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ON HYPONORMAL WEIGHTED SHIFT (ID)
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Abstract

It is shown in this paper that a hyponormal weighted shift of norm one is unitarily
equivalent to a Toeplitz operator if and only if its weights {a,}; satisfy 1—]a,|?=(1~
|ao|#)»*t ¥n>0. In particular, this answers the Abrahamse’s Problem 2. As a conse-
quence, the (surprising) answer, obtained first bybC. C. Cowen in an explicit form, to

Halmos’ Question 5 is recaptured.

This is a sequel of [1]. It is shown in this paper that the answer to the
Abrahamse’s Problem 2 (cf. [2]) is that the only class of the hyporiormal weighted.
shift that is unitarily equivalent to a Toeplitz operator is the multiple of those
~weighted shifts whose weights {a,}5 satisfy 1—a2=(1—ad)*?, Vn=>0. ‘As a

consequence, we obtain the (surprising) answer to the Question 5 of Halmos given.
in [8] (cf.'also [4]): there is a Toeplitz operator which is a subnormal weighted.
shift, but is neither normal nor analytic. 0. 0. Cowen is the first one to give the:
answer to the above Halmos’ question in such a way“j.

The main result of this paper is as follows.

Theorem 1. Let T be a hyponormal weighted (wnilateral) shift on some H lelbefrt
space A with weights {a,}y. Then T is unitarily equivalens to a Toeplitz operator if
and only if 1—|a,|?= (1—|ap]2)"* Vn=0, whefre we assume

tma,| =

Proof By Theorem 3 of [1], it only remains o prove the “if”’ part.

For the weights {a,}5 satisfying the assumption of the theorem, without loss'
of generality Welassume 0<a,<1 Vn=0 (cf. [1]). We define an operator @ on some
Hilbert space oD with the following matrix representation (ef. [1] p. 107):

: ' —shifted basis {e.}5< '
A. The associated orthonormal bagis in " for the representation (1) is denoted by
{ea}=. where span {e,:n<< —1} =#"©H. We identify ¢ with L*(4) and 5 with the
Hardy space H2(cL2(4) (ef. [1] for deﬁnitibns) in what follows, where 4 is the
unit circle in the complex plane. '

where 1 is the matrix representation of T with respect to T
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| Obviously, ¢ is unitary. Let
Q-{ _tam@
Zl=1

be the spectral resolution of Q. Consider the curve Q in the complex plane

o={t+-ae i jti-1} @)
0 ig an ellipse. Let Q be the interior domain bounded by Q. Also, let F bo the
Riemann conformal mapping of @ onto the unit disc with F |s=0=0. Thus

| Fo({+ 1 —ad)?)) =1, V[{|=1.
- By the Riesz functional calculus, we can define the operator

S=F@)=[ F-Q+(-a)Dar@®, ®

lel=
where Q,=Q+ (1—a3)*/2Q". It is easy to verify that § is unitary.
It follows from (1) that Q,,H 2 H2. Since F is analytic on &, we have
| SH:=F(Q)H*cH. N
Moreover, it ig easy to check that =8 |mis a completeiy hon—unitéry isometry
with dim{H*OS H?} =1. Therefore §= M, (cf. [6], p. 30), the multiplication by 2
on H2. Noticing that both § and €, have lower triangular—biock matrix
representation with respect to the decomposition H™@H®=I7(4) and that §
commutes with @,, we obtain i_x_nmedia;tély. @QP= Q,;S’,_Whe_re Q,,=Q,,[ m. This leads to
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@ My, the multiplication by f(z) on H?, where f€H" (cf. [7], p. 73).

On the other hand, it follows directly from the definition of @, and the

expression (1) that . :
Q,— (1—ad)/2Qr= a0 4y
As is just proved above, the left hand side of (4) is unitarily equivalent to the:
‘Toeplitz operator T — (1 —a?)* =T (1—aayny - Hence T is unitarily equivalent to-
a Toeplitz operator T',, where

l4b~—(f (1 —a})*2f).

This ocmpletes the proof of Thorem 1.

As a consequence we obtain the (surprising) answer o Question & of Halmos in.
[3].

Corollary 2%. There is a Toeplitz opemto'r which is @ subno'rmal we@ghted shift,
but is neither normal nor analytic.

Proof Letb a2=1—a**(n>>0), where « is a constant satisfying 0<a<1. It is
not difficult to verify that the sequence {B,}¢ is a moment sequence 0f some:
prdbability measure on [0, 1], where

n—1
= H}_m ('n>0)

and Bo=1 (cf. [8], p. 107 for the solva,bilitj of the moment problem). Thus, by the:
Proposition 25 of [9], the weighted shift T' with weights {a,}7 is subnormal. Bu#:
Theorem 1 concludes that T=T,, where = (f— (1—ad)**f) with f€ H* and a}=
1—a. Obviously, 7', is neither normal nor analytic (cf. [10]). This ends the proof.
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