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ON COHOMOLOGY OF INFINITESIMAL 
NEIGHBOURHOODS OF COMPLEX 

MANIFOLDS

X ia o  E r j i a n  ( Я  Ш  * * *

Abstract

In  this paper, we introduce the concept of the (k, l)- tb  CM infinitesimal neighbour­
hoods of complex manifold M and difine defferential modules and j f ru,k,i for
the (k, i)-th  G“ infinitesimal neighbourhoods. We prove some isomorphism theorems of 
cohomology and hyper cohomology concerning and &тм,и-Р> as follows

H P(M,

С)
and for hyper cohomology

. HP(M, 0^_.)»Я*(М , C),
w (m , a*Uib-*)&w(M, eM).

The concept of the #-th  infinitesimal neighbourhoods was introduced by A. 
Orothendieck123, B. MalgrangeC33 used the i - th  infinitesimal neighbourhoods of 0 ” 
manifolds to Lie equation theory. In  [4] we introduced two kinds of differential 
modules ^ llc- p and for the Jc-1 h  infinitesimal neighbourhood. In  this paper
we prove some isomorphism theorems of cohomology and hyperoohomology 
concerning Q^tk~p and for complex manifold M. We introduce the concept of
the ( (Jc, l) - th  0 "  infinitesimal neighbourhood of complex manifold M  and define 
the differential module of (p, q)-type for the (Jc, i)- th  0 “ infinitesimal
neighbourhood. The main results are as follows

H P(M, OrM , k - r ) «s/jjf.fc-r.l-*)*
This is similar to Dolbeault isomorphism theorem.

If lijb-v.i-q, the cohomology groups of the complex я?м,к,г areP+q=r
H*(M, Ш ,к ,г )я Л и (М ,  C),

where H PBR (M , C) is the p -th  complex valued 0 “ DeRham cohomology group of 
M.

On hypercohomology, there are isomorphisms
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H ’ CM, (AT, 0),
Н Р(Ж, 0 m)- '

A ll symbols and concepts concerning complex manifolds we use here follow" 
those in  [ 1 ].

Suppose M  is an m-dimensional complex manifold. 0% is the sheaf of germs of 
complex-valued 0°° functions on M. is the sheaf of germs of 0°° forms of type 
(p, q) on M . is the sheaf of germs of holomorphic functions on M. 0 Ж is the 
sheaf of germs of antiholomorphic functions on I .  Qh is the sheaf of germs of 
usual holomorphic #-forms on M  (it is denoted by Q& in  [4] ). М (ю is the holomor­
phic #-th infinitesimal neighbourhood of M. 0 Жт is the strucure sheaf of M m. 

and are sheaves of germs of holomorphic p-forms defined in  (4) for
M m.

At first we describe the holomorphic differential modules Oh.m-p and by
somewhat different way so as to match the content of this paper. Let A: M->M x M  
be the diagonal map and sn (or яга) : M  X M-+M  be the projection to the first (or 
second) factor of M  x M. til (or uv2) : is the pullback by sir* (or or2) . Let
a;’s denote the points of the first factor of i f x J f  and y’s denote the points of the 
second factor of M x M .  If  yi—Щ, i = 1, •••, m, i n i l f x l  correspond to the formal 
coordinates £t, £=1, •••, m of J Mtli (see [4]), dx{ and d(yi-w i) , i = 1, •••, m, in  l x  
M  correspond to dso{ and d$it £ = 1, •••, m, in  respectively, the projection
p: 0MX1T+0 MU» induces the following commutative diagram

0мхм----
a a

QM x M -

Therefore Qu,jc-i—ОЖуЖ(£)е>их1[0 Жа-11 | aw>• Similarly @Ь,ъ-р~0$1х.м®Фихи&ма-г>\ aw)- We 
can consider that d is induced by d. Similarly, let nd be the partial differential with 
respect to у  on M  X M  and цОЖуЖ be the module of partial differentials with respect

to у on M , i.e. uQMxM=!£t0MxMdyi' Then we have the following commutative
. <=i '

diagram

' MxM *
a

'№*>
D

0 ЖуЖ~

Oh,-h-p—nOhxM®t>uxu@№*-» | AW) and D is induced by d.
Let be the idea sheaf of Ож%ж generated dy ovlf—wlf, f (~ 0 u  and J "  be the

idea sheaf of 0 ЖуЖ generated by vs*g—mtg, д £ 0 ж- We define
j ^jc+i ,2+i _  ( fc+i _j. ( г+i
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to be the idea sheaf of Om*m*
Definition 1. The (Jo, l)-th  0°° infinitesimal neighbourhood o f  the complex 

manifold M is the ringed space whose underlying space is M  and
structure sheaf is

— 1 Д(Щ,

If U is an open coordinate neighbourhood on M , f(x , x, y, y) £O mxm(U x U)„

f(,a> ,x ,y ,y )=  2  1 -ГН7  ~ — (У-®У(У-ЙУ  mod loci \e\<1 a ! p ! oy oy°
Hence .

Omcc,1)(X7 ) - {  2  f* e(® ,x )(y -® )a( y - * y  m odJ^+1' m >e|«|<fe, I/9K1
Definition 2. Let

&%,i ~  a$i%.M®e>mu Омам | aw) •
Я $% ,г is a Ou<.Mr-module and

Я ^% Л{И) =  2  Ou«,i> (U) dxAI f\d y u  /\dxKK t\ dyAL.
\l+ J\= p,\K+ L\= q

By 0:'a£f®ar->-aSxi? and Э:«Зк$лг^«&хло it is clear that
d (J* +1'l+1afelu) czS*>l+1a№t&

■and

Hence д:«&хя^«£хл? and d :a ^ M-> a ^+J- induce д‘Я ^ % ,г ^ Я ^ - 1,1 and д:Я%{%tl-+ 
Я ^ г -i  respectively. d^d+d:a%%M̂a%fx$®a$i>at induces .

d = d i t , i^w+i*
The following diagrams are commutative

«Й й ---- > в§йЖМ
projection projection

вйхж---- * аРхн
projection

flw---- >

projection

9+1 1
and

«йхи----*■ «Sfxif ©^хлг
projection projection

Iff®,! ----* fyflc.l-l)
and the composition

d
tJCfl Я & ^ Я г л и  — + Я & 2,г® Я & и -1 ® Я г ,к +1 з

is zero.
We have a sheaf complex
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r.* . rŶ r.O ^
U ,b - r , l ------------- >

э <**'*<„ _, i d
-------------- && X *ic-r,l-p-1

Theorem  1. There are isomorphisms of cohomology groups
HP(M, Qit'ic-r) ( i f ,  s / м*]с~г,г-*), P=Q, •••.•

In  order to prove the theorem we introduce the following sheaves and concepts.
( Л  Л  \

— ) be the holomorphio tangent space to
CXi oys

M x M  at (x, y) (see [ 1 ] )and

г и У) ( м х м у = с ( Л - г - J U )■ \8Xi dy3
be the antiholomorphio tangent space to M x M  at (x, у). T'(MX if)  is the 
holomorphio tangent bundle on M x M  and T"(MxM)  is the antiholomorphio 
tangent bundle on MxM.  We consider the vector bundle APT ( i f x i f ) ®AaT"( i f  
X if)  on i f  x M . Let Derg’9 ( i f  x i f )  be the sheaf of germs of 0°® cross sections of 
APT'(M X M)@AqT"(M x i f ) .  If U is an open coordinate neighbourhood o n if ,

DerП И х М Х и х Ю - ^  в » 0 7 )  ( £ ) “  Л © “ Л Ш ^ ( | ) “
иг+;ы=«

D efinition 3. Let
Der g$,,(if) -D erg’9 ( i f  X i f )  ® й \ m y  

If < , >:Derg’9 ( i f  X i f )  X а ^ ы->Омхм is the natural pairing,
<Der&« ( i f  X if ) , .У

and
< y fc+1-i+1Derg’9( i f  x i f ) ,

The pairing < , >:Derg’9( i f  x i f )  x  induces the pairing
< , > : D e r g x j £

By the pairing ^%л is locally free 02«,»-module with locally free basis
dxAI/\d yAJ/\dxAK f\dyAL, |J + . J |= p ,  \K + L \ =q.

# '
We consider the linear subspaee пТ'Са.,уу(МxM)  = 0{d2/{}i=i, ..., m of the 

holomorphic cotangent space to i f  x i f  at (*, y) ,
• ^(».i/)(if x i f )  =0{dXi, dyf!U}- i ...m

and the linear subspace
( i f  x i f )  =  О {%<>,=!......

of the antiholomorphio cotangent space to i f  X i f  at (x, y)
T'lfty)(M x i f )  =0{dXi, d y A i,^ ... ..

They are invariant under locally holomorphic coordinate transformations on i f .  
We get vector bundles

and

nT '(M  x i f ) -  U IIT ’̂ M x M )

uT "(M xM )= *  U nT'UaCM xM ).
(«.idea1хю
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Let be the sheaf of germs of 0 ” cross sections of Л рцТ' (Ж X Ж) ® Л *ц Т "  (Ж  X 

Ж). Locally
m U ( U ,x U ) =  2  O ^udy^K dyM ,

izi=p, m=a
The partial differential ud with respect to у  can be decomposed into nd=nd-\-iJ)t 

where
— -  m BfnBf(a>, x, y, y) = 2  ofr dy{

«=i oyi
and

. Н 0 / х ,у ,у )= '% Щ - dy()
<=>1 oyt

where f ( x ,  x, у, у) £  Ohxm° They are independent of holomorphio coordinate 
transformations on Ж .

Definition 4. Let

Locally .

2  C ^ ( U ) D y A1AD ~fJ,1Л=р.1Л=д
where D y=d y® l £  (Ю  and Dy =-dy®l By the following inclusion
relations

and

the partial differential nd: induces differential D:
i © ^ Mq,k,i~t and we have the following commutative diagram

projection
>

M%,1

projection

I t  is clear that DD=0.
Now we consider the linear subspaoe

a T U C J f x J O -

of the holomorphio tangent space to Ж х Ж  at (a;, y) (Ж X Ж) and the linear
subspace

пП . „ ( Ж х Ж ) = с { | - } )=1......

of the antiholomorphio tangent space to Ж XЖ at (ж, у)Т\х<у){М х Ж ). They are 
invariant under the local holomorphio coordinate transformations опЖ. We have 
vector bundles

п Г (Ж х Ж ) U иС®,г/)елгхлг •^ „ „ ( Ж х Ж )
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and
nT" ( I x l ) =  U  iiT'Lv) (MxM).

(.m, y) .
Let Der 3̂ (M X M) be the sheaf of germs of 0" cross sections of Л9цТ' (M X M) ©  

ЛяцТ" (M x M ). It is a 0^x][f-module and locally

Der“ (^xJtf)(l7x{7)- S  OSx„ (U x U )(-f-)" л ( -I- ) “ •
M l/|=D,m=g \cty/ \cty/

Definition b. Let

ТЫте is a natural po/irinv < , ): Der*,e ( i f  X i f )  x  ̂ Mar-^Sxar and

<Der*’3(Jfx.M),

^/i+1,1+1 Б ег^С Ж хЖ ), #М »> с:./*+1',+1.См

Therefore the pairing < , >: Derp;-°(M x M) X >Омхи induces the pairingC£r

< L er^  (Ж ),
Чамм

and я/м %,1 is a locally free 05<t>!>-module with locally free basis Dy^1 f\D yKJ, | I |

Now we define the following filtration for the complex d)»
. . J?9& rM % -r. i - a ) - A n n ( ( D e r ^ « _ a (Ж )©Derg#:},.-* (Ж )),

where Ann means annihilator sheaf. Locally
^ ( ^ % - g . i - f ( C ) ) =  S '  Ш %-г,1-№)йх™  f\d y b \

. ■ |Я:+.Ы=д,|»,1>р , ;
By the filtration we can compute the spectral sequence

E r - F ^ T r , i - p - J F y ^ № r , i - p - ^

Locally .
m -9( u ) ~ . s  ^ ^ i - p - a W W *

\I\=p,\J\=q

an d  d§’3: E ^ ’q- > E l,q+1 is equal to nd. We have
f s  0, . .

Е { Л ( Т ] ) = \  m=p
. . [0 q > l,

and d?’3: E i q- ^ E { +1,q  is equal to i9, where

i0/(®, e/y, 2/) =S -f|~ d»i*
e=l

W e get sheaf exact sequence - v .
0—>Ом,Те-г~>Ei’° — > Ex,()—>•‘•.

Hence globally we get
■ H P( M ,  & ш ,ъ -г )  = E § ,0( M )  = E l ,0( M )  = Щ ( М ,  я £ гй * ъ -гл -* )*

Theorem 1 has been proved.
We define sheaves
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и.к,г = ®  ssfSfS-p,g_!.2>+g=r
We get a complex

«Йг М^Г^' ”—>&/MM---- *
Theorem  2. There are isomorphisms of cohomology groups

Н>(М,&*Ыы ) - Н Ъ в (М, C)/ p = 0 , l / . . ,  •
where H pDr (M, 0) is the p -th  complex-valued DeRham cohomology group of M,. 

We define a filtration for the complex (j$u,k,i, d)
Fp 0  u,k,i) =  Ann ( ©  D er^ (M) Der|f,l_«, w  W ) «я-f-nsi M“*J .

Locally

o+c=4 b+d=j 
a+ b= r—o+1 
c+d=j)-l

Eoa = { S Vijkl(*, x, y, y)dxhl[\dyu f\dxhKf\dyhL},
I+ J+ K + L= p+ q  

Z+K=p

where r)„KL(x, x, y, y) -|ХЫГ1,?-ии*|>. The differential dg’9: Efr9->Efrq+1 is equal to
nd=n^+ iid ..

We have
f 2  «зЛ?=0,

Щ >9 =  Ja+b=P .
10, q> 1,

and dl,q: E l ,q-*E$+1'q is equal to d: 2  амъ~^ S  a°u- Globally we have
a+b=p c+(i=j)+l "

H P(M, Я*м,к,г) =E%q(M) =E&q(M) = H pm (M, C).
Theorem 2 has been proved.

Corollary. Poincare lemma holds for the complex
Theorem  3. The hypercohomology groups of the complex йм,к~* and Qu,k~* are 

as follows:
H \ M ,  Q*M,k-*) = H *(M, QV) =H *(M , C), 

where H * ( M C) are cohomology groups with complex coefficients.
H  •(M,QrIl,1̂ ) = H \ M , 0 u ) .

projection
Let i  be the composition 

isomorphisms of complexes
XM -> Q$f,k-*. By (4) i ’s induce quasi-

fi* -- >&М,к- I
1-ЧА

Й

ЫIQta

t t t t ,
Qm : 1—> —> G|f+1'

t t f t
C* : c —>•— > 0—> 0

Hence H *(M, Q*Mik_f) = H *(M, Q*M) =Н*(М, C).
i: induces quasi-isomorphism of complexes

f t  f t
0 m ; &hl—̂0—>"•—>0 —> 0—>•••»

Hence H %M, Q*Mtk-.*)=H*(M, 0 U).
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