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INTEGRAL FORMULAS FOR SUBMANIFOLDS IN 
EUCLIDEAN SPACE AND THEIR APPLICATIONS 

TO UNIQUENESS THEOREM

L i A h  Мш

Abstract

In this paper, the author derives some integral formulas for a pair o f submanifolds in 
Euclidean Space En* * *p, and applies these formulas to generalize the Christoffel theorem and 
the Hilbert Liebmann-Hsiung theorem.

§ 1. A Generalization of the Christoffel Theorem
Let 2, 2 ' be two «-dimensional compact submanifolds (without boundary) in 

E n+P, f :  2->2' be a diffeomorphism such that 2  and 2 ' have parallel tangent spaces at 
x £ 2  and x '= f(x ) ,  i. e. they have the same GauSs image. Choose a local frame field a?, 
eA) 6», 0»+!> over 2  such that e1} •••, e„ are tangent to 2. Then it  is also a
local frame field over 2 ' and en are tangent to 2 \

Throughout this paper we shall agree on the indices of the following ranges:
1^£, j , *•', «+1^05, /3, • ••, ^ n-\-p, l ^ A ,  B} •••, ^n-\-p.

Let wA be the field of dual frames, the structure equations of E n+P are given by
dx=w AeA) deA =  wABeB,

-Л’* /W . .  .
dwA = wBf\ wBA, wAB =  -  wBA, (1.1)

dwAB=wAOl\w OB.
Restricting them to 2  and 2', we have

dx==wtei,. dx'—w'ie’i, 
wa=Q, wL=0,

wia=hiajwh . (1.2)
dWi^WnfKWw+Qij, dw'ij=w'jkl\w'ICj+Q'l}f

Ql} = Wja/\Waj, Q't^w'jaAWaj. .

We introduce the differential forms .
A ^ WeAw{enA ---A w w A 4 tmA— A < ,  (1.3)1--- .--- ' Vl" 1 V- '

. <r $
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Д • •• Д Ащ еп,аAwie+, A  • - А ч № A  « C «  A  —Ayi» :
r  — 1 s

A-l.a™ A-l.e^a»
where e=even, r+s=№ —e.

Consider the deformation of S
ic(= ( l+ t)a j , ( —8, б), <в€2!»

Since
da?*= (l-ht)do5= ( l+ t)w 1e<, 

we see that ei, c2, en are tangent to 2 t and
Wi( 0 - ( 1 + « ) wi. (1.4)

Let

A » ( 0 -  A — A A ww ( 0 A " * A % № A » L « A  — A< •
I t  is a differential form containing the parameter t on 2. From (1.4) we have

Drs(t) = (l+ tyD rS,
d-Prs(t)

dt t-0
= гД (1.5)

Flow we compute 8 D M
dt t=о

in another way. W e! consider 2  and S' to he two

imbeddings
S'. x\ Jf-»U"+A -
S'l x': M~>JSn+t, ‘

where i f  is a compact manifold and x' =/°ж . Then '•«*' can be considered to be an 
immersion

xt: I x ( - e , 6 ) - > F 11. -
Pulling wA back to M  x  ( — e, e), we have (see[5, 6] )

WA.=dxt»eA.=dmxt>eA-

Noting wa=0, we have

dxt
dt > wA -+■ so • eAdite

(1.6)
(t) =  Wj(0+ ®idt, • 

wa(t)= x adt,

where аддВ do not contain dtf, and 

Let .

Д.СО = 8iv.:̂ 0 M»A—АА„*,  А «?*,(0  A — A ^ w (0  А «Си A — A < .  (1 -7)
I t  can be written as

Д .(0--О «(0+«*<А  Ф«(0, (1.8)
where

: Ф« (0  =  7 § Й “Д ,(, А  • • • A O f ^ i A ,*  A  00 A  — А  ( 0  A  < tr+1 A  • • • A
We choosey, e2, •••, e„ such that wy|e= 0  for a fixed point x £ 2 .  We write the

operator d on l x  ( -  e, s) as d = dm +dt A ( s e e [5]) Taking the exterior derivative
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of (1.7), we get
dBr$(t}=  -yd\'Zi”QhhA - '’ AQu_lieAwa(t)

A ^ +X 0A *"A w ie+X 0 A 4 +mA'---A<-
On the other hand, we have

d-6rs($) — duDrs^t') +  дЛ A ——  ̂ — dt/\du<j)rs(t)e<75
Equating the terms involving ей and setting i= 0 , we get

BDn (t)
8t t=о

- dn(j)fS rxaO,—ij3„ (1.9)

Comparing (1.9) with (1.6) and integrating over M, we get the following integral 
formulas

^Drs+ xaO U ,s=0. (1.10)
Similarly, we have

| d m+^<7“s: 1= o. ( l . u )

From (1.10), (1.11) it follows that

0. (1.12)

The formulas (1.10), (1.11), (1.12) are generalizations of the formulas (17) in  [1].
In  particular, we have ' ...

|Лго+жаСг_1(0=0. (1.13)
Let

_  ( - l ) * / 2(rc-e)!

E
e+1

e 2 e/\ \
_  ( —l ) e/a(i№ —e—1) !

3lh‘ ‘ ‘ ̂ h-iieje-АеУ

^Ji—fe+i^hhhfa' * "Î ie-lWe-î Aie+i.a/e+i2 ^ / 2 ^  j v J r* v e + i ‘AI,* i* m J 2  a ‘ v i’e - i v e j e - i y e , ^ e + i t ( t j e + i  V <X>9

where Д з1С{ are the Riemannian curvature tensors of 2. The formula (1.13) can he 
written as

f(Ie+ajo Я  )o>iA-” Aft>ft=0, (1.14)
j e+i

this is the integral formula (19) in  [2].
Suppose that there exists a unit normal vector field ея+р over 2  (it is also a unit 

normal vector field over 2 ')  such that the second fundamental forms of both 2  and 2f 
at en+p are positive definite symmetric matrices. Let

1Ъ ц » • ^ i f 9 l + P t j  f

К =det(&i,-), K '~  d e t(^ ) ,

E  — hiai6a> E  *=“ — huafiat
■ n n

(A;) =  (Aj)_1, (Kj) =  (Kj) *,

^  S~  *”^W «»•in!r$“
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Theorem  1. Let 2, 2 ' be two closed n-dimensional submanifolds in Mn+P, f :  2-*  
2' be a diffeomorphism such that 2  and 2 ' have parallel tangent spaces at й?£ 2  and a/ — 

suppose that there exists a unit normal vector field  e„+p over 2  and 2 ' such that 
the second fundamental forms of both 2  and 2 'at en+p are positive. I f  К = К ' and H  =» 
H ', then f  is a translation.

Proof From (1.10) it follows that

|  A t ,  n - l+ ® a P o ,n - l  — Oj 

jPn, 0 +  <X>aPt-1,0 =  0.

From these we obtain

|  — Bn, o) +  J^oC^o.n-l — 0*- i,o) — 0.

According to our choice of the frame fields oyer 2  and 2', we have

w la= 4 *.
Since Wi^hjW^n+v, w[ =X'i:jw,j>n+f='k,ij'Ŵ n^p, we have

A <  Д — A <  — Л
1

nl t \ w n,n-i-p — P l,n -ld > V J

where сГГ—адц,|ц.рЛ‘"A  «>»,»+,. 
Similarly, we have

B n,o—P n,odV,
Oo,n-i=bi\::inwha АЧЛ- - - А 4 a А Ч  A — A 4 .*

- H ’w 'i h - A w 'n ^ - ^ r d V ,

Оп-1,о = ~ г  dV.

Hence we get

where dV —w*, n+? A • • • A .»+?•
From the hypotheses AT= A"', H  = H ', we get

J(P»,.-»-P.»)<*F-0.

Since Po« =■ “A  = -^-“ P no, by Garding’s inequality we get

Pi,n-l>PnO-
The equality sign holds only if Ху=рЯу. Since Po»=P«o, we have /э=»1. Hence 2  and 
2 ’ differ from each other by a translation.

T heorem  2. Let 2 , 2 ' be two submanifolds descrrbed in Theorem 1, and dim (2)
rr T T f

•=dim(2/) =2. I f - — =*. then f  is a translation.
K. K. ‘
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Proof From (1 .10) it follows that

J-Dii+<0 * OW “  0,

From these we get

It can he written as

jDao+ й? • C/jo== 0,

' Jd 1i +<b,*C'1o=0,

JDos +  ®,# @01 ~  0.

J(2D 11- D 02- D 20) = |( a J- a ;')* (0 ,1o-C?oi)o

J ( 2i)ai-^oa-^2o)dF =  |  (a>-«0  —|?r)dF.

■ JET Л*From the hypothesis -Wr =  -=rr , we have
-K JL

|  (2 Р ц —P 02 — P20)c?F == 0.

On the other hand we have

2Paj, P02 Р2о= (M1M2-ЬM2M1 M2M1 M1M2)
— (MlM2~ M2M1) — (M1M2 — M2M1)

1=8 (Ml— Ml) (М2 — М2) +  (М2 М2)2

в  ~"1" KMi+Ma) — (Ml +  M2)]2+ ^ (M a-M i)8 

+  -̂ -(Я22 — Мг)2+  (Мг- Мг)2-

Since —у.? =  —ту , , we have (Mi ММ2) — (M1MM2) “ О. Hence

2Р ц —P  02 P 2o>0.
The equality sign holds only if Mi=Mi«

§2. Some Generalizations of the Hilbert- 
Liebmarin-Hsiung theorem

Definition. Let en+p be a unit normal vector field over 2 . 2 is called convex with
respect to en+p if, for each x £ 2 , 2 is contained in one of the closed half spaces
• Л + =  { у е Е п+р: (y-x)> en+P(x)>Q}
and

Л~ = { х £ Е п̂ ( у - х ) > е п+Р{х)<  0}.
I f  2 is convex with respect to en+p and

2 Г \ {у £ Я п+р,- ( у - я ) ' е п+Р(гр)=0}={а;},
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then 2  is said to be strictly convex with respect to ea+p. This definition is a generalization 
o f the convexity o f hyperswface. I t  is easy to prove that i f  2  is strictlyconvex with 
respect to en+p, then (ht,n+p,j) is definitee and when we choose the origin 0 6 x°en+9(%) 
are o f the same sign over 2 . : , i

In  the following we assume
A. There exist P  unit normal vector fields е„+%, ея+в, ея+р over 2  such that 2  

Js umbilical with respect to eT ( r = n + l ,  •••, n + p —1), and 2  is strictly convex with 
xespeot to en+p.

Denote the principal curvature at ex by Ov(x), the principal curvatures at en+p 
by Xi, l B, •••, We pfit ,:. : ■: '

Sr П

r ,

2 Х1Я2•••Xf. (2.1)

T heorem  3. I f  2  satisfies assnmption A  and 1 e= const, for a fixed even e, B<e<n, 
then 2  is a sphere.

Proof From the integaal formulas (1.14) it follows that

Jdm+J(B*jHc?m==0,

ГI<fim+ \x- H  dm=0 (dm=W x/\” ' j\wf),
J J e+i _

.Since J es= const., we get

f ( I e B x -  H  ) >xdm=0.  (2.2)
J e+l

Let
(x),

T=f»+1

hi}' ~  hiin+Plj,

h = ■ 6 ^  ' ■ 8)li'$+\Xc*8hh8it)i +  huifiltii) ’ " • (‘fSie-ih-fittle +  kt-ie+l ni
Then

Жгоиа (2 .2 ) we get

where*

Since 1

Pj- — (.On+ь  On+1“’, On+y_x, fiii), 

H  = (On+1I e, °”i @n+P-xIet he+x).
e+l

( Т А -  h )xn+pdm=*Q,
J . e+l

хп+р=х-ея+р(х).

(2.3)

-?е= — --p-1-  3i/1'."<le(c2Sll^Sity1 +  hith) *' • • +  hiMjetlhleje)nl
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e/2 / 4-1
a =  2  2 w 2r+1a e-■a r
e+l r+o'

i f .

we get

2 f ) ((8nrSi.~№ar+i)®n+vOe Srdm =0.
r=0 \  r  / J

Since. (Ay) is positive definite, We have

(2.fi)

for : :

The equality sign holds only if Ai =A2== Hence 2  is also umbilical with respect
to ея+Р. Therefore 2  is a sphere (see [3, 4 ]). . . . ;

Theorem  4. I f  2  satisfies assumption A, and there exist two evens e, г, 2 < r< e

<.n, such that-г~-*=оот18%.=а, then 2 is a spere. ....... ,
t * ■ ' ....................

Proof From (1.14) it  follows that ; '

H —a H  )dm ==~[(Ie—aIf)dm=Q
J e+l т+l J .

or

( A —a A )xn+Pdm — Q.
J e+l T+l .

( 2;:7 )

The following inequality is valid
ly  I 'Г+2
A "" A

T+l •t+3

In  fact, from (2.5), (2 .6) we have

t/2 t /2

a -22 2
T+l 4-01=0

2̂ /r/2 )

*

2 j  S r fw G * # * * *  +  g  ^  j  8 3j+18,+20 ^

J%A =2 20j 2 +1)( 2 ) + 2^2 ̂ т+3о»-Ч
Hence

] T/2 T/2
I-ir+2 A ~ I y  A “ “o' 2 j 2 j

T+l T+3 4  i+0|/=0

^/*/2W „

( $ 2$ 2;+1 ~  $ 2$ Щ 1%

Since

о« г« -м > + 2  (/Sf2,-+1s fT + 2 -^ T + 3 )a ^ .
*=°\ 3 1 -  . ~ "

't+1Yt ( ; М т Ф - л
j /  \  j  A i /

and
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for «<■;/
Qsj+i  oa/+i

It is easy to obtain
^т+з ^ h >0.т+l t+3

Thus
I v I T+2 1в 
h ^  h ^  h

T+l T+3 e+l
Since

h —a h •=s~ ( I T h —I e h )< 0 ,e+l T+l X/p e+l T+l
from (2.7) we get h — a h  =0 , which is possible only when ^1 = ^ 2= •** =^»- Hence

e+l v+l

2  is a sphere.
In  the following we further assume 
B. C%+1(®)-i----- h = 0 a(«) = const.
Under hypothesis В we can derive the following integral formulas by induction

j ( l +  Щ О х ^ В е  |жя+гД,+1 dm=0. (2.8)

Using (2.8) we can prove the following
Theorem 6 . I f  2  satisfies A, В and 8r—const., then 2 is a sphere.
Theorem 6. 1/2 satisfies A, В and 89/8*=const, for two evens v and e, then 2 is 

a sphere (гфе).
When 2 is a strictly convex hypersurface in  8 n+1, 2 satisfies A and В auto­

matically. Hence 2 is a sphere if /SV=const, for a fixed even e or -J^.=const, for two 

evens e and г, 2 < г < е < и ) .
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