+ <Ж гО*] P(cr))T (a - s)dcr I

{Bu(s) +Ov(s)}yds

, - j /< ^ ( s ) ,  { J V  (o-.-s) ( If-P (o -)  [BR ^B * +O R 2 10 *]P (a-) ) P (cr —s)dcr j

, , {Bu(s) +O v(s)}}ds. . . (3.21)
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Summing up the two sides of (3.20) and (3.21) respectively leads immediately to 
(3.19).

Lem m a 6. Let P (f) ( 0 bo a strongly continuous and self-adjoint solution 
of the Riccati equation (2 .8). For any given жо£Х, i f  a strategy (ад, да) and its 
corresponding trajectory ж satisfy

w (*) ==
• v ( t ) - - R j [ 10*P(fi)ai(t),

then J  (ад, да) =  <P(0)ж0, ж0>.
Proof Let {%o, u, v, ж} =  {ж0, u, v, ж} and t = 0 in (3.19), we obtain

[0, tf], (3.22)

<P ( o > 0, > - / ( « ,  v ) - [ t\ R 1(u ( t )+ R f1B *p (t)x (t)), «0 0  + j *t1b ,,p ( 0 « ( 0 > ^Jo

- ( ^ ( д а ф + Р г ^ Р ф К О ) ,  да(04^Ч ГР (0»(0><**- (3.23)
Jo

Hence, if (ад, -в, ж) satisfies (3.22), then J  (ад, да) =<(Р(0)жо, ж0)>.
Lem m a 6. I /  Ф >0  <wd! W<,0, and P (t) (0 < ^ < ^ ) is a strongly continuous and 

self-adjoint solution of the Riccati equation (2 .8 )> iAen for any given ж0£ X , the 
feedback strategy, (ад, да) удадаеп 6о/ (3.22) mMsi be the optimal strategy of (GtP).

Proof For any given ж0£ Х ,  the game process {ж0, ад, да, ж} is given by(3.22), 
and for any ад £  we have another game process^ , и, да, ж}. Denote ад„=ад—ад, 
.жв=ж —ж. Obviously, же is the trajectory corresponding to the initial State zero and 
the strategy (ме, 0).

J  (U, «) | *(0)=*. =  J  (« , «) 1*«»=*. +  /  (We, 0) | ге(0)=0 +«7i, V« 6  ^  (3.24)
where

жв(0 >+£1[<^®(«), 0«(O>+<#i«СО» «•(<)>]*}•

According to Lemma 4, now for the two game processes {ж0, ад, да, ж} and {О, 
«е, 0, жв} ,  taking £=0 in (3.19), we obtain

0=<Р(0)ж 0, 0>=<Qz(;h), жв(#1 ) > - | о1<ж(«), P(s)Pw«(s)>ds 

- J ‘< * ( 0 ,  P (s)lB u (s)+O v(s)']yd s+^<kWx(s)i xe(s)yds

- £ < P ( s )  IB R ^ B '+ O R ^ O ^ P is)ж(s), < * ( « ) > & = ! / ! .

Hence, e7"i=0. According to (2 .2 ), we have
J  (ue, 0) (*<,(0) =0 =  Me^^O.

Thus J  (ад, да) | * « » - * ,> / ( « ,  да) | »«»=«.. Similarly we can prove that J  (ад, да) |з,<о)=*.> 
X (ад, да) U(0)=*. for any да£ ' Q. E. D.

Thus we have proved the “if” part of Theorem 2. The proof of this theorem is 
-completed.
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§ 4. Solution of Riccati Equation (2.8)

Hypothesis 2. U and V are finite dimensional spaces.
By introducing new equivalent norms of U and V s we can assume

Rt =Ixj and Ra=  —Jy
for brevity.

The open-loop equation (2.3) can be written concretely as follows:

(4.1>

where 1 = flu
- i } and

E (t, a )
‘ B * ' 
V *

T *(h -t)Q T (h -(r )  +  Г  T*(y-t)W T(r)-o-)dV (В , О). 

(4.2>

y(t) ccq) ^ rI’*(ti —t)QT(t1)xo+^ T*(cr — t)WT((r)dcrxo.

For define an operator Е г £Л?(&тг X У f) by

(
w\l  си ( u(cr)\ tu \

1 ( 0  r j  ,E  (t> «0 ( v ((r) W , < G [V, <J , ( j  e  X ^  (4.3).

where J57(f, cr) is shown by (4.2). As cr) is a matrix-valued function “which is< 
continuous with respect to (t, cr) €  [0, tf j2, E r is a self-adjoint Hilbert-Schmidt, 
operator on °UX x У х. ' ;

Define an open-loop resolvent operators A f^ ^ X  y f )  by ,
f c - X y - t f r + E y ) - 1, (4.4)..

f I «
where

-n
and Zn  are the identity operators on and ^  respectively. As XT+ E V=H^- 

is invertible, (4.4) is well-defined.
By a similar approach shown in [4], § 2, we can prove the following result. Its 

proof is omitted here. ’ *
Lemma 7. Under Hypotheses 1 and 2, F r admits the following expression

^ т ( " )  ( 0 - ^ Д < г) ( “ ^ ) аг, (4.6).

where the kernel F r (t, cr) is a unique solution of linear matrix integral equation

- F r (t, a ) = l E { t ,  a ) X - ^ l E ( t ,  V)Fv(fl, a)dV : ; >

=*XE(t,cr)X — J * F tt(t, V)E(V, cr)XdV, (t, cr) 6  [v, hY, (4.6)»
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>and F v(t, <r) =  F*x(cr, t) is continuous with respect to (r, t, or) on
A =  { ( t;, t, <t) r<cr<# i}.

The following result indicates that the unique solution of the Riccati equation 
{2 .8 ) can be expressed by means of the resolvent kernel F r (t, <r).

Theorem 3. Under Hypotheses 1 and 2, the unique strongly continuous and 
self-adjoint solution of the Riccati equation (2.8) is given by

P ( i ) = r ( ^ - t ) Q 2 T(«1- 0 + | V ( o — t)WT{<r-t)d<x

^ y \ t 1- t )q T { t1- 0 { B B * - o o ^ T \ t 1- m T { h - m

- f t l f  <TT *(c r- t)W T (< x ~ g )(B B *-0 0 *)T \t1-g)Q T (t1-t)dgdo
J t J t

- [ t'\ °T \ t1-t)Q T (t1-g)(B B *-00*)T *(cr-g)W T (<T --t)dgd(r
J t J t

0) MS, Ч) (д.)а” (fx-v)m ti-t)dvdS .

t1 f a  rtt
T* (o- - 1) WT (o- -  g) (BB* -  00*) T* (v -  g) WT (J] - 1 ) dv dg da

>t J t J t  ' . ■ ■

Ш а
T \ o - t ) W T ( o - S ) ( B ,0 ) F , ( t ,v )  .

t - - - ■

X ^ y ^ h - V j Q T i h - t y g d v d a

4- T X h - m T i h - v )  (В, 0 )F t(V, g)
J t J t J t

x ^ ,W ( o - f ) T f 3 ? ( c r - * ) ^ « 4 f o  . . .

+ £ Ш > ( 0- < ) Ж1’ (0- « ( В ,  0 ) Ж, (t,p)

X ^  |тЧ Ч  -  p) (•> -  /.) dp, dvdt da, t S  [0, ( J ,

■ where F r (t, <x) is the unique continuous solution of the equation (4.6).
Proof From (3 .8), (3 .5 ), (4 .1), (4.4) and (4.5) we obtain

/  Ж, ( г)^— я*  j  ( r  + J V ( c r - O i m ° - - * ) * r )

’в*’ 
xr

(4.7)

+JV.(<, 0-) f .  утхн-о-)0!Г(к-*)

■ P^T*(r]—a)W T(y?)dri)dcr. 

.Substituting (4.8) into (3.16) we have

(4.8)

• .• ^  / jyj
GKt, * ) - Г ( * - г )  + |^ Г ( * - . ) ( В ,  0 )f  JJ lfrC ^

( • ) ,
Ids
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- I 4 < - T ) - £ r ( < - s )C B , » ) f

-bj" T*(cr-~s)W T(a—r)d<j)ds 

+ £ 2 ’ ( i - s ) ( S , 0 ) J ' X ( s , < r ) P V r ( i J - tr)QZ’ (1!1- * )

+ J  y*(V-ar)W T(V-v)dv)d<rds. (4.9)

Then substituting (4.9) into (3.17)/after rearrangement, we obtain finally (4.7).
Theorem 4. (Olosed-loop Theorem II) Under Hypotheses 1 and 2, (ад*, vfj is 

the optimal strategy of (GP) i f  and only i f  it is the linear state feedback given by

(Г*((* ) ) " [ -Л (< ’ t ) + 1 1 / * (г> ® A(£' {) c°, (4.10)

where I  =
(Iv

- I t
and

A(t, ^ - ( ^ ) \ T \ t 1- m T ( t 1~ < r)+  Г1 T *(£ -t)W T (£ -< r)d £ l
\ U  J  L J  max(t,o-) J

(,t, cr) €  [0, t j 3. (4.11)
Proof According to Theorems 2 and 3, it remains only to show that the result

'B *
of left multiplication of (4.7) by-

O*
is no other than the feedback operator

shown in (4.10). In fact, such a result contains ten terms where
i) the sum of terms 1 and 2 is equal to — A(t, t);

ii) the sum of terms 3, 4, 6 and 8 is equal to

f,(f. «(д ,
and iii) the sum of terms .6, 7, 9 and 10 is equal to 

Thus We have proved the conclusion of this Theorem.
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