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ON COHOMOLOGY OF INFINITESIMAL
NEIGHBOURHOODS OF COMPLEX
MANIFOLDS

X140 ERJTAN(H 4:{@)*

Abstract

In this paper, we introduce the concept of the (%, 1)-th ¢~ inﬁnitesimal neighbour-
hoods of complex manifold M and difine defferential modules F§%-,,1-¢ and 4,5, for
the (%,)-th = infinitesimal neighbourhoods. We prove some fsomorphism theorems of
cohomology and hyper cohomology concerning ﬁg,,,‘_p and Q% ,-,, as follows

He (M, ﬁzf ber) S HZ U, Ty 1o0),
| H2 (M, fy,,) ~HE2 (M, ©)
and for hyper cohomology
- H2 (M, ﬁ}’k_*)zHP(M, 0),
H? (M, Qi) = H? (M, O).

The concept of the %-th infinitesimal neighbourhoods was introduced by A.
Grothendieck™, B. Malgrange™ used the k-th infinitesimal neighbourhoods of O~
manifolds to Lie equation theory. In [4] we introduced two kinds of differential
modules 9% ,._, and Q&,k_,,' for the -t h infinitesimal neighbourhood. In this paper
we prove some isomorphism theorems of cohomology and hypercohomology
concerning 3% ., and Q% ,_, for complex manifold M. We introduce the concept of
the ((k, 1)-th O™ infinitesimal neighbourhood of complex manifold M and define
the differential module of (p, ¢)~type & ¥%- - for the (4, 1)-th O~ infinitesimal
nelghbourhood The main results are as follows

He(M, Qy ) = HY(M, 7 M,k—r.l-—*)
ThlS is similar t0 Dolbeault isomorphism theorem
If o7 ei= @ 2% %—p,1~¢, The cohomology groups of the complex % 2 are

pig=r
H? (M} MM,E,I)NHDR(M: G):

where H%,(M, C) is the p—th complex valued O° DeRham cohomology group of
M. |

On hypercohomology, there are :isombrphisms
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He(M, 3y p) =~ H? (M, C),
H (M, Qypx) s H*(M, Ox).

All symbols and concepts concerning complex manifolds we usc here follow
those in [117.

Suppose M is an m~dimensional complex manifold. Of is the sheaf of germs of
complex-valued C* functions on M. §? is the sheaf of germs of O~ forms of type
(p, ¢) on M. Oy is the sheaf of germs of holomorphic functions on M. Oy is the
sheaf of germs of antiholomorphic functions on M. Q3 is the sheaf of germs of
usual holomorphic p-forms on M (it is denoted by QY in [4]). M® is the holomor—
phic f-th infinitesimal neighbourhood of M. Oy is the strucure sheaf of M@,
€% -, and QY 5, are sheaves of germs of holomorphic p—forms defined in (4) for
M®, '

At first we describe the holomorphic differential modules 9% ,_, and 2%, by
somewhat different way so as o match the content of this paper. Let 4: M—>M x M
be the diagonal map and my (or wa): M X M—>M be the projection to the first (or
second) factor of M X M. ai (or m3): Oy—>Cuyy is the pullback by my (or ws). Let
#’s denote the points of the first factor of M x M and g’s denote the points of the
second factor of M X M. If y,—=, =1, -+, m, in M X M correspond to the formal
coordinates &, =1, ---, m of Ju, (see [4]), du, and d(y,—a), i=1, -+, m, in M X
M correspond to de;, and d¢,, i=1, -, m, in By, 41 Tespectively, the projection
p° Ouxa—>0uw induces the following commutative diagram

p .
ﬁMxM——'—?ﬁMm

di ld

a~
QMXM )QM,kr—i"

- Therefore ﬁM,k_J =QM¥M®@xxjﬁM‘k-1’ l A(M)» Similarly ﬁg{;k—p"—"gil)(ﬂ@@;m Mk-p> | Ay We

can consider that d is induced by d. Similarly, let ud be the partial differential with
respect t0 y on M X M and ;Quy.x be the module of partial differentials with respect

to y on M, i.e. nQMxM—-=§£ﬁMdery¢. Then, we have the followi.ng commutative
. §=
diagram

' b

ﬁMxM — ﬁMau
dl : lD'

Quxy —> i, 11,

O 9= 1282 ® o Oio-n | sy and D is induced by d.
Let #” be the idea sheaf of Osxy generated dy =i f—wsf, fEOx and #” be the

idea sheaf of Uj .y generated by wig—wsg, 9 €Oy We define

jk+1,‘l+1 — (j/) I+l 4 (j/') I+l
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40 be the idea sheaf of O yu.

Definition 1. The (k, 1)—th C= infinitesimal neighbourhood of the comples
manifold M is the ringed space M %P = (M, Cgaws), whose underlying space és M and .
structure sheaf is “

Ot =03 wu/ B I (M
If U is an open coordinate neighbourhood on M, f(s, 7, ¥, ¥) € Onxu(U XT),

1 98 f(a, z,y, 1y N = = 1
xa|<7c§x}m<1 ! B! é;“ oy° 2 (y—2)*(y—2) mod FHHhI%,

f(wl E} g’ g) =
Hence )
Ot @) ={_ 3 fus(@, 5) (y—0)" (7 —5)" mod s¥+1+},
lal <k, 18] <
Definition 2. Let
851 = B ® o Osicon | sare
.ﬁi’j?k,; b8 @ Ogae—module and
DY, (U= 3 Oges(U)de" Ady™ Adz'E A dg*.

I+J|=p,| K+ Li=q
By 9:aliu—>altlf and O:afiky—>al%it, it is clear that
D(IHHLiHEe | = bt Bl

and .

. 5(j7o+1,l+iag[,q )Cjkﬂ N glq+1
Henoce 9:ally—>elityd and 9:afly—>allit induce 2: o 3 ,—)M §tia, , and 5:?([7&'?,%;—9
,M p9H | respectively. d =0+ 0:alily—>al @D RLs induces

0 =B +8: o Y, > ¥, DA Wb
‘The following diagranis are commutative

0
aiku —> af5Hf

projectionl iprojection
P
o 5% z——> Mﬁf“’% s

)
a3ty —> o5
projection projection

Mfmz“—")&{ﬂtqrleq
and
> @t
pIOJect1on projection
. Mﬁlkz_’"&{ffl Z@MEITGZ—I,
and the composition

d
Mﬁkz "'—> Mﬂ” 1, z@eﬂfw -1 > -»Q{ +2'q @&{ +1%511+11-1@Jf§l Teyl3
is zero.
We have a sheaf complex
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— - o

~ ~ ] 0 A 0 0
[ . 740 7 rep+1 o
Mﬁ,k—r,l—*’dﬂ,k—"r,l "—)' e — Mﬁfk—-r.l—p Mﬁfk—’-r.t-—p—i soc,

Theorem 1. There are isomorphisms of cohomology groups
Hp(M’ ﬁil.k—r) N-H%’(M: %ﬁfk—nl—*)) p=0, 1, oo
In order to prove the theorem we introduce the following sheaves and concepts.

, (2. _2_
Let T(a:.y) (M x M) —c (aﬂ}’; : 3{1/5 )ﬁ!’—"-iy it

M XM at(w, y) (see [1])and

" = ___3_ __3__
(@) (M X M) G (65‘ ! agj )‘vf=1v (21

be the antiholomorphic tangent space to M XM at (v, y). T'(MxM) is the
holomorphic tangent bundle on M XM and T"'(M X M) is the antiholomorphic
tangent bundle on M x M. We consider the vector bundle A?T"(M x M)® AT (M
X M) on M x M. Let Der%?(M x M) be the sheaf of goerms of O® cross sections of
AT (M x MYRAYT (M x M). If U is an open coordinate neighbourhood onl,
Dexy (M x M) (UxU) = . 3 Gia® (Z)" A (-gy—)” AMZ)" A (%)“ﬂ

E+Li=g

be the holomorphic tangent space o

Definition 8. Let
Derf$,:(M) =Der? (M X M) ® g, Otecrs | acary-
If< , >:Derf?(M X M) X aliku—>Osyx is the natural pairing,
C (Derlt (M X M), S rhirtapa S o ghil i
and
‘ { f”“‘i"“Derg"i (M X M), aflydC Irhi
The pairing { , »:Der%?(M X M) X afiky—>O%xy induces the pairing
y { , >:Dert (M) X Z Y% —>Ofwn.
By the pairing %ﬁ?k', is locally free Ofas~module with locally free basis
do’ Adyr Ndz E Ady*E, |I+J | =p, |K+L|=q.
We consider the linear subspace yT"eq (M XM)=C{dy}ies, . m Of the
holomorphic cotangent space to M X M at (=, ),
Dy (M X IL) = O{ds, A5}, =10wrm
and the linear subspace
. n'j"(m.w (M x M) =0{dy}i=tsmsm
of the antiholomorphic cotangent space to M X M at (v, y)
[l (M % M) = Oz, Y3} 1=,ome
They are invariant under locally holomorphic coordinate transformations on M.

‘We get vector bundles .
‘ HT’(MXM) = U MIITzw.y)(M.XM)

(@yWEMX

and " .
(1144 . /4
ol (MxXM)= W)gd‘xw 1%, (M X M),
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Let #%%y be the sheaf of germs of O™ oross sections of A”nf” (M x M) ®A4nf’” (M x
M). Locally

tu(UXU) = 2 Osixudy™ Ndy™’.
=q

Zl=p, |J|=

The partial differential ;d with respect to g can be decomposed into pd=52 +u? 4
where

Haf(m: 5} Y, é}-) = % dy‘

$=1
and

@5y, D=3 f - dj,

" where f(w, %, y, y) €O%xu. They are mdependent of holomorphic coordmate
transformations on M.
Definition 4. Let |
E-4 3= =% ﬂi&ﬂl@@xxxoz("‘” , Aty
Locally
$haO)= > Omw(U)Dcz/“/\Dy“

I\=p, |J
where Dy =dy®1 € 5%, (U) and Dy= dy®1 € LYY, (U). By the following inclusion
" relations
: na( Fht1, i g&au) Ity
and | ' _
(I Pae Ny Sl g
the partial differential pd: BY%y—>L L@ BLL mduces differential D: o/ §% >
&“‘,1‘_?1 DL L% 11 and we have the followmg commutative diagram.
g& - __, géfml q@@g{qﬂ
progectmnl projection _
%1 "‘“’ M B, z@&{ La,
It is clear that DD =0,
Now we consider the linear subspace

1l o, (M X M) =C {

3y. }4—1, ooy M ,'
of the holomorphm tangent space to M XM at(w, y) T, (M X M) and the linear.

subspace
1Tl (M % 20) =C {2}

of the antiholomorphic tangent space to M XM at (2, y)TV,,,(M xM). They are
invariant under the local holomorphic coordinate transformatmns onM. We have

t=ly e m

vector bundles
wl'(MxM)= ;ITéw,y) (M X M)

@, NEMXM
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and
ul" (M XM) = U 0L, oy (M % M)

Let Der“ (M x M) be the sheaf of germs of O~ cross seetlons of A*yT"(MxM)®
AT (M xM). It is a OMxM—module and locally
Doxt Ux M) UxTV) = 3 O @x0)(Z)" A(Z)"
Ox in=htn=g N % o/ °
Definition 5. Let '
Derp? (M) =Derg? (M X M) @oys it (b, 1) | saay-

O k01

There is a natural pairing < , >: Der?? (M X M) %X BYku—>O%xu and
{Derpt (M x M), SHLI G S it
& L Der?e (M X M), BYluyC I+t
Therefore the pairing < , »: D’erg,; (M x M) X Bliku—>Ofixy induces the pairing
| (Dorsa (M), Hs>->Cfics

and /%%, is a locally free Ogus—module with 100&117 free basis Dy"* ADy"’, |I|=

7=
Now we define the following ﬁltra,’olon for the eomplex (Jaf E R )

,,(M #oryi—q) =Ann ((Der%e-?*1  (M)@Derg i}, (M)),

O, o—1,1—q
where Ann means annihilator sheaf. Locally
LAC SN () LD SEgC 4 q(U)dw“‘/\d:'/”‘

|E+Ll=q,|ri>p
By the ﬁltratlon We can compute the speetral sequence
E3e _F JJlla!,k.mr,Z—p—q/-Z;,1)+1'f¢}ll,k;—r,l—p—p-
Locally

N

Ey(U) = %1 (U) dg"* NdzN
in=p=¢

and d§?: E"'q—>E”"1+1 is equal to 113 We have

> MM k-—-r,O(U)d;iAI; g=0,

Epa(U) =411
0 ¢=>1,

'and df"l Ef'q-—>E"’+1"1 is equal to 10, where

m af -
Iaf(‘”: !I), Y, ?/) _9=21 ’5;; d!l?g.

A7

We get sheaf exact sequence
0—>3Yy 4y —>EP° i—) B 0->.ee,
Henoe globally we got
© HY (M, 3y ) =E2°(M) =E2°(M) =H(M, J?{M ——
Theorem % has been proved.
We define sheaves -
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ngr M= (:) J&<& —p,q—1°

. pig=r

We get a complex

gf{,k,z: gg{,k.z“’""’JJﬁI,k,z —d> -52{5[4% >t
Theorem 2. There are isomorphisms of cohomology groups
H*(M, & jt52) = Hpe(MU, ©), p=0, 1,
where Hbp(M, Q) is the p-th complew—valued DeRham cohomology group of M.
We define a filtration for the complex (% 11, d)

Fo(Zyp)=Ann( @  Der® (M) Dexgf—si—s (M)

a-te=i Citslo~ty1~§
+d=j
. a+bfr—%+1
¢+d=p—
Locally
Byr={ ' ﬂtJKL(fU, w, ¥, g)dw“/\dyu/\d%m/\dgw},

1T+ E L=t
AL

where mJK‘L(w, .’?7, Y, y) EOy(x—uwx.l-xmzu. The differential dg,q: E'8"1—>E8"1+1 is equal to

"We have
2 “%b: q=0,
B —{oto=r i
0, ¢>1, . ’
and dP?: Bpi—>E*1 jgequal to d: D) o’ 3 a%’. Globally we have '
e+-b=p ctd=p+1

H? (M, S jes) =By (M) = B2 (M) = Hpa (M, ©).

Theorem 2 has been proved.

Corollary. Poincare Temma holds. for the complex %

Theorem 8. The hypercohomology grcups cf the complew By ye and B .« are
as follows:

H*(M, Byr-0) =H*(M, Q) =H*(U, ©),
where H*(M, C) are cohomology groups with complex coefficients.
' H*(M, Q) =H*(M, Oy).

projection

Let ¢ be the composition Q% 2 Qi —> Q% 1+ By (4) ¢’s induce quasi~
isomorphisms of complexes

I~ . o/~ P4
Q;[,k..*: ﬁM(kr—)' . "—)ng, 70-—1)_)‘93[-':7%—17—1_)' oo

1 t

Q;, : ﬁM_>..._> Qg{ - ‘ng+1_>
1 |
C : C - 0> 0 —>eee

Hence H*(M, Qi) =H*(M, Q3) =H*(M, C).
4: Ou—>Oyo induces quasi-isomorphism of complexes

‘Q';l,k-*: ﬁMU‘"’)'"'Q‘Qﬁll,lc—-p'_)*gglﬂtljci-*—i_*"’

T 1
Cu : Oy—>0—>=0 — 0>,

Hence H* (M, Q;[,k_.*) =H* (M, ﬁM) .
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