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ON HYPONORMAL WEIGHTED SHIFT (II)

Sun Shunhua * ** . ,

Abstract

It is shown in this paper that a hyponormal weighted shift of norm one is unitarily 
equivalent to a Toeplitz operator if and only if  its weights satisfy l —|a„|2= ( l  —
|a0|2)n+1 V«>0. In particular, this answers the Abrahamse’s Problem 2. As a conse
quence, the (surprising) answer, obtained first by С. C. Cowen in an explicit form, to 
Halmos’ Question 5 is recaptured.

This is a sequel of [1]. It Is shown in this paper that , the answer to the 
Abrahamse’s Problem 2 (cf. [2]) is that the only class of the hyponormal weighted, 
shift that is unitarily equivalent to a Toeplitz operator is the multiple of those- 
weighted shifts whose weights {a»}o satisfy 1 —al=  (1—«o)n+1, V™>0. As a, 
consequence, we obtain the (surprising) answer to the Question & of Halmos given, 
in [3] (cf. also [4]): there is a Toeplitz operator which is a subnormal weighted, 
shift, but is neither normal nor analytic. 0. 0. Cowen is the first one to give the: 
answer to the above Halmos’ question in such a way1-53.

The main result of this paper is as follows.
Theorem 1. Let T  be a hyponormal weighted (unilateral) shift on some Hilbert 

space Ж  with weights {a„}o • Then T  is unitarily equivalent to a Toeplitz operator ijf  
and only i f  1 — |an\2 = (1 — |a0\2)"+1 V№>0, where we assume

lim fo„ |= l.
n-»oo

Proof By Theorem 3 of [1], it only remains to prove the “if” part.
For the weights {an}o satisfying the assumption of the theorem, without loss’ 

of generality we assume 0< «n< l  V«>0 (cf. [1]). We define an operator Q on some 
Hilbert space Ж ^эЖ  with the following matrix representation (cf. [1] p. 107): 
where T  is the matrix representation of T  with respect to T— -shifted basis {e„}o C  
Ж . The associated orthonormal basis in Ж  for the representation (1) is denoted by 
{en}f„  where span {e„: — 1} =  ЖО)Ж. We identify Ж  with I? {A) and Ж  with the
Hardy space H u( a L 2(A) (cf. [1] for definitions) in what follows, where A is the 
unit circle in the complex plane.
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Obviously, Q is unitary. Let

e - U  t«(0
the spectral resolution of Q. Consider the curve Q in the complex plane

a)

| £ | - l } .  ' (2)
О . ‘

Q is an ellipse. Let 0  be the interior domain bounded by Q. Also, let F  be the 
Riemann conformal mapping of Q onto the unit disc with F  | г=о=0. Thus

By the Riesz functional calculus, we can define the operator

8=^(е,).||[Ь1г.(Ц -(1-вийй(0, (з)
•where Q„=Q+ (1—a2) 1/2Q*. It is easy to verify that 8  is unitary.

It follows from (1) that QpH 2czH 2. Since F  is analytic on Q, we have
S H 2=F(Qp)H 2czH 2.

Moreover, it is easy to check that S*=8\ я» is a completely non-unitary isometry 
with dim{jEr2©^LT2} =  1. Therefore (cf. [6], p. 30), the multiplication by z
-on H a. Noticing that both 8  and Qp have lower triangular-block matrix 
representation with respect to the decomposition H 2l@ H 2= L2(A) and that S  
commutes with Qp, we obtain immediately SQ ^Q pS, where QP=QP\a*. This leads to
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Qp~Mf<:s), the multiplication by f ( z )  on H 2, where f£ H °°  (of. [7], p. 73).
On the other hand, it follows directly from the definition of Qp and the?, 

expression (1) that
4 - ( l -а 1 У /2й> а1Т . (4>

As is just proved above, the left hand side of (4) is unitarily equivalent to the 
Toeplitz operator Tf ~  (1—al) 1/2T* = T]_a^ y , 2j . Hence T  is unitarily equivalent to  
a Toeplitz operator Т ф, where

do

This ocmpletes the proof of Thorem 1.
As a consequence we obtain the (surprising) answer to Question 6 of Halmos in.

[3]. . .
Corollary 2C5:1. There is a Toeplitz operator which is a subnormal weighted shift„ 

but is neither normal nor analytic.
Proof Let a l= l—a“+1(№>0), where a is a constant satisfying 0 < « < 1 .  It .is* 

not difficult to verify that the sequence {/8„}o is a moment sequence of some, 
probability measure on [0, 1], where

A>= П  «« (n>°)
1=0

and /30 = 1 (cf. [8], p. 107 for the solvability of the moment problem). Thus, by the? 
Proposition 26 of [9], the weighted shift T with weights {an}o is subnormal. But. 
Theorem 1 concludes that where ф = ( / — (1—«о)1/а7) with / £ and al=-
l  — a. Obviously, Тф is neither normal nor analytic (cf. [10]). This ends the proof.
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