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A NECESSARY AND SUFFICIENT CONDITION 
FOR CONVERGENCE OF ERROR 

PROBABILITY ESTIMATES IN 
K -m  DISCRIMINATION

Su n  Zhigang  ( # ,& $ ] ) * * *

Abstract
L e t(Z , 0)be B d X {1, •••, s} valued random  vector, Qs) ,  ;= 1 ,  •••, n, be its observed

values, e^j be the ЛГ-nearest neighbor estimate o f 6j, B m  be the limit o f e rro r probability
1 U . ,

and be the e rro r probability estimate. In  this paper it is shown that

V e > 0 , э  constants a > 0 ,  c< °o  such tha t

i f  add only i f  there is no unregu lar atom o f (X , в)  defined [below and the various conver
gences Ё„л-* В т  are equivalent.

Let (X , O'), (X i, (X„, $n) be independent identically distributed random
vectors from B d X {1, •••, s}, where d>  1, s> 2  and ZnA { (X s, 6j), j ~  1, n} are 
observed values of(X , 9s). Let /j, be the probability measure of X  and

Р*(0) Д Р (0= £ |Х = 0), for £=1, •••, s. :
The ^-nearest neighbor estimate 9%c) of 9, introduced by E. Fix and J. L. Hodges’-13, 
is defined as follows: arrange |X ^—X|), j== 1, •••, n in increasing order ||X Rx — X \  <■ 

||Хля — X ||, where \\Х3—X j [is the usual Euclidean distance in  R d between X s 
and X ; put i< j  when.f Хд,—X || =  JX b, —X j| and R {<Rf, set 9 ^  equal tp the integer 
which has a majority vote among 9Bl, •••, 9Rf, in  the case of a voting tie, set Of* equal, 
with same probability, to each integer which has a majority vote. We write the error 
probability R ^  А Р 0 п Уф9) and the conditional error probability I4fc) Д Р($®  Ф
e\zn). ...........  f :

I t is known that there exists i2№)̂ lim  R ^  and under some conditions there existsП-*о»
Вт L ^ = R W) a. s. and й (1)= 1 —2 -® P f(X ) (See, for example, [2, 3] for #=1. The
n-»oo <=1

posterior error probability Of 9 ^  for given Z n is very interesting fiom a 
practical point of view, since one can only work with the “training sample” Z* 
at his disposal. But it  is impossible to get the exact probability distribution of L%°\
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when that of (X , 9) is unknown. Many mathematicians have studied the convergence 
of the error probability estimate of Lfif

where I A is the indicator function of set A  and 9 $  is the ^-nearest neighbor estimate 
of 9j based on {(X 4, 04), i = 1, •••, n, i¥*j}. Recently, Doctor Bai Zhidong proved 

Theorem. I f  ii is monatomic, then Vs>0, 3 constants «>0, c<oo. independent 
o f n such that .

P (  | Д й — -R(fc> 1 >s)<ce~m.
In  this paper we introduce the following

Definition. A point cc(£Rd is called a regular atom o f(X , 9) i f  со is an atom of ft 
and there exists a nonempty subset {£*, •••, ig^} of set {1, ••*, s} such that

P (9 = im\ X = x ) = j ~  w = l ,—, g(x).

The goal of the present paper is to prove
Theorem 1. The following conditions are equivalent each to other:
( i ) there is no unregular atom in the distribution of (X , 9),
( i i )  Ve>0, 3 constants a>0, c<oo independent of n such that

Р ( | 4 й- Р №)|> в )< с е -ЙЯ,
(iii) Д й-*Вш a. s. (w-*oo),

(iv ) Va>0 R (lc) (m-» oo),

( V ) 3«>0, Д й R m (№->oo),

(vi) Д » — >R(lc)
]? 1

(vii) 3 constant r  such that Д й — > r.
In  this paper we denote by a a positive constant and by c a finite constant. Both 

a and c are independent of n and take their own values in  each formula. First we shall 
show the following

Lemma 1. Let X%, ••*, X n be iid Rd valued random vectors and p>0. Then Vs>0, 
3 constants a> 0, c<oo independent of n such that

p  ( ■ i# 0 < » :iX i“ XS>|>p}>e)<ce-«,

where X ($  is the h-th nearest neighbor of X s among {X<, i= 1, •••, n, i ^ j } .
Proof o f Lemma 1. V s> 0, 3 constant M > 0 such that P (\\X 1\\> M )< e/2. 

Since

l ^ )-X < ? ||> p > -A # { j< « lX J- X » / |> ft ЦХ,|>Ж} '

. + А # у < « | |х г-х<5>1>р, |x ,K if> A 2 j+ 2 fc  (l)
7b
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where # A  denotes the num ber of elements of set A, by Hoeffding’s inequality, 3 
constants a > 0, c<oo independent of n suoh that

P ( 2 1>  e/2) « Р  { j<  n: IX , I > M }  >  s /2 j

> 8 /2 -Р ( ||Х ^ |> Ж ))< е е - (И*. (2)

To consider 2a we suppose that та, \X.}—X $ \ |> p  and | |X j< 2 f .  W rite B,-A 
{ю:\ой—Х )\< р /2 } . I t is not difficult to see that each B} intersects at most with Jc—1 
of balls Bi} otherwise, it contradicts | |x , - x s > ||> p .  Thus V»: |®[| <=M, there are 
at most Ъ of balls B} containing со. Clearly, each Bjd{co: ||ж|| < Ж + р/2} . So

||Х,-Х<;>||>р, |X ,|< M } < ft[(M+g/ 2 )*j

and for sufficiently large та,
2 a< e /2 . (3)

From  (1)— (3) this lemma follows.
Proof o f Theorem 1. Clearly, (н)=Ф(Ш), (iv) =K v) =Ф (vi) =Ф (v ii). Since | Д * | 

< 1 , (iii)=^(iv). Thus to complete the proof it remains to show that (i)=»(ii) and 
(vii)=^(i).

Step 1 (i)=^(ii). For brevity of the proof, we may suppose &=1, without loss 
of generelity, and this is to discuss [the nearest neighbor discrimination. We denote 
by A, В  respectively the set of regular atoms of (X , в) with g(jo) =1  and g(a>)> 1. 
E A A \J B .  Clearly, the set Я  is finite or denumerable. Write

B A {b 1} b2) •••} and Я А Д ,  h2)>--}.
D en o teP (X £ A ) , P ( X £ B ) ,  Р ( Х 6 Я )  and P ( X - 6 )  respectively by P {A ), P (B ), 
Р ( Я )  and P (6 ). •

I t  is easy to see that

P A P W - I - M  +  f + f  )р ?(»)й/л
i = l \ j A  J B  J R * \H  /

■ l - P W - Г  „ Р ?О Ж
m = l  g \ b m )  j = l  J R d\H

2  +  23 +  2  ) ^ я̂ 2 з+ 2 4+ 2 5to щеА (CjeB Wj£B.

(4)

(б)

From  now on we denote 2  by 2*
i . .

In  the case of Я = 0  Step 1 follows from Bai’s theorem. So we may suppose 
Я  Ф0.

In  the case of -4=0, 2 s =0. To consider 2з, we may suppose that АФ0. Then
oo

V s>0, 3 constant M  such that 2  P (X  =  am)< s /2 .
m = M + 1
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Thus

P ( 2 . » 0 < P ( | 2  2  W > / a ) + f  ( f | , S  W » )\ 71 w=l Xj~am / \  w+itf=l®j=o»n '

< р ( Ж . > в/ 2) + р { | 1  2  2  i -  2  P (X = a m)
\  П / U 9* m~M+l (Cj=am m=M+1

> 6 / 2 -  2  P ( x = o } .
m = M + l  J

The last inequality follows from the fact that by the definition of the regular atom 
of (X , 0) with g(am) = l  Vm

2  a « s -iff j—dm

So for sufficiently large n, p ( ^ - > - | - ) = 0  and by Hoeffding’s inequality V s>0, 3

constants a> 0, c<oo independent of n such that
P (2 s> 8 )< c e-°" . (6)

In  the case of B =0, 24= 0. To consider 24 we may suppose that Вфф. Similarly,
' oo -

Vs>0, 3 constant M  such that 2  P ( X  = bm)< s /4 .  By Borel's strong law of large

numbers, ,?(wi)Amin-{j: X  =  &m} is defined with probability one. Now in  the case of 
X s= bm, j  ФЗ (m) we have Qni =  вт) and

P ( | 2 . - P ' l > « ) < P ( | | i  2  2  Р ( Д Г - ц |> « / 2 )
\ |  7b m = i xy-=bm m = l У \ у т )  I /

+ p ( -  2  2  i> e /4 )
\  П  m = M + 1 ssj=bm /

J  p ( I i s . 1- " - '  - ^ r  P(x w  I >w )
+ p (— > т ) + р 1 1 -  2  2  1 - 2  P ( x - U\  91 4 /  LI 91 m = M + l  Bj=bm m = M + l

where Р 'Л  2  \ ^ P(bm). So for sufficiently large n, p ( — >4-)=»0 and by
m = l  g { O m )  '  9i 4 /

Hoeffding’s inequality V s>0, 3 constants e> 0 , c<oo independent of » such that
Р ( |2 4 - Р / |> б )< с б -вя. (7)

To consider 2s> we write *

а , ж щ в ,  r x ^ X j g H ,
1 —lAa, X e H ,  Vh, Х ,£ Я .

Clearly, (X ', в ), (X'1} 0*), •••, (X^, 0„) are iid random vectors, and there is 
only one atom hi of X '  and Р (Х '= Д 1) = P (U ) .  ■

1■ 2б?=—( 2  +  2  )-1(в̂ ви,)^2б+27-91 a'j+bl,xni+̂x х?$фЬи<СпЗ=Ъ-1
By Lemma 1 of [4], there exists constant m independent of n such that

(8)
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m
2  1 <

9® =  9®
(9)

To consider 2e we introduce random vectors (X ", 0"), (X'{, 9{), •••, (X 'n! Ql) 
as follows: write B(p) Л{ж: ||®—&i|| <p}. By continuity of probability Ve>0, 3p>0 
such that

р ( х ' е в ( р ) К Р ( х ' е я ( 2р ) ) < р ( я ) + в / 2. (io)
W rite (X ", в") =  (X ', 0) when X 'g B (p ) , otherwise 0"=1 and X " is uniformly 
distributed in  B(p/2) and P (X " £ B (p /2 ) )  =  P (X '£ .B (p )). Similarly, we can 
defined (XJ, 0J), j = l ,  •••, based on (X^, 6}), j = l ,  •••, 9®, such that (X " , 0"), 
(X", 0"), n, are iid. Now there is no atom of X "  and P (X "G .B (p )\P (p /2 ))
=0. Thus '

1| 2 6 - P + P ' | < 2 e  —  2  Zw+eitj) + 2  —P + P '
W j

+ —  2  i + —  2
Я  ||® /-® й,||>р/2  9® l® /-® «j||<(>/2:® ),® gjeB(p) ,

— 28 + 2 9  +  2 l0 + 2 ll-  .
Since { j< « : ||X ? -X £ ,I< p /2; X 'j, X ^ B ( p)}:dO < 9® :IX ',-X 'J< p /2 ; X'„ 

X j,.,£P(p)} by Lemma 1 (for &=1) and Hoeffding’s inequality Vs>0, 3 constants 
e> 0 , c<oo independent of n such that

P (2 s< e )< P  (— 2  2  l> e /2 )• \  9® ll«5-®Ajlls»p/2 Z / \  M ®5eB(2/>)\{Ai) /

< P ( v  2  l > 8/ 2 ) + i> { | i  2  l- f (Z 'e S (2 p )U W )
V 9® Щ - № 11}\\>р 12 /  4 1  «|®}€В(2рД{Л,}

> |- - Р ( Х '€ Р ( 2 р ) \{ Л 1} )< с е- (12)

W rite X '-/® ', Х " ~ р Л  P "  4 1  ~  2  X P2(0 "= «IX "). Then
. t=i

| p " - p + p ' |  =  i - 2 ( f  + f  ) p a( 0 " = £ |x ' '= ® ) V '- p + p '
<=»1 V  SO») J Ra\B(j,) /

-  1 -P (X " G P (p) ) - 2  f P*(0-«|X'-®)eI/*/-P + P '
j=l J R“\B(r>)

<  1 - Р ( Я ) - 2  f P,2(® )d /* -P + P '
<=1 J Й3\Н

+  |Р ( Я ) - Р ( Х " е Р ( р ) ) |+ Р ( Х /6 Р ( р ) \{ а д < е .
Thus by Bai;s theorem Vs>0, 3 constants a> 0 , c<oo independent of n such that

> 8 - |P " - P + P ' | ) < c e - on.P ( 2 , > e ) < p ( | i  2

By Lemma 1 V s>0, 3 constants a > 0, c<oo independent of и such that
P (2 io > s )< c < r° \ '

Since P (X " € P (p ) \B (p /2 ) )= 0  and in the case of X'j, X "}£ B (p /2), we have
a. S.

By (5)—(9) and (11)—(15), taking the largest number c and the smallest

(13)

(14)
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number a, we have P ( \3 n—R\>10s)<ce~m. This terminates the proof of Step 1. 
Step 2 (vii)=K i). By contradiction.
Assume that there exists an unregular atom B? of (X , 9), н  such that

Р (9 Ф к \Х  = ооъ)>Р(ОФк\Х  and (vii) holds. Then

2  +  2  )?  &,+#*/) ~2ia+2i3» (16)
vb Xj—Wa Х$Фв}ц

Let A iA { ( X s, 9S) =  (cc0, k ), j = 1, —, &}, 1=1, 2. Olearly,

P ( i i ) - n P ( ^ r « b ) P ( ^ ^ h | l r * » ), jMl ’

> П Р (Х , =  0 о )Р (М М ^ = Я о )= .Р (Л )> О .
4=1

Let 8 4 Р (Х -® о){Р (0*^ |Х = ® б)-Р (0*® я |Х -«< > )}> О .
Л Ж

By (vii), there exists a constant r  such that B nll---- >r. Thus there exists a subsequence
&пттг>г a. s. Since 9 $ = k  on A h when Х }=щ, j>Ho. So by Bor el’s strong law of 
large numbers the corresponding subsequence 2ia->P(X=®o)-P {9Фк\ X=& 0) a. s.
Thus 2 и - ^ “ -Р(Х -яь)Р(0*® ,|.Х-«<>) а.я. (1 -1 ,2 ) . (17)

Denote B£±{x: A>\\w—й?0||>0}. Olearly, 3/i >  0 such that P  (X  G P ) <  . We have

2l3 =  ̂ -( 2  +  2  ) I (9,*e«/) ̂  +  2 is, (18)n  XjZB X&Xo.X&B

£ u < -  2  1 -> P (X 6 P )  a. s.(n-*x>), (19)

S u - L  2  +  2  \7(о^0«/) ^ 2 ie + 2 i r .  (20)
П  \  Х & В ь ,Х & В ,  | |X ,- X « J |  |> J  X j +Bo.X j ZB, i |X ,-X 'g > | I <A )

1 ^
By Lemma 1 S i6 < —■ 2  l ^ i r  a‘ s- ôr n sufficiently large. (21)

. П \\Xf-X$}\\>A 6

For (X ,, fy) =  (<co, ®i), 4=1, *•*, we denote yto(X fc+i, —, X„; 0»+i,
( l - l ,  2). Since Х ^ ф щ  for Х }Фх0, X ^ B ,  \\X j-X $ \\< A , gln=g2n.' (22)

28By (18)—(22) the difference of values of 2 13 on Aj. and A a is less than —  a. s.

for n sufficiently large. This contradicts (17). Thus Step 2 is proved and the proof of 
Theorem 1 is completed.
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