Chin. Ann. of Math.
8B (4 1985

TORSION THEORIES AND PRIMARY
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Abstract

In this paper, the author obtains the following result: If R isa left semi-artinian max -
ring, then the primary decomposition theorem holds for all E-modules if and only if Ext
(81, 83) =0 for any non-isomorphic simple modules S1 and §3. By mecns of the primary
decomposition of modules, the author proves: All torsion theories of si are simple type if
and only if R isa left semi-artinian max ring and Ext (84, §2) =0 for any non-isomorphic
simple modules Sy, Sa. |

It is well known that many torsion-theoretio results are obtained for hereditary
torsion theories. Thus it is desirable to characterize ring R such that all torsion the-
ories of ru, the category of unitary left R-modules, are hereditary. K. Ohtake™ hag
given an answer to this problem in the case of commutative rings. We shall answer
the question in' the case of left semi-artinian rings, and characterize ring R such that
every torsion theory of zw is simple type. In § 2 we establish a primary decom-
position therem, which is a generalization of Bronowitz and Teply’s result™, It
will be of interest in other situations.

§ 1. Preliminaries

Throughout this paper, R denotes an associative ring Wlth identity and pw the
category of unitary left E~modules.
In[8], Dickson defined a torsion theory on pw to be pair (7, F) of classes of
modules such that:
(D ITnF=0;
(2) N&EM and M €.7 imply M/N € T;
(8) NEM and ME?lmply NeF:
(4) For each M € g, there exists a unique submodule M, of M suoh that M,€ T
and M/ M,c F.
The clasgs 7 is called the torsion class and F the torsionfree olass M, is called
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the 7 -torsion submodule of M. A. toxrsion class .7, and the associated torsion theory
(T, F), is called hereditary if .7 ig closed under submodules.

Let ¢ be a complete set Of representatives of the non-isomorphic simple
R-modules. A torsion theery (T, &) is said to be simple type if 7 is generated by
a subset of @'>%, For each S€p, wo say that the RB-modulet M i§ 8-primary, if
each non-zero homomorphic image of M contains an isomorphic copy of 8. A ring R
is said to have primary decomposuinonE5 01 °if, for each ME.J,, the torsion class
generated by @, M =@sc,M,, where M, is the S—-primary submodule of M.

* Goldi¢’s torsion class & for ap ® is the smallest torsion class containing all
modules M/N, where N is an essential submodule of M. The torsionfree class A~
associated with &/ is precigely the class of non-smgular modules (@ A7) is called
Goldie’s torsion theory.

A rmg R ig called left seml-artiman “” 1f non-zero B-modules have non-zero
soscles. In this case 9‘ = plb. A ring R is said to be a loft max ring if every left
module has a maximal submodule.

§2. The Primary Decomposition

Lemma 2.1.%° 4 ring R has u primary deoomposq,tq,on if and only if, for any
R-module M and sq,mple R-module 8o € p, the evtension of the form
0> 2 M s-—>X —>So—->0 ‘

. 880
is split ewactly.

In this section, our main result is the following

Theorem 2.2. Let Rcea loft semiartinian maz ring, then B has & primary
decomposition if -and only Ewifor any non-isomorphic simple modules and Ss.

To prove the theorem the following two lemmas will be needed.

Lemma 23. Let Rbea ring, X € pp and I = n (LCZX LaéO X/Le @) Then
Ie . Here (%, N ) is the Goldie’s torsion theoq'y Jor g, |

" Proof By ‘Zorn’s lemma, there exists a submodule J of X max1ma1 with respect

1o J N (I)=0, then J+%(I) is essential in X. Consider the exact sequence

JA¥ID X, X

J T I+ ) _
Since # ig closed under extensmn, X/ J E Z. T 3 I by the deﬁmtlon of I, and hence
Z(I)=0 since JDID@(I)
Lemma 24 Let S'OE(p Then Hom (So, H MS/E Ms) 0 for any madule M,

O—

where M is the S—prrfbmwfry submodule of M cmd 4 may be any subset of - {So}. -
Proof Suppose, to the contrary, that S, is 1somorphlc to the submodule R((a;a)
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+§ M) of I;[ Ms/; M, Let N=C M (). Then R/N 8, For every n& N,
A
n(w,) € 2 M, and 50 naw,=0 for all but finitely many o€ A. Hence N T % 0: w,).
ac

Thus N = E (0:a,), since R+ 2 (0: @,).
Finaly, So=R/N = R/ 2 (0:25). ThlS isa contradlctlon since R/ (0:2,) = S$S0

for each ¢ € A. Hence Hom (S, [I MS/Z Ms) 0

Proof of the theorem 2.2

The necessity is obvious by Lemma 2.1.

Weo show that the condition in the theorem is suﬂ‘icmnt _

Lot M be an BR—~module and So€op. Let X=1] M, and ¥ = ZM By Lemma'

880 8%:8p *
2.1 it is suffieient to show Ext(S,, ) =0
Consider the exact sequence

0->Y —>X—>X/Y -0,
We get the exact sequence |
Hom(Sy, X/Y )-—>Ext(So, Y)->Ext(S,, X).
By Lemma 2.4 Hom(So, X/Y) =0. Thus it is sufficient to show Ext(So, X)=0.
By noting that Ext(Sy, X)=Ext(S,, [[ M ) =[[ Ext(So, M 8)., it is clear that

Ext(S,, X)=0 if Ext(So, M,)=0 for all ;S‘—prmary modules, where SCo, 8 =;‘=:S‘o
Consider an exact sequence ‘ :

( -x-) ) : 0—-M 3—)W—>S 0"’>0

 If M, is not essential in W, then there exists a snbmodule N of W such’ that N n M
=0. Thus W=M,®N and hence W has a submodule N 1somorph1c 0 8. Th1s meansg
that the sequence (+) splits.

If M,is eSSentml in W, then I=N{LEW: L+0, W/LE #}igin N by Lemma
2.8, and SCI since R is left semi-artinian and M, is S-primary, thus §€ A, By
[10], S is a projective module. Since R is a max ring, there exists a maximal
submodule K, of M, such that M,/K,=8, and hence M,=8@K, since § is
projeotive. It is not difficult to show that M,= M@K since § is projestive. It is ndﬁb
difficult to show'that M,=Mo@Soc M, since Soc M,=238. Since R is left semi~artihiah; '
M, is ap. essentilal extension of Soc M,, and hence M,=Soc M,.

Ag before, we gel an exact sequence o

Hom (S,, II8/% 8)—Ext(S,, E;S‘)—»Ext(So, US)
By Lemma 2 4, Hom(S,, IIS/38)=0. '

On the other hand, Ext(S,, II8) =ITExt(8,, 8) =0, since 8§+ 8. Hence Ext(8,,
M,) =0. Thus the sequence () splits and so the proof is complete.
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\§ 3. Torsion Theory

Theorem 3. 1. All torsion theories of g are simple type if and only if

() R is a left semi-artinian ring

(2) R is @ maz ring;

(8) Ext(8y, S3)=0 for any non-womorphw simple modules Sy, Sa.

Proof Necessity. See[2].

Sufficiency. Let (7, 7,.) be a torsion theory. It is sufficient to show that (7,
7 4+) is hereditary sinee R is loft semi-artinian.
, Let ME€.Z, and let S be a simple shbmodule of M. If we choose N =M, maximal
with respeot to N NS =0, then § is essential in M/N. By Theorem 2.2, R has a
. primary decomposition. So M/N is a S—primary module. By (2), there exists a
maximal submodule M'/NCM/N, then M/M'=8, and heace §€.7 since .7 ig
closed under homomorphic image. | :

Let 4={8: § is a simple R~module and SEM/N for some NTM}. Then
M7, since R is left semi-artinian, where .7 4 18 the torsion. theory generated by 4.
By the precoding paragraphs, 4C.7; so 7 ,E.7. It follows that any submodule of M
ig in 74 gince 4 is hereditary. Thus 7 is hereditary and the proof iy complete.

Iri the process of the proof of Theorem 8.1, we also prove the following

Theorem 8. 3. Le R be a left semi-ariinian ring. Then -all torsion theories are
hereditary if and only if '

(i) Risa maw ring, v
(ii) Ext(81, 82) =0 for any non-isomorphic simple modules Sy and 8.
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