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Abstract

The generalization of the AKNS method, Calogero method and Konopelchenko 
method is given in three respects. First, the new fundamental relations associated with the 
matrix spectral problem and a new explicit expression related to the matrixes В and G 
which are contained in the transformations of the transition matrixes are obtained. Then 
the wide classes of the integrable evolution equations are conveniently derived without 
improperly assuming B —G. Finally, an important property of the operator LA is showed, 
the conditions connected with the temporal half of ;the Baeklund transformations and the 
new simple expressions of the integrals of motion are deduced.

§ 1. Introduction

The general structure of the nonlinear evolution equations integrable by the? 
arbitrary order linear spectral problem was discussed by Li Yishen113, Zhu 
Guocheng1-23, Newell13-1 and Konopelchenko14’63. In  a series of papers by Konopelchenko,. 
the generalization of the AKNSC63 method and Calogero1-73 method to the matrix 
polynomial spectral problem of arbitrary order was given, both the integrable 
evolution equations and their Baeklund transformations were described.

The purpose of the present work is to extend the theory in Refs. 1:1-73 in  four 
respects. First, we shall present the new fundamental relations associated with the- 
spectral problem. Using the relations, we obtain conveniently the transformations of 
the potentials connected with the spectral problem and give a new explicit expression 
related to the matrixes В  and О which are contained in the transformations of the 
transition matrixes1-4’63. Secondly, by means of the fundamental relations it is easy to- 
find the wide classes of the integrable evolution equations, particular case of whiok 
was obtained by not properly assuming B = C  in  Refs. [4, 6]. Then, we show art 
important property of the operator L A. Since only the spatialf half of the Baeklund * * *
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transformations were obtained in Refs. [4, 6], we give the conditions connected with 
the temporal half. Using the conditions, we get new Simple expressions of the 
integrals of motion. Finally, by the way, we point out that by virtue of the Li 
Yishen (one of the authors of the present paper) method’-3-’83, the transformations of 
the potentials can be derived simply without any conditions imposed on the potential 
m atrix at infinity.

For simplicity we consider the following linear matrix spectral problem

^ — ( iX A + iP (x , t ,  - ) ) W ,  . (1.1)

where X is the spectral parameter, A  is the constant diagonal matrix, Ailc=aidilc, щФ 
■ak, i, Ъ=1, ••*, N; P(x, t) is the potential matrix of order N  and P « = 0, i = 1, •••, 
N.  We assume that1-43

lim P(x,  t) =0. (1-2)

The method given in this paper can be generalized to other matrix spectral 
problem.

§ 2. The fundamental Relations and Their Applications

2.1. The fundamental ralations
Let us introduce in the usual way C43 the fundamental matrix solutions F + and 

F~ with asymptotics
F *(x ,X ,  t)~exp(iXAx)=F},  (2.1)

' Р~(ж, k, t)~Qxp(bXAx)=E,  ж-о-оо, (2.2)
and the transition matrix

8{X, t): F+(x, X, t)=F~(x,  X, t)8(X, i). (2.3)
Let P  and P' be two potentials in (1.1) and W and W  two corresponding 

solutions of (1.1)

^ - ( i X A + i P ' W ,  (2.4)

^ l ^ - W - i y i A + i P ) .  (2.6)

For an arb itrary  m atrix function Q-(x, X, t) of order N  (at least once differ­
entiable), using

= (P+ )-i^(P->-)' [

and (2 .1 )—(2.6), it is not difficult to show that

« Г  dx (F+)-1 (GP' - P G -  iGa+X [(?, ^4]) (P+) '
J  — oo

X, O, X, ( 2 . 6 )
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Now, we define matrixes of order N, ФВ) Фр, E a and Anj as follows
(Фд)№==8г)С(Ф)«, i , й=1, N}

Фр—Ф — Фй)
^E-У) ilc âl̂ ctrlC) j **', Е»

(Ani)ik==$ln<5]ch Ъ, Ъ, n, j  = l ,  N.
Let us now consider only those Q (oo, A, t) as follows

Gr = B(X, t ) = B D(X, t )=  2 Д*(A, t ) E a,. a-1
where Ba(X, 0  are arbitrary entire functions of A.

Substituting (2, 7) into (2.6), we get

i  Г  d<c(F+) - 1(BP, - P B ) ( F +) , = B - 8 - 1B S \
J —oo

Rewriting equation (2.8) in components and designating
flf

we obtain

i  Г  da>Tr (  2  ( E aP ' - P E a)B a(A,

n=l, 17,
where T r denotes the usual m atrix trace.

From (2 .1 )—(2.6) and (2.9) it  is easy to show thatM
A J№ > ~ l3 F > + d b (P 'E n -H » P )A, i , n - l ,  N,

where А АФр =  (АФр) л,

АФр= (.Р'Фр -  ФрР)Р+ъР' Г  dx(P'0F -  ФрР)оООО J а

- < ( Г л  ч(Р'Фг-Ф,Р)в)р .

(2.7)

(2 .8)

(2.9)

(2.10)

(2.11)

(ф»л)„— « « , ( * м ) » - о ,  «, i - 1 ,  IT.

Repeatedly using (2.11), we have
1!ФГ= А \Ф Г + A lA n (H nP - P ' E n)A, , (2.12)

with A 1a~  2  A ‘A t 1-*.} = 0
Substituting (2.12) into (2.10) gives

i f  tfaTrf 2  ( Е аР ' - Р Е а̂ В а(Ал, t ) $ r + B a(AA, t)din(Z * P -P 'H n)A))

- ( B - S - W ) * ,  i , » - l ,  ЛГ, (2.13)
where

m
Ba(K * ) = 2 A ( W1=0

г .(Л л , i ) - 2 « f ) A
г=о
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Finally, (2.13) can be w ritten as follows

«Г M r f i ? 5 2  B M 1 ,  t ) ( H aP ' - P R „ )
J  —oo \  a —1

+ S U B * P - P ' M , ) A- 2 n . ( A i , t ) ( H . P ' - P E . ) )
a=1 /

n = l ,  •••, Я , (2.14)
where A + is the operator adjoint1-4-1 to A  with respect to the bilinear form

<Ф, iF>= Г dxTv(0P(x)WF(x)), •
J  — 00 .

А$ФРМ= (A A) +Фр =  -  Л+Ф*.4,

Л+Ф ,.= = ^ -^ -(Ф /,Р '-Р Ф ^ )г .+ ^ |в йж(Ф1,Р '-РФ ^1> )Р '

-Я »  Г ах{ФРР'-РФ?)».  (2.16)
. /  — ©о . ,

Equations (2.14) are important fundamental relations connected with the 
■spectral problem (1.1), which heye not been obtained in Refs. [4, 6]. These rela­
tions are basic for further discussion.

2.2. The transformations of the potentials and the transition matrices
From (2.14) follows that if P  and P ' satisfy

± B a(A i ,  t ) ( H aP > -P H a)=Q, ’ (2.16)
<*=I

then
( B - £ - W V = 0. (2.17)

Since В  is a diagonal m atrix, (2.17) means that 0=8~1BB' is also a diagonal 
m atrix.

Thus we find out that for any entire function of X, P«(A, t), the transformation 
P -> P ' of type (2.16) leads to a simple transformation

5 f '= P -W , (2.18)
where the diagonal matrix О relates to the matrix B.

The transformations of potentials (2.16) and the transformations of transition 
matrices (2.18) which are connected with (1.1) were given in  Ref. [4] in a slightly 
different way.

2.3. The expression of the matrix C
By virtue of (2.14), (2.16) we get

А<Жт(^НпР - Р ' Н » ) а^ 1 В М +а, t ) ( H aP ' - P H a) ) ,

= ( B - £ - W ) nn, » - l ,  N.  (2.19)
Using (2.17) and (2.19), we have

O - B - i  2  Я ,  Г cfoTrf (Я „Р  -  Р 'Н п) а. 2  0  (Я аР '- Р Я « )  ).

(2.20)



. This is the explicit form of О in terms of B. I t  is easy to see that if Ba are not 
constant, then ВфО.  Thus assuming1-4-1 B = 0  in (2.16) and (2.18) is not proper. 
Furthemore the expression (2.20) enables us to obtain the conditions connected w ith 
the temporal half of the Baoklund transformations in 3.3.
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§ 3. Results

3.1. The general structure of the integrable evolution equations
Using the fundamental relations (2.14), we can derive conveniently wider 

classes of integrable evolution equations than those in  Ref. [4].
First, take

Ba(h, t ) = h ( X , t ) - i e Q a( \ , i ) ,  (3.1)

Р'(оа, t) =P(x ,  j+ e )= P ( f l ,  t) + s ^  ■■— + о(e), (3.2).

then, from (2 .1)—(2.6), it follows easily that

8 f(K t )~ S (X ,  t+ s)= S (X ,  t) + s d 8 ^ f £ +o(s).  (3.3X

Substituting (3 .1)—(3.3) into (2.14) and taking into account only terms of the 
first order in  s we obtain

« Г  d v T r ( 0 P ( h ( L A, t) ^ - i % Q a{LA) t ) l H a> P ]  .
" J - #  O t a = l

+ dint H n, P 1 a(%(La, 0 - S —  Ь 'Я йа& л,  *)[#«, P ] )  -  ;
’ O t a = l  ...: , .

= ( -Л(Л, ^ S ^ d S / d t + i S - 1 S  2  QaH a)in, i , n = l , ^ , N ,  (3.4)?
a=1 a=1

where $<*«>== (JP+) ' '
ВаФр= Л $(Р '^Р )Ф р= - В Ф ра,

£  = ̂ + [P, . ] ,  +  i[P, J^CP, о]вЙ»],

1Ф> Щ — ф'Щ'-ШФ, :

h (Л, t) and Qa(X} i) are arb itrary  entire functions of X. . : ,
Secondly, assume now that P  depends on other variables besides so and t. Taking'

' Ba(K t), , (3.6)

■ P ' (®, 3/, 0  =  P  0», ’ У +  b  0  = P  (»,. 2/, 0  +  8 д — Х0у У > ^  -1-0 (e), (3 .6)

by virtue of (2 .1 )—(2.6), it is easy to see that , ;

. /  S'(x ,  n, t ) S ( x ,  «+.«,-■ + K « )- (3.7).

Considering (2.14) with (3 .6 )—(3.7), if we keep terms linear in  s, we have ;
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- ( - Ж  О »’1 f ) e . «. * - i .  J .

•where /(A, tf) is an arb itrary  entire function of X.
Finally, putting

P«(A, 0  =g(X, t),

P'(o?, в, t)=e~iBAe!P((D, t)eleA*=P(cc, t) —iscc[A, P ]+ o (s) , 

by means of (2 .1)—(2.6), it is easy to show that

F+'(a>, A, s, «)=e",s4®P+(£c, A+e, <),

'р -'(» , A, s, t )= e- isd*F-(a>, A+e, *),
and

S'(*, 8, 0 - « ( M -е, t)-SO ., «) +  «

(3.8)

(3.9)

(3.10)

(3.11)

Substituting (3 .9)—(3.11) into (2.14) and taking into account only terms of 
the first order in e, we get

i f  d x T r № n)g(LA> t)xlA,  Р ]+ 8 {я[Я я, P }Ag(LA, t)x\.A, P ])
J —OO 1

t ) 8 - ' M - ) a , (3.12)

wheTe g{A, f) is an arb itrary  entire function of A.
By taking a simple linear combination of the equations (3.4), (3.8) and (3.12) 

there immediately follows that if P(a>, y, t) evolves, according to the nonlinear 
evolution equation, ;

h(L±, t ) - ^ - + f ( L A, t) Щ - + д { Ъ А, * )»U , P ] - i | [ а . ( £ д ,  О Ш . ,  P ] ,

(8.13)

then $ (A, у , i) obeys the companion equation

K M ) f + / ( M ) f - K M ) f

dp
dt« 4  8 ] - i S ^ H n r  скТ г([Я „; Р ] 4(Ж(£А, О

L«=l J П—1 i-oo

+ J (X .,  () M . + 5 ( L a, t)wlA, P ) - i s  & № i, ОСЯ., P ] ) ) .  (3.14)

We shall show in 3. 2 that

2 Я ЛГ  d a )T r(№ , Р ] д | ] ^ ( Р д ,  <)[Я«, P ] )= 0 . (3.16)
n=l J —oo а—1

So we obtain
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*c*, * > £ + /< » ,  o f - » ( * , « ) g

+1№ д, t ) M - + g ( L i , 0 * W , P ] ) .  (8.18)

8.2. The integral relations of the operator LA
In  order to show(3.16), we prove the following integral relations of the operator 

La ^ ' . . . .  .
^ « Т г С С Я .,  P I aL I I H i, P ] )  =  0, », j - 1 ,  IV, 0, 1, .... (3.17)

Putting Л(Х, t) =1 , /(X , t) =g(k, t) =0. Д»(Х, t) =.8уДм+1 in (3.14), we obtain

S I - 8  ±  H n Г  Йа>Тг([Яя, Р]АЪ Г 11Л,) P J ). (3.18)
<75 n=l J — oo

Considering the diagonal part in (3.18), we get

Г й в Т г а я , ,  Р ] ^ +1[Я^, P ]) , i = 1, ..., IV, (3.19)
71=1 J ■—oo

Expanding In $Д(Х) in  a series on X"1 in the usual way1143

hxSD(K t)=~EX-lCw (t)' ' (3.20)
1=0 .

Substituting (3.20) and
/ч- m
Р1!+1[ я , ,  p ]  =  2 ^ - fcii[K ,- , p]

. fc=0
into (3.19), and then equating the coefficients of X”*“fc, 0<&<m, we get

Г й®Тг([ЯяР ;и Р 1 [Я г., P ] ) = 0 > ,  j - 1, IV, #=0, - ,  m. (3.21)
*/ —oo

Actually, (3.21) is valid for all natural number Jo since m  is arbitrary. Clearly 
formulae (3.17) have nothing to do with the time evolution; indeed they express the 
property of spectral problem (1.1).

3.3. The temporal half of the Backlund transformations
From (3.13) and (3.16), it follows that the validity of the nonlinear evolution 

equations for P(a, t)
Я Р  N

« 2  Oa(LA, t) [Я й, P ] (3.22)
Ob a —1

implies the validity of the linear equations for S  (X, i)

<)Я», « ]. (3.2S>

Now put P= P(X ) and

-|r S  Я я Г й®Тг((ЯпР  -  P 'H n) A 2  Ba(A\) (Я аР ' - Р Я а))  = 0.
. O t n=l J -со \  «=1 /

Then, according to (2.20), we get
80

= 0 ,

(3.24)

(3.25>
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In  this case, if P('x> t) satisfies (3.22) and P  and P ' satisfy (2.16), namely

2  Ba{At)  (H aP ' - P R a) =0, (3.26)
«= 1  .

from (2.18), (3.23) and (3.26) it  follows that S ' (X, i) also satisfies (3.23). Ref. [4] 
pointed out that (3.26) are Baoklund transformations (BT’S) for equations (3.22). 
Let us emphasize that (3.26) is only the spatial half of the Baoklund transformations. 
.It is clear that we must impose condition (3.24) besides (3.26) in  order to guarantee 
;that P' also satisfies (3.22). Thus condition (3.24) is equivalent to the temporal half 
-of the Baoklund trasformations for the equation (3.22).

3.4. The integrals of motion
Substituting the particular solution P'«= 0 of equation (3.22) into (3.24), we 

obtain .

Э 2 Я „ Г  йа5Т г ( (Я яР ) 4 | ] ^ й(1 4)Р Я а)= 0 , (3.27)
ОЪ n= l J - м  а=1

khere 1 и = Л 1 (Р '= 0 ),
L a.&F =  ~  РФ FA.,

1ФР= г ? р - + ( Р Ф р)Р+ъР Г  '.ае>(РФ,)в . (3.28)
' {/СО J —оо

fSince В«(Х) are arbitrary  entire functions of Я, we get the infinite series of the 
Integrals of motion for equations (3.22)

Г  йоЛ!т((НпР ) А'Е Р 1АР Л а) = С « \  n - 1 ,  N,  Z=l, 0, (3.29)
I —oo a -1  .

§4. The Li Yishen method •

’ In  Refs. [1, 8], Li Yishen presented amethod, by using which the nonlinear 
«volution equations and the transformations of the potentials associated with the 
spectral problem can be found simply without any conditions imposed on the 
potentials at infinity.

Now we use the method to obtain the transformations of the potentials associated 
with spectral problem (1.1).

If  a gauge transformation of the eigenmatrix W

T(<D, M ) »  2  ^ - K T w +T^fa) ,  (4.1)
fc—0 . . .

-transforms the spectral problem (1.1) into

' t ) ) V ,  (4.2)

then T  satisfies
' T e= ( iK A + iP ) T - T ( ib A + iP ' ) .  (4.3)
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Substituting (4.1) into (4.8) and equating the coefficients of Km~u, we have
2 V -0 , (4.4)

&=0, •••, m, (4.6)

& m
03) ThFA- Ц Р Т Ю- Т ЮР’+ Т М , JЬ + К Р Т м а - -TwaP'^f, Jb—0, •••, m s (4-6)

with Pm+1,F~ 0. (4.7)
From (4.6), it follows that

Т Ы)= ъ В - \ Р Т №А- Т ЫАР ')+  s  B™Ha,a-1
(4.8)

where D-1 is the integral operator, B ^ ( t)  are arb itrary  functions independent of cc. 
By means of (4.6) and (4 .8 ), we obtain

Т м , - А Ц Т „ +  2 В ® ( Я иР ' - Р Я в), * - 0 ,  m, (4.9)
a=l

where Л\ФР= ~Л+ФрА,

А + Ф ^ ъ ^ р — (Ф*Р' -  РФР) р+ i  ( Д - ^ Р '  -  РФР) 0) Г  -  ъ Р В - ^ Р ' -  РФР)0.
ООО

(4.10)
Repeatedly using (4 .9), we easily show that

2 W = 2  2  В«Г1К *)Л 1\Н аР ' - Р Н а). (4.11)
г=о a= 1

171
Putting Ba(Я, 0 = 2  B(J?~1:>(t)k l and using (4.11) and (4.7), we obtain the

г=о

transformations of the potentials associated with (1.1)

2J Ba(A l ,  t ) { H aP ' - P H a) =0. (4.12)
a —X

If  we assume condition (1.2) and take D~1= |  •••da;, the transformations (4.12) 

are the same as (2.16).
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