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COMMUTATORS OF MULTIPLIER OPERATORS

Q i a n  T a o  Щ  Щ)

Abstract

Denote M* * *= {o> € С™(Вк\{0}. |a><5>(£) (<0'й|£ |гНЙ|}, l is an integer. is the w-fold 
composition of Taylor series remainder operator, m =  (m%, •••, m„) 6 Zn. Z is the set of 
non-negative integers, a£  (BK) n.

Denote

2 * e,f>(a, /)(:») =  [ etx£o(a, & a(a)f(£-[a \)do .d£ ,
J (ЛГ)»т1

• « "
where a= (« i, ••*, «„), au f £ y ( R z ), a (a )= a i(a i)—a„(a„), [>]=>2a<> Л*».■ «-i

The main results are as follows:
( i ) I f  yt, rs€ ZK and l is an integer such that |y i| +  lyal +Z=* |»»| =»mi+"»+w»„, 

0<  |y i| <min{Wj}, and Ml, then we have1 <t<n

’ ||a«C'||/!k П !|Vm‘a,|U, '

where ЦVm«a*Ц̂  =  2  |a{®||p , q ^ ^ P o '+ ^ P T ^  (0, 1), p_1, p»_1€ (0, 1), G=G(K,n,m,

Сй, p0, Pi, yi, y2) is a conseant. '
( i i ) In the same sense of notation as in (i), but now \m \~1, we have

\\^тщ<тМп(а, ar* /> K ^ i / iu n v -^ I U p € ( l, oo),

where G=G(fK, n, m, GB, p, y lt y3).
These results extend the corresponding ones given by coifman-Meyer in [4] and 

Cohen, J. in [2], and, in a sense, extend those given by Calder6n, A. P. in [1].

§ 1. Notation and Terminology

Denote
M l= {«> £(r(R « \{oyy .V b fiG Z * ,  3 a e sa o h th a t|f i> ^ ( |) |< :a e |£i*-wl}, l £ R \  

AC?” (n, l )  =  {<r(a, £):a£ (R K)n, g £ R K, a  is defined and has partial derivatives 
of arb itrary  order for a. e. (a, £)}.

For g£A C T (0, 1), define

#-«<#(£) = = 0(£ -aO - 2  gWS p  (~<xde, i>k£Z,.£, a{£ R Kt|j8|<m< p i ■

-Pm/#, ®, 2/)= ^ (a ? )~  2  ■9-вУ р ~ (о о -у У ,  rfh{£ Z ,  x, y £ R K,
|<в|<да4. p i  .
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• B ^g (£ )= R ™ k ...... R~*ng ( 0 ,
where <m=(m1, •••, mn) £ Z n,a=-(alt •••, a») €  (#*)", and /3= (& , pn) € Z K, ft I —
&!••■&!, | / 3 | 4 & | + - + | & L  ^ > = ^ .  ' '

For <x£AC°°(n, 1), define

f )  (ж) = | (K2)nn е^а (а , £ ) « ( « ) / ( £ - \_a~\)dad£,

where « = (« 1, •••, an) , ah f € ^ ( R E), a(cc)=a1(a±)°--an(an) 1 [a]=«id----- bee», da=*
da%-’'dan.

If  m% — • • •= mn—1, i t  is easy to see that

^ S ^ f lC e ,  /)(»= < ?[> * , —, [«i, e>CP)]—]/(®),
which is the nth commutator of a>(D), where «{(/) (со) =  («{/) (a;). Therefore we can 
extend the notation of commutator and call Тщпо>ш(0 (a, •) a commutator of order
H ( [ 2, 8] ) .

We will suppose щ, below aod disouss two kinds of indexes:

( i ) ^o, Pi, (1, ° ° ) , q~1=Po1+ 'jbp71;
<= i

( ii ) Po, q £  (1, o o ) ,V i,i)( =  oo, p -1 =PoX+ 2 PT~.i=l
Let us introduce

2  k * ! L  m ,e z ,  fm z * ,. \8\=mi
and

IV " o ||» -n [V -<l, | 8„
. 1

where p =  (px, •••, j»»), т - ( я * а ,  •.*, то») a n d e » ^ ,  •••, e»).

§ 2. The First Kind of Indexes

Theorem  1. I f  co£ Ж |т1, %en /or the first hind o f indexes we have 

' I T'RWMt),
where G = 0 (K , n, to, 0 B} p0j pt) is a constant. -

The theorem can be proved by using the same method as in  [8], Theorem 2, 
but instead of applying Ooifman-Meyer’s theorem ([3], Thereom 1) we now apply 
the following theorem, which can be obtained similarly.

T heorem  A. Let <r€G°°((RE)»\{0}) and for VyS= (f t, • », f t )  €  (ZK)n, V£= 
(£i, •••, i n) €  (R E)n3 constant GB such that |cr</S)( l)  I ^ ^ й|1 |“|/}|. Then with

П / i ,  - , / . ) ( » ) - [  «“"М О Л С й  ) - / . « . ) < £J (B*)«
we have

1П Л , ■
n

where q, (1, °°), S'-1= 2  P i1, G = G (K , n, GB) p t) is a constant.
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Theorem 1 extends [2], Theorem I, which is for K —l ,  &>(£) = jf  | >mlsgn£. A 
further extension of them is as follows. .

Theorem 2. I f  71, y ^ Z K and l is an integer such that [7 i | +  |7 a| 4-2= | m |, 
and а>£Мг, then for the first hind of indexes we have .

I ^ ‘2V s,»«>(«, 0" /) l» « c |/IU |v -« i |U
where G = G (K , n, m, 0 B) p0f pi} y %) is a constant.

Proof Denote

По,. л (в, / )  (*) -  f e ^ 4 { a ) K e ) d a  d£,
J (R*)««

M(m) =  {a, £) £  AG”(n, 1): For the first kind of indexes po,Pi, Я., 12V. f>(«,/) lie 
< 0 1 /1 РоI VmaI„, 0 = G (K , n, m, рй) ph or) is a constant}.

We should prove

(£+  [сс1)ЧУгИ П М £ +  И ) б % ) .  (2 .1 )
We use induction for ( 7  i ,  72) in  the following manner.
F irst we prove (2.1) for 71= 72= 0. Then we reduce every other couple (71, 7 a) 

to the cases (О, у 2), (y[, 0), (71, 72), where 0=< 17x I <  f 7 i (, 0 <  (72 (<  [ 7 a | , for 
which we suppose (2 .1) has been proved.

Theorem 1 shows that (2, 1) is correct for 7 1=0, 7 a= 0. For other (71, 73) 
there are three cases:

( i ) 7 i= 0 , 7з=£0.
I f  I m I =  0, there exists

J (Иг)яп

= f e^™ >£v‘a>(£)a(a)?(£)dad£.
J (в*)»+»

Because £y*(*>(£) £ M 0, we obtain (2.1) by applying Mihlin multiplier theorem and 
Holder inequality.

If  |m |> 0 , denote J  = {i: m{= 0}, J ' = { 1, ••*, n } \J . I t  follows that 
T R<m)( W(o (a, d7 */) (cc) =  Gaj («) T w(f) V ,  d7>f )  (a?), 

where aj(x) =  П «<(»), mj/ =  (m,4, —, mir) , aj>=*(ah, —, ah), / '= ( j i ,  ~ V r ) .
ieJ

Therefore, without loss of generality we can suppose Vi, m{>  1.
As in  [8] , Lemma 1, we can verify the following equality

i—1

where m*= (mi, ••*, m4 —1, •••, m„). Therefore

€ * в № о (ё м е + и ) ) =£угт м £ +  M )  + ы ) ,

where £7г = £}£ri, 172 [ =  17a J — 1 , 17» | + 1  -  | w»*j.
From the induction hypothesis, Vi
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au f t e ) « ( £ +  [«] €  M (m).
So, because is a linear operator, what we need to prove is

Щ, at,£*lR{%ft>(£+ [«]) € M(m).
And then it  follows that

ы ) )  -  м ) М £  +  ы »

. - g  £yin n M £ +  [«]) e  M (m ),

For the assertion we have

Ы )  -  aiti£?°R№ Mg+  [a]) -

'( - « У
{mi — 1)!

•, 2  , .....B’su-B-s;».....BX°>(£+ Ы),
(2.3)

and then apply the induction hypothesis to each term on the right hand of (2 .3). 
( i i )  у%фО, 72= 0.
The hypothesis on 7 * implies Vi, m j> l. Therefore

t f  +  [«])’vBK,<»(f+ [ « ] ) - « +  W W . , ( ( f + W ) # ( ( +  [«]))

, (2.4)
i=l

and then the induction hypothesis can be applied to each term on the right hand of 
(2.4). ‘

(iii) 7iV=0, 72=^0.
In  this case by repeatedly applying formulas (2.4), (2.2) and (2.3) we reduce 

the assertion to the induction hypothesis and to the cases mentioned above.
A corollary to the theorem and [7], Theroem 1 is as follows.
C orollary  1. Let Q£0°° (RK\{ 0}), homogeneous of degree 0, 1 £ Z } 7 i € Z K, i  =

1 , 2, 0<  17 1 1 < m in {m i} , and f i£ Z K, |/3|<1=S>( 0{y)yed<x{y) = 0 . Then for | m | <  
l«5i«sn J S*-*

l+ nand

Т Ш ,  a) (») - p .  V .J g  Pm,(<k, *,

we have
|0 « З Д (« , e» /) .I .C O I/U '|V * a |„

where {po, pi, q} satisfies index condition (i) , C = 0 (K , n, m, l, Q, p0, pi) is a 
constant. . .

The corresponding conclusions for the cases K = n = l, y i= 0  or 72=0 were 
obtained by Calderdn, A. P. in [1]. Though the conditions upon Q were weaker ones 
in the paper, the complex method used there can not be easily extended to the case 
K > ± , n>±. ;
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§ 3. The Second Kind of Indexes

A t first we prove the following proposition.
P ro p o s itio n !. Suppose m £ Z n, <p£G%(RK) svch that supp q>a{y\

a n d £ £ 0=» 2  (р(2~>£) = 1 . Denote o>,(£) =<p(24 g)&>(£),, д}{а,у)■ j =—oo ■
/  n \ * N

-  П  PmXah ®> У) )Kj(,ca~ y )  andGhr(a>, y) = 2  Qiip6, У)■ Then GN satisfies the fol

lowing condition

f y ) - G N(cc, j/0) | d 0 « 7 ,  y £ B (y 0, t ) ,
J aeB'(vt ,2t)

where the constant 0  is indepfndent o f N  and t, B (y0, t) is the ball of center yo and 
radius t, B '(y0, 2 t)= R K\B (y 0, 2i).

Proof iBeoause щ € .М 1т[ with the uniform constants Os, we have, for

+ 1,

• 2~KS f 2  \2ш &3+ащ \Щ < 0 2 2̂ - ^ в (3.1)

From the Parseval equation i t  follows that

| лЕ(1+ 2 2з> | 2)й»|сс“АГК®)|а̂ < ^ 2 2Л1т|- 1“.|>. (3.2)

Applying the Holer inequality, since 2h<s>K} we obtain

dm
\ l / 2

)L  l « « « H » < ( L  (1+ 2* М ° г № М 1

^ 0 2 S(iml~w \  (3.3)

Similarly, for j: 24> 1}

J  \soaKj{co) j d o ; < C ^ j ' 2}e da>
>m>t  ( l + 2 23H a ) fc«

Since I а? I lal<(7 2  I I, there exists
1/81 = 1*1 •

f b | l“ l|iT}( a ; ) | d a ! < 0 2 « |m|- |“ l)
J b*

and for j: 2 ^ > 1  we deduce

f \a>\M | K ,(a )\d x< G (2 4 yK-2M/^ m ~w \
J i« i>#

To prove the assertion we estimate the integral

\l/2
Л < 0 (2J't)(K-aw/223<lm|~|0!l).

(8.4)

(3.5)

(3.6)

I. 19i(p, У) ~ 9 i(№t Уо)\йа>,I <seB'(i/e>2J)
and this reduces to the estimates of the following two integrals
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г г-i
I l  =  П Р я , ( в » ,  а>, f O P m X a t ,  а ,  У ) - Р т Л щ ,  СО, У о ) )J t/ieB'(y0,2t) <=1

and

’ (  П  Ршн(<Н, а>, У о ) )  К 3( х - у 0)\<=2+1 /

I a=  f

da;

П Р « ч ( « о  2/) ( K j ( c c — y )  — K j ( a > ~ y o ) )  

To see I 1} applying the equation
_-1 / n \mt-l

VvP mi (a«, x, у) -  ; Qg (x} -  ys) Ds J Vat (y)

dx.

and the estimate

we conclude
h < 0  f |ж_ 2/ | |«м-1 |2/_ 2/о| \ K j{ x -y ) \d x

J<S6B'(№»2»

<С7*|да { x - y y ^ lK j i x - y ) \d x < G 2 %

where the last inequality is obtained in  terms of (3.6) for \a \ =  \ m\ — 1. 
For I 2) firstly we have

I 2< o [  \xYm'\K 3( x ) - K }(x -y ) \d x
J BK '

where y = y —yo, r
W rite

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

K , { e ) - K , ( e - j ) - o f  (1 - < г * > / « У и <г£.J B* .
When 2^< 1 , since

|a ? ( ( i - e - w ) <»,(£)) | < д а м н ?|+1,
we derive 2-Kj 2

l/SKfco
1 2 ^ + “ ((1  - e~m )(o3(£) |adg<Gt2j23(m" lal>,

and
f ( l+ 2 2’ |o;|2) 4 xa( K }( x ) - K 3( x - y ) )  |2da;<0^2j4lm|- |“l)2 4  Jb*

Then, with a method similar to that used in.getting (3.6), we obtain

f \x\M \ K 3( x ) - K 3( x -y ) \ d x < Ct $ ,J
where the constant О is independent of j , and 2^ < 1 .

When 2H>1, because .

(3.13)

JJ I«-VI >t

n
П Р | щ ( в | ,  « ,  у ) К 3( х - у )

•
dx<,G [ \x —у \ш \К 3(х —y)\dx

« 7 ( 2 ^ ) (M )/a ,
it leads to
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f |&(», yo)\dto<0(24yK- №)/*, (3.16)
J 0>£B'(yc, 2t)

Then (3.11), (3.14) and (3.16) give

f | @n (®, у)-&я(са, Уо) [dx<G 2  min{2^, (2H)(K~m/2}
J O/ZH'tyot 2f) —со

( In oo \
2  2H+ 2  (2
—«о г0+1 >

where 2H&1. The proof is thus finished.
The following theorem is obtained.
Theorem 3. I f  y%, y% £  ZK, l is cm integer, 17 i | +  17s | +  ̂  = | те-1 == 1, 0<  | yx | <  

min{m{} and a>£Ml, then fo r  po‘- 1 < 2>o< ° °  there exists
1 <4<n

в 'Л  U < o |/ U I v » e |„
where G—0 ( K , n} m, Ов} p0, yi) is a constant.

For the proof, the following theorems are needed.
Theorem B. ([6] , Theorem 8)
I f  a linear oprator T  satisfies the following conditions:

(  i  )  f ^ O o ( R K),  ® G S u p p / = > T ( / ) ( a O  =  f  K (x ,  y)f(y)dA}\
J R*

( i i )  / £ Z 2(# * )^ [J T ( /) ||2<<7||/||2, G is a constant)
(iii) the Tcernel К  satisfies ‘

f \K (x ,  y ) - K ( x ,  y0)\dx< O , yeB (yo , t ) ,
J eeB'(v<>,2t)

where О is a constant independent of t) then for T  there are the inequalities o f strong 
type (p, p ), l< p < o o .

Theorem 0. ([4], Theorem 36)
I f  a) £  M°, |/3| = 1 , m £ Z n and \m\ = 1, then for the operator T (eR™ шц+т) d.a, * ) 

there exists the inequality of strong type (2, 2).
Remark. The original form of the theorem is for JT = n = l .  In  this more 

general situation it holds too.
Proof o f Theorem 3 Ohoose q>1} pKQ.Ox (R K\{ 0}) suoh that Vj, q>j is

homogeneous of degoee 0, l  = <pi-\---- 1-<рк on Е г \{0}, and (pj(£) Ф 0 => \£ ,\>

~ s u p ( | £ i | ,  •••, |£k | ) .  We write o>(£) =a>i(£) +  *** +  o>x(£) with o>*(£) = £«>(£)<Pi(£)

Now suppose co^M 1, and then it follows that Of £ M°. We will prove that 
the conclusion holds in  the case of |?| =  \m \ = 1 , 7 i= y 2= 0. Then by using the same 
method as in the proof of Theorem 2, we derive the desired results in the extended 
cases |7 i | + | 7 a |+ * =  |w |  = 1 .

From the decomposition of a> mentioned above, we can restrict ourself to the 

case of a> = £i o>, where й>£Ж°. Let a>N= 2  <»h where щ  are obtained from a> as in
. j = - N
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Proposition 1 .
Denote T ( f )  (ж) -=TR<n&u)(f)(a) / )  (ж) = Г я;»>(та]) (a, f )  (со) and 2 V (/)  (®)-  

Ttf&us'tnia, / ) (» ) •  From the equality

f )  at!&"((+№)(a> f)> (3.16)
where i0 satisfies mio==l, by applying Theorem О to the first term and Mihlin 
multiplier theorem to the second term on the right hand of (3.16), we obtain

I2’» (/)||» -S 0 '||/IJ, (3.17)
where the constant О is independent of N .

Resorting to [8] , Theorem 1, we have ' '

T NU)X<x>)=^Bj2 ti(x , y)f(.y)dA}, (3.18)

where GfN is introduced from o> as in  Proposition 1. Then the Proposition can be 
applied to 2V  From Fatou’s Lemma we conclude the inequality

By virtue of linearity of T(a,  / )  in  ai} the constant O=Gf0||Vma |ee where O0=O0(K , 
n, m, CB) p) is another constant.
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