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Abstract

The generalization of the AKNS method, Calogero method and Konopelchenko
method is given in three regpects. First, the new fundamental relations associated with the
matrix spectral problem and a new exph'éit expression related’ to the matrixes B and 0
which are contained in the transformations of the transition matrixes are obtained. Then
the wide classes of the integrable evolution equations are conveniently derived without
improperly assuming B==C. Finally, an important property of the operator L, is showed,
the conditions connected with the temporal half of :the Bicklund transformation_é and the
new siniplé expreséions of the integrals of motion are deduced. »

§ 1. Introduction |

The general structure of the nonlinear evolution equations integrable by the
arbitrary order linear spectral problem was discussed by Li Yishen™, Zhu

. Guocheng™, Newell™® and Konopelchenko™ %, In a series of papers by Konopelchenko,

the generalization of the AKNS® method and Calogero™ method o the matrix
polynomial spectral problem of arbitrary order was given, both the integrable
evolution equations and their Biicklund transformations were described.

The purpose of the present work is to extend the theory in Refs. =™ in four
respects. First, we shall present the new fundamental relations associated with the:
spectral problem. Using the relations, we obtain conv‘eniehﬂy the transformations of
the potentials connected with the spectral problem and givea new explicit expression
related to the matrixes B and O which are contained in the transformations of the
transition matrixes™®, Secondly, by méans of the fundamental relations it is easy to
find the wide classes of the integrable evolution equations, particular case of which
was obtained by not properly assuming B=C in Refs. [4, 5]. Then, we show an -
important property of the operator L,. Since only the spatialf half of the Biicklund
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transformations were obtained in Refs. [4, 5], we give the conditions connected with
the temporal half. Using the conditions, we get new simple expressions of the
integrals of motion. Finally, by the way, we point out that by virtue of the Li
Yishen (one of the authors of the present paper) method™®, the transformations of
the potentials can be derived simply without any conditions imposed on the potential
matrix ab infinity. . /

For simplicity we considei: the following linear matrix spectral problem

%_f__—.(@mqurzp@{ 8, ), | (1.1)

‘where A is the spectral parameter, 4 is the constant diagonal matrix, Ay=ady, @ %
ay, b, k=1, -+, N; P(w, t) is the potential matrix of order N and Py=0, ¢=1, +-,
N. We agsume that™ . _

lim P(#, t)=0. : (1.2)

. |@|-see . )
The method given in this paper can be generalized to other matrix spectral
problem, |

§ 2. The fundamental Relations and Their 'Applications

2.1. The fundamental ralations
Let us introduce in the usual way *' the fundamental matrix solutions F* and
F~ with asymptotics ’ '

Ft(w, A, t)~exp(ihdw) =H, g—>+o0, ' (2.1)

F~(o, A, t)~exp(ihAs) =H, s—>—o0, (2.2)
and the fransition matrix '

S, t): Ft(w, A, t)=F (&, A, )S(A, ?). (2.8)

Let P and P’ be two potentials in (1.1) and ¥ and ¥ two corresponding
solutions of (1.1)

- %=<@M+¢P’)W’, : (2.4)
-1
% = —D-L(iAA+iP). (2.5)

For an arbitrary matrix function G(&, A, &) of order N (at least once differ-
entiable), using

|- @ 2@ ey 1= ey |5
-~ and (2.1)—(2.5), it is not difficult to show that
| éfwdw(lf"f)'1(G‘P’—PG——@'G‘¢+7»[G‘, AD)(F+Y
=BG (400, A, §) B—8HQ(~oo, A, H)ES. (2.6)




with 2L ’iwﬂ- ~,
Substﬂ;utmg (2.12) into (2.10) gives

= (B—8-08")y, -8, n=1, -, N,
~ where

B.(h, ) =3} B(ON,
Bu(4s, =3} B A
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Now, we define matrixes of order N, ®,, Or, H, and A" ag follows
(QD)‘W&=8W(@)“: ';’_J k=1: Yy N:b
) @p=@"‘@p,
(Ha)iId:aaiSak, ,;/) k, a=1, °ecy, N.
(AM>W=8M8M: ’5: 70, n, j=1: *tYy N,
Let us now consider only those G'(w, A, t) as follows
: N
| G=B(A, t) =Bp(A, t)= %Ba(h, t)H,, 2.7
where B,(, t) are arbitrary entire functions of A. '
Substituting (2, 7) into (2.6), we get
f j " dw(F*)"1(BP'— PB) (F+) = B—8~BY", (2.8)
Rewriting equation (2.8) in components and designating
@(M) (F+)’AM(F+)—1 ) (2 '9)
we obtain
<o - N ~
¢ da:Tr( > (P~ PH) B, t)@ﬁ"))
=(B—8"BS" )i, &, n=1, -, N, (2.10)
where Tr denotes the usual matrix trace. '
From (2.1)—(2.5) and (2.9) it is easy to show that™
A B =ABE 48, (P’ Hy— H,P)4, 4, n=1, -, N, (2.11)
where A4¢F= (A@F> A
A@F= —4 agvp - (P’@F—'(DFP)F'F’I;P/IOO‘ZQ;(P/@F_@F-P)D
;w'(j‘” da(P'Dy~ByP)y )P.
@0t I i (@r)u=0, i k=1, -, N,
Repeatedly using (2.11), we have _ v
NP = A, B - A48,y (H P —P' H,) 4y - (2.12)

f j " doTre( ﬁi (H.P' ~PH)(Ba(ds, OB+ Bu( s, )8u(HP—PH,).0)

(2.13)
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Finally, (2. 13) can be written as follows

'

i dwwr(qsgw 2| Ba( 4, 1) (H. P'—PH,)

-0

+8,(H,P—P'H,), 21 Bo( AL, 8 (HLP ~PHa))

=<B—S—iBS,)im .”;: n=1, -, N, (2.14)
where A* is the operator adjoint™® to A with respect to the bilinear form

<0, U= T (@ (@)¥:(0)),

A58 (A,) By — A4y,
A4y 33:;" — (@D’ —-P@F)FM(I da(BsP' ~ PPy); )P’

-00

—@PJ do(@yP' ~POs)p. | (2.15)

Equations (2.14) are important fundamental relations conneoted with the
spectral problem (1.1), which heve not been obtained in ‘Refs. [4, 8]. These rela-
tions are basic for further discussion.

'2.2. The transformations of the potentials and the trans1t10n matnces

From (2.14) follows that if P and P’ satisfy

SV B (4, £)(H.P'—PH,) =0, (2.16)
a=T

then , :
(B—87BS8")r=0. 2.1

Since B is a diagonal matrix, (2.17) means that O=S"1B§" is also a diagonal

matrix.

Thus we find out that for any entire function of A, B.(A, ?), the transformation |

P—P’ of type (2.16) leads to a simple transformation S—>8";
| §'=B-180, o (2.18)
where the diaéonal matrix O relates to the matrix B. '

The transformations of potentials (2.16) and the transformations of iransition
matrices (2.18) whioh are connected with (1.1) were given in Ref. [4] in a slightly
different way.

2.3. The expression of the matrix C

By virtue of (2.14), (2.16) we get

of” aorr((EP-PH) LD Ba(4s, H)(HP - ~PH.) )

—(B—~87BS")n, =1, -, N, © (2.19)
Using (2.17) and (2.19), we have '

v oo . ' N
O=B—i 2“]1 H,,j doTx((HLP = P'Hy) s 3] Bul 41, §) (HP'~PH,) ).
" (2.20)
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I

. This is the explicit form of € in ‘terms of B. It is easy to see that if B, are nok
constant, then BsC. Thus assuming™ B=C in (2.16) and (2.18) is not proper.
Furthemore the expression (2.20) enables us to obtain the conditions connected with
the temporal half of the Bicklund transformations in 3.3.

§ 3. Results

- 8.1. The general structure of the integrable evolution equations
Using the fundamental relations (2.14), we ocan derive conveniently wider
classes of integrable evolution equations than those in Ref.[4]. -
‘First, take
B.(, ) =h(), t) —i8Qa(h, 1), | 3.1

P'(a, 1) =P(o, 1+2) =Pz, i)+s ZLEH y o), (3.2)
then, from (2.1)—(2.5), it follows easily that _
§'(h, ) =8, t+8) =8, )+ BB ey, (3.3%

Substituting (3.1)—(8.8) 1nto (2. 14) and taking mto account only terms of the
first order in & we obtain

. bt n) aP L N, .
i(" T (@ (h(La, 1) 22~ 310,(La, ) [Ha, P]
— ot a=1
re N o
- +0ulHy, PLaCh(Tu, ) 5 ~i 20.(La, H)[He, P])
—(= 1, )8-08/01-+ I8 3} 0uH S —i 3 0, Gy1=1, 00+, , (3:4)

where | D — ( If"") A%(FH) L
' LPp=ALi(P' =P)Op=— LDy,

=0 a ] ) ¢ [+]
Lmi 2P, olrti[P, [ [P, oloda],
[0, V]Low-wd,

h(}, ) and Q,(A, ?) are arbltrary entire functions of A.
Secondly, assume now that P depends on other varmbles besides & and £. Takmg

Bu(h, ) =10, 1), a 3.8y
P'(s, y, )=P(s, y+e, ) =P(a, 9, H+e ﬂ”iy—wlﬂ(e) (3.6)

by virtue of (2.1)—(2.5), it is easy to see that _ B
84, 9, =80, g+, =50, 9, t>+-e-?s~(——’“é7?/el2-.+a<s). 3.7

Considering (2.14) with (8.5)—(8.7), if we keep terms linear in g, we have- .

Rt
RCIR ¢
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of " (@0 (L, )5+ 80LHy, PLaF (T, 1) )

~(=f(, 18- 35) , 8 n=1, -, N, (3.8)
where f(A, #) is an arbitrary entire funotion of A.
Finally, putting
By, =90, ), (8.9)
P'(w, &, t) =€ 4P (p, §)e*4=P (o, ) —ssw[4, P1+o(s), (3.10)
by means of (2.1)—(2.5), it is easy to show that
' F*’(m A, &, t) =e "4 F*(», At-¢, 1),
| F~'(m, A, &, t) =¢"*4F~ (s, A s, 1),
and
S, 5, )= (h+e, =8, 1)+ 25 By o(s), (3.11)

Substituting (8.9)—(8.11) into (2.14) and taking into account only terms of
the first order in &, we get

[ e (@ gL, )oL4, P1+8u[Ha, P1uj(Ls, 014, P1)

(o0, 982 8) i ne1, -, N, (3.12)

i
where g(A, t) is an arbltrary entire function of A.
By taking a simple linear combination of the equations (3.4), (8.8) and (3.12)
there immediately follows that if P(w, y, t) evolves, according to the nonlinear
evolution equation,

’ N
Bty )45 (T, $) St g(L, ul4, P1=i 2 0L, Ao, P,
| (3.18)
then S(A, 9, ) obeys the companion equation‘

(A, t) +f(7\, t) —g(?s, t)

=i[ 10.1,, s] @szﬂj dw’rrqﬂ,.,'PJA(%(LA, t)—i}}

a=1

+F (L, ) oG (L, a4, P1—i 3} Bu(Le, H)[He, PD)).  (3.14)
We shall show in 3.2 that :
S8, |7 dote(H,, P1a2 BT, ) [He, P)=0. (3.15)

8o we obtain.
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w, 0G50, 055 -0, 0

P ﬁgﬂ S] @SE}Z " daTe(TH,, PLCh(Da, 1) 2

-—0

+F (L, ) S5 (L, Dold, P1). - (318

3.2. The integral relatlons of the operator L,
In order to show (8.15), we prove the following 1ntegra1 relatlons of the operator
doTr([H,, Pl JJE[H,;, P1)=0, n, j=1, , N, 5=0, 1, . (3.17)
Putting 2(A, t) =1, f(A, t) =g(A, t) =0. 2, (A, t) =8,,A"* in (3.14), we obtain
338 —i [, §1-8 3 H, dwTr([H,,, PLIE[H), P)).  (3.18)
00n31dermg the diagonal part in (8.18), we get

21880 311, T ((H,, PLIGFIH, PY), j=1, -, N. (3.19)

ot
Expanding In Sp(A) in a series on A~ in the usual way™
InSp(a, &) = li MO0 (). (3.20)
=0 .

Substituting (3.20) and
Ly+'[H,, P]= ZK’"”‘L’“ [Ha; P]
into (8.19), and then equating the coefficients of A%, 0<k<<m, We get

" doTr([H.P1LI4LH;, P])=0,n, j=1, <+, N, k=0, -, m. (3.21)

Actually, (8.21) is valid for all natural number % since m is arbitrary. Clearly
formulae (8.17) have nothing to do with the time evolution; indeed they express the
property of spectral problem (1.1). '

- 3.3. The temporal half of the Bicklund transformations

From (8.18) and (8 .16), it follows that the validity of the nonlinear evolution
equations for-P(w, f) ' '

i

361: =4 2 Q. (LA, t)[H., P] - (8.22)
implies the validity of the linear equations for S(A. 1) | _

o8

‘a%‘f”’[?_}‘) (, DH,, 8. (3.28)

Now put B=B(A) and

. .
—3%—,@111 _ dwTr((HnP—P’H,.)AagiBa(Az)(HaP'—PHa))=o. (3.24)

Then, according to (2.20), we get
oC

-ét——o : (8.25):
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In this caée, if P('w, t) satisfies (8.22) and P and P’ satisfy (2.16), namely
N ) .
21 Bo (43 (HP'—PH,) =0, (8.26)

from (2.18), (8.28) and (38.25) it follows that §'(), ¢) also satisfies (8.23). Ref. [4]
pointed out that (3.26) are Bicklund transformations (BT'S) for equations (8.22).
Let us érﬁphasize that (8.26) is only the spatial half of the Bicklund transformations.
Tt is olear that we must impose condition (8.24) besides (3.26) in order o guarantes
that P’ also satisfies (8.22). Thus condition (8.24) is equivalent to the temporal half
.of the Bicklund trasformations for the cquation (8.22).

84. The integrals of motion |
- Substituting the particular solution P’=0 of equatioﬁ (8.22) into (8.24), we

obtain : _
a N w N — ) :
2 3 H, | dTr((H.P)a 3 Bu(TOPH,) =0, (3.20)
-where Ly=A4%(P'=0),
ZA@F'—_ "'ZQSFA,
. 0Dy . ] , .
L@p—%y, e -+ (PQF)F-F?/P _ dm(P@F)D. . (3 .28)

Bince B,(A) are arbitrary entire functions of A, we get the infinite series of the
integrals of motion for equations (8.22)

[‘” doTr((HP) s S TLPH,) =CP, n=1, w, N, I=1,0, .  (3.29)

=1 .

§4. The Li Yishen method

In Refs. [1, 8], Li Yishen presented amethod, by tsing which th'e' nonlinear

evolution equations and the transformations of the potentials associated with the
speotral problem can be found Simplji without any conditions imposed on the
potentials at infinity. ' _

Now we use the method to obtain the transformations of the poténtials assooiated
with spectral problem (1.1). ‘

If a gauge transformation of the eigenmatrix ¥

=Ty,
(s, b, )= DN H T+ Tors), (4.1)
-ﬁra_;nsformg the spectral problem (1.1) into |
R | %%=(@AA'+@P'@, )T, | (4.2)

:then_ T satisfies

T, = (INA+iP)T —T (iAA+iP'). @.3)
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Substituting (4.1) into (4.8) and equating the coefficients of A"~*, we have

,TOF.'=01 (4.4)

—a%— T;aD"—"z(PTkFA;"TzamP')D, k=0, -, m, (4.5)

L Pips =i P = TP+ Tass, F)+i(PTupa=TsraP'ds, =0, 1, m, (4.6)

with : Tmi1,p=0. ' (4.7)
From (4.6), it follows that ‘

Typ=3D"*(PTypa—TursP’)+ g BPH,, (4.8)

where D™ ig the infegral operator, B{’(t) are arbitrary functions independent:of .
By means of (4.6) and (4.8), we obtain

Tyss,p= AiTur+ 2 BO(HLP ~PH,),  5=0, -, m, (4.9)
where 0= — At Dy,
A+®p=i 35;1’ — (@sP'— POs) s+ i(D(@sP' ~ PBs) )P’ ~iPD" (&3P’ ~ POr)y.
(4.10)

Repeatedly using (4.9), we easily show that
Toss,r=3) 3} BED () A (HLP' ~ PHL). (4.11)

Putting B,(}, t)=§ B¢V ()N and using (4.11) and (4.7), we obtain the
transformatlons of the potenha.ls associated with (1.1)

2 B, (A%, t)(HP'—PH,)=0. (4.12)

bt

If we agsume condition (1.2) and take D! =I o++dw, the transformations (4.12)

are the same as (2.16).
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