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ON PRIMALITY OF THE COMBINATION OF 
EXPONENTIAL FUNCTIONS

Song Gtjodong (5jc® $0* * *

Abstract
The author discusses in  this paper the transcendental unsolvability o f the functional 

equation F(n) =f°g(z)  w ith /  being meromorphic and g entire, [for the function o f  the 
form

where Q/s  are rational, P / s  are polynomials. The m ain results are:
a) P (« ) is pseudo-prim e, i. e. F ~ f o g  has no transcendental solutions /  and g)
b) I f  0 < « i< w 2< *” < « m with %==degP^, then FQt) is prime (i. e. F —fog  implies 

that either /  or g is linear), unless there exists a nonlinear polynomial g(z) such that P ,=  
Pj(g), Qj=<}j(g) w ith p / s  being polynomials and q/s  rational.

These results generalize some theorems due to Prokopovich and other authors.

§1. Introduction

A meromorphic function F (z) is said to he composite if F{%) can he factorized as

(* /(* (* ) ) ) ,  Cl)
where /  is meromorphic and g is entire (g may he meromorphic when /  is rational), 
none of which is (fractional) linear.

F  (з) is said to he prime (pseudo-prime) if [every factorization of the form (1) 
implies that either /  is fractional linear or g is linear (either /  is rational or у is a 
polynomial). Also, a transcendental meromorphic function F(z) is.said to he left 
(right) prime if every factorization of the form (1) implies that /  is fractional linear 
whenever g is transcendental (g is linear whenever /  is transcendental). Further; 
two (or more) functions F  and 6r are said to have a common right factor a, if there 
exist functions /  and g such that

F  —/ and Q = g°a, 
where os is a non-linear entire function.

When /  in (1) is rational and g is restricted to entire functions, or when F =  fog  
is entire, and /  and g are restricted to entire functions, it is called to he a factorization
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in  entire sense.
The factorization theory of meromorphio functions has been developed in  various 

aspects. I t  is an interesting problem to determine the primality or pseudo-primality 
of entire and meromorphio functions. Many results in  this topic are known. In  an 
earlier paper1-81, Rosenblooin pointed out that the-function P(z) = 2+ eais prime. Baker 
and Gross1-11 proved that the function

P(z) =e*+P(z)
is prime, where P(a) is a non-constant polynomial. Gol'dberg and Prokopovich1-31 

generalized these results. They considered the function
P(z) = P (z)+ Q (s)ew*>,

where P , Q, R  are polynomials; P , В Ф const., Q^O. Later on, Prokopovich1-71 dealt 
with functions of the form

P(z) - S  F(z) * G + Q a(s)ep«<*>, (2)
. 4=1 ■ ■

where Q](z) and Р } (z) are polynomials) and О is a constant. He proved ;
T heorem  A. Let Pj and Q/ Ъе polynomials, and deg P j *=% with 0<w i< naO ~  

< nm, where (£}фО /ог m. Let P (z) be of the form  (2) . Then F  is composite
i f  and only i f  all Pj and have a common right factor.

Recent results of N , Steinmetz1-91 make the discussion of the pseudo-primality of
(2) much easier. We shall in  this note discuss the primality of functions of the form
(2) with all Qj being rational functions and without the restriction that F(g) ФО+ 
Qa (z) ер,(г>. Here are the main results. ,

T heorem  1. Let P i (z), *•••, P m(z) be polynomials, and Qi(z), •••, Qm(z) be 
rational functions. Then the function .

_?L
F ( z ) ^ Q , s{%)ePM . ■ ■ ,   ̂ (3)4=1

is pseudo-prime. ;•.. . r , (■ . . •• .
In  the following theorems, the factorization is restricted in  entire sense. That is, 

if F —fo g  a n d /  is rational, then only entire factor g is considered.
. T heorem  2. Suppose that the hypotheses of Theorem 1 are satisfied, m d that in  
addition wOT=deg P m>deg P }= n} for j = l ,  •••, m —1 (m > 2), Then the function (3) 
with P (z) =hO-rQ2(z)ep,u} is left prime. ,

R e m a rk  1. The example
6?(2) s= 1 + 2ег+ e2*= ( 1 + ег) 2

shows that the hypothesis nm>ni (j< rn)  cannot be omitted. ■
, R e m a rk  2. The demand P(z) ^СЧ-(2аер,(г) in  Theorem 2 cannot be canceled 
either, as is shown in the example bolow ' ! ,

Я (й )= а + е аг, . . ; ; , f

since we have Л  —f° g  with / ( £ )  rr@+£a and g(z) *=e*. /
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Theorem  8. Suppose that in  addition to the hypotheses of Theorem 2, the function 
F(ss)ofthe form  (3) satisfies 0K ni< na<>-’< nm. Then F (i) is prime, unless all P 1}
Pm and Qi, •••, Qm have a common right factor­

C orollary . Let f  be meromorphic and g be entire such that (i) /  and g are 
nonlinear, (ii) F  —f° g  is transcendental and of finite order, and (iii) F  has only finitely 
many poles. Then F  has infinitely many fico-points.

This is a slightly refined form of a result in [6, Theorem 1]. ‘
T heorem  4. Let '

h(z)~0+Q(;z)ep™, (4)
where Q,(z) фа is rational, and P(z) is a non-constant polynomial. Then

( i ) h(z) is right prime i f  and only i f  P  and Q have no common right factor,
( i i ) h(%) is left prime, unless Q(a) is of the form

where fi(z) is rational, and n is an integer with qi> 2.
R e m a rk  3. From this theorem, kwe conclude that if the function (4) has a 

factorization h —f°g , then either , . .

/ ( 0  ==0 + l n andg(%) = fi(z)enP(!>) with Q(z) =/3(z)"
or ■ . ". • . -

№ - 0 + q ( Q j * >
and g{z) is a Polynomial of degree > 2  such that

Q(*0 = ? (£ 0 ))  and P (z) = p(g(t)).
Throughout this note the standard notation of Nevanlinna theory will be 

employed without explanation. ,

§2. Preliminary Lemmas
L em m a l 1-93. Let h(z) be a transcendental meromorphic function satisfying the 

linear differential equation '
w(n)+ (z) 4----- \-a0(z)w=a(z),

where a(z), affz), •••, are rational. Then h(z) is pseudo-prime.
le m m a  S. Let P%(z), •••, P m(ff) be polynomials (m > l)  such that P}—Pi is not 

a constant for j¥=l, l < j ,  l< m  (when m = l, no restriction arises for polynomial 
PiOO). Let Qi(z), •••, Qm(z) be rational. Then the function

F ( z ) ^ Q f f z ) e v^  .
■ ' 1

is identically zero only i f  Q}(z)=sO for §=1, m.
This is an immediate consequence of a result in  [2, Theorem 1].;
L em m a 3ce:i. Let g(z) be a transcendental meromorphic function such that
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where ^  .
' $(*) “ 0(*Ж*О•

From the proof of Theorem 3, we see that g(e) is a common right factor of Q and P. 
Hence Q=q°g, where q is rational. We thus obtain

Q(«) “ $ ( * ) / £ ( * ) '
where g(Q  = <?(£)/£ is rational. Therefore, g(z) is a common right factor of P  and Q. 

In  the ease When (7=0, by setting
hx(z) = l+ h(z)

and to h±(z) applying the result just proved, we can easily reach the same conclusion.
Case 2 / i s  rational of degree >  2. Assume first that (7=0. By Lemma 4, /  is of 

the form
/(С)-«.(C-*)",

where n is an integer with \n \> 2 , and we may take a= 1. Then we have 

Hence

«(«) - [ (» (« )
Let

/3(2) =  [ p ( 2 ) - 5 ] r wP<e>.
Then /8 (2) must be rational and

$(*)-£(*)■ . (10)
For the case when ОФО, we set

M * )=<3 (2)ер(г>. '
Then hi = f1og) where f i = f —0  is a rational function of degree >2. So we also deduce 
(10). The theorem is complete.

The author is very grateful to Professor W. Fuchs and Dr. 0. 0. Yang for their 
going over the manuscript and valuable comments.
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