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THE WEAK PROJECTION THEORY AND 
DECOMPOSITIONS OF QUASI

MARTINGALE MEASURES

H uang Zhiyuan

Abstract

In  this paper it is proved that every bounded, S8 X ^"-measurable function has a unique 

predictable projection and that every admissible measure has a unique dual predictable 

projection. U sing this weak projection theory, the author proves a weak version o f D oob- 

Meyer-’s decomposition theorem fo r  regular quasi- m artingale measures. .

I t  is well known that every quasi-martingale X  of class [L. D.] has a Dolmans 
measure A* * * and therefore there exists a unique, predictable process Ж of finite 
variation such that Xx=^2, that is, М = Х —Ж is a martingale (of. [1, 3 ]). The 
process Ж is called the dual predictable projection of X  and Х  = М +Ж  is called the 
Doob-Meyer’s decomposition of the quasi-marsingale X .  When the parameter set R + 
is replaced by a general topological measurable space, it seems to be very difficult to 
establish a similar theorem since the existence and uniqueness of the dual predictable 
projection heavily depends on the linear order property of the parameter set R +„ 
However, we will prove a weak version of the predictable projection theory in  this 
connection and establish a similar decomposition for a wide class of quasi-martingales.

Let (Q, P )  be a complete probability space, Щ be a topological space with its 
Borel a-algebra £8, Я? be a sublattice of £8 such that £8=<r((8’) and % be the algebra 
generated by As in  [4], let {J^o, С £ Щ  be a family of sub-tr-algebras of 8F 
satisfying the following conditions:

(F. 1) contains all P -n u ll  sets;
(F. 2) OtCOt, Ou  tf2<E 
(F. 3) СЦС7, {Gn} c V ,
Assume that for every A  6  St, there exists a set t(A )  £ Я? such that .

( i )  f ( A ) f U - 0 ;
( i i )  ОГ\АФ 0=Ы (А)с:С;
(Ш) A, Be%, A<zB=*t(B)ct(A).
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Denote by 3ft all subsets of the product space °Ux. Q of the form k . x A  where 
and A €3X t(A). The c-algebra 3? generated by 3ft is said to be predictable 

cr-algebra.
For any real valued integrable random set function X  = X (A , w) defined on 

a x fl , we define a real valued set function Xx on 3ft as follows:
Xx { A x A ) = m AX { A )4 o v A x A ^ 3 ft .

If  there exists a sequence {Anx A n} of sets in 3ft such that Аих А п̂ ^ х £ 2  and Xx is 
finitely additive on the algebra generated by 3ft and has finite variation on each set 
A n X A„, then we call X  a quasi-martingale measure. If, moreover, the set function 
Xx can be extended to a сг-finite signed measure on 3ft, then X  is said to be regular 
and Xx is called the Doleans measure of X .  Clearly, the lodally square integrable 
martingale p, defined in  [4] as well as its square p? are examples of reqular quasi
martingale measures.

We said that a cr-finite signed measure X on 0  is admissible if there exists a 
cr-finite measure m on 3ft such that X<g.mxP on 3P. This definition is more strict 
than that defined in [2, 3] in  one dimensional case. Denote by the completion of 
cr- algebra &  with respect to all admissible measures. A set in is called a universal 
null set (u. n.'set) if it has measure zero for all admissible measures. To describe 
the u. n. sets, we have the following lemma:

Lemma. A  set N  in 3ftu is a u. n. set i f  and only i f  for each и £  the u-seetion■
of fif has probability zero, i .e .

P ( N u ) -  0, ■
Proof The “if” part: Suppose that X is an arb itrary  admissible measure on 3P 

and X % m xP  iot some measure m  on 3ft. Since N  is an m x P -n u ll  set if and only if 
almost all its w-seotions are P -n u ll  sets, it follows that X(N )=  0.

The “only if” part: Suppose that for some we have P (N u )> 0. Then, we
can find a measure m  on 3ft such that т({ад})>0. Therefore, we have(m X P ) (A )>0, 
which implies that N  is not a u. n. set.

Now we state and prove a weak version of predictable projection theorem:
Theorem 1. For each bounded, 3ft x. 3F-measurable function h(u, w), there exists 

a unigue(up to a u. n. set) ^-measurable function h*(u,w) such that, for every a-finite- 
measure m on 3ft and every set S  in 3P, the equality

f h(u, w )d (m x P ) = i и, w )d (m x P ) (1}
^  J 8 J 8 .

holds.
Remark-. If we consider the probability measures on 3ft x ^ ,  the equation (1) 

means that
h*=Em*p{h\0>) ..
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for every probability measure m  on 08. We will use this notation for general 
measures, h f is said to. be the predictable projection of h. I t  is easy to see that the 
map: hr-*h? has similar properties as those of a conditional expectation.

Proof (Uniqueness) Let hf>h2 be two 08y. «^"-measurable functions with 
predictable projections h f and Щ respectively. We will prove that the predictable set

S = i(u , w ):kf(u, w)<h%{u, w)1
is a u. n. set. Actually, if for some u$z%, P ($ « )> 0 , then we can find a measure m  
on 08 such that m({w})>0 and therefore (m x P )(iS )> 0 . I t  follows that

j^Aid(m xP) = J^A fd (m xP )< J^fd (m xP ) =j^A2d(m xP),

which contradicts the assumption.%
(Existence) Firstly  we consider the indicator of a product set A. X A, h(u , w) 

=1a(u)1a(w) , where A £31 and For every finite partition of set A,
Пх
<=i

where {Af, i  =  l ,  2, •••, rc*} are disjoint sets in  31, define
ПхVaxa(ttj w) (u )E ( lA I & ;<4f>) (w ) .i=1

All the partitions ordered by the “finer” relation constitute a partially ordered set % 
' which is filtering to the right. Every linearly ordered subset in П  is contained in a 
maximized linearly ordered subset. We choose any one of the maximized linearly 
ordered subsets, fix it and denote it by До- 

For each m£  it  is easy to prove that
{ ¥ а х а (ц ,  ) ,  я г £ Д о }

is a martingale bounded in  I f .  Accordingly, it will converge almost surely to some 
limit 1 ахл(м, w) which is defined up to a u. n. set.

For any cr-finite measure m  on 08 and any set А% x A% in 08, we have

I I I xaKw x P ) = 2  ™ (A iA f)S(i.AlE ( lA\<0rt(Â  ) ),
AiXA.* i==l (2)

Since Д0 is a maximized linearly ordered subset of Д, it follows that there exists 
some ®06Д о such that for Vsf>-sfo, all those sets A f(£= l, 2, •••, nf) will be 
eventually either contained in  At or disjoint from A%. If  AjAf= 0  for some i, then 

=0; if A ju A f for some i, then t{A f)a t{A ^ )  and

Е (1АгЕ (1 Л ^ Щ )))  = Д (Д (1  а,а \ ^ каЬ) - Щ К а) = P (A tA ).
Hence, by passage to lim it in  (2), we have

f l f x4d ( m x P ) = m ( A i A ) P ( A i A ) =  [  l A><Ad(mX.P).
J A iX A i J Л1ХА1

Using a standard reasoning in measure theory, it is easy to see that for each bounded, 
08 x ^-m easurab le  function h(u, w), there exists a ^-measurable function h&(u} w)
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such that (1) holds for every pet 8  in SP. So the proof is complete.
Theorem 2. For every admissible measure A on 3P, there exists a mique extension 

% on such that for every bounded, SBx ̂ -measurable function h{u, vi) and its
predicatable projection h^(u, w), the equality

f  M A =  f h4h (3 )
J <six.a ) my.a

holds.
R em ark . This extension % is called the dual predicatable projection of A. 
Proof For $  £  ^?x ZF, define

%(8) = f  IfdA,
J <«xfl

where I f  is the predicatable projection of lg. Since the map h -> h0d \  is a positive

linear functional on the Banach space of all bounded, SBy. ^-m easurable functions 
whenever A is a nonnegative admissible measure, it  follows that %(•) thus defined is 
a measure on SBx and for each bounded SBx ^"-measurable function h, the 
equation (3) holds. Since every admissible signed measure is a difference of two 
nonnegative admissible measures, the theorem follows immediately.

Remark. For any admissible measure A on we can always find an extension 
by setting

A,‘W -L
dA d (m x P ) (4)I sd(m x P )

i o v 8 £ @ X .r  provided A < m x P o n ^ 5 for some cr-finite measure m  on SB. However, 
Theorem 2 shows that the extension doesn’t  depend on the choice of m. Actually, by 
Theorem 1 we have

A, ,(S)-j

=1,

dA
. s d (m x P ) d (m x P )  =  fJ mxQ \ ■s* dA j ^ d ( ‘?raxP)

dA
d (mXp)

d ( m x P )

d ( m X P ) = f JgdA-X(tf). (5 )_ J mxQ
Theorem 3. For every admissible measure A on SP, there exists a unique {up to 

equivalence) set function X (A , w) on a x  Q suck that
i) fo r each w£Q,  X  ( », w) can be extended to a a-finite signed measure on SB\

ii) fo r each A  £  21, X ( A ,  •) is JXc-measurable provided AczG£
iii) the Doleans measure Ax of X  coincides with A on SP. :

Proof Suppose that A <4CmxP on S? for some cr-finite measure m  on ^  
Combining (4) and (5) we see that

dA
d ( m x P )

dA

Define
d { m x P ) 

dA

Clearly, this set function satisfies (i) and (ii). Moreover, for each A^jSF
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E1aX ( A )  = f ^  7ЭЧ d ( m x P ) = l ( A x A ) .'  jA xA d( m xP )  4 x
It follows that (iii) also holds and that the function X  actually doesn’t depend on 
the choice of m.  In  fact, if x P  for another cr-finite measure m on  f  and if we 
define

Ж (A w) =  f — -  dm for A £ 2f,
J a d ( m x P )

then we have
E I a1 { A ) = E 1 aX { A ) = 1 { A x A) 

for each A  £  I t  follows that for each A  £  31
Ж (A, w ) = X ( A ,  w) a. s . 

and thus the proof is completed.
Remark. If  the admissible measure A is the Dolmans measure of some regular 

quasi-martingale measure Y,  then we call X  the dual predictable projection of Y . 
According to the above theorem, Xy- x —0, i. e. Y —X  is a martingale measure in  
some weak sense. This is a weak version of Doob-Meyer’s decomposition theorem. If /м 
is a locally square integrable m artingale measure (of. [4]), then jj? is a regular 
quasi-martingale measure. If, moreover, the DolSans measure of /л2 (in [4], it is 
denoted by </*)>) is an admissible measure, then there exists a unique dual predioatable 
projection of fp.  We can use this pro jection to define the stochastic integral with 
respect to fju as many authors have already done. But we prefer to use the Dol£ans 
measure directly since the conditions imposed on the existence of Dol6ans measure are 
much weaker than those of validity of Doob-Meyer's decomposition theorem on a 
general topological measurable space.
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