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ASYMPTOTIC REPRESENTATION FOR
REMAINDER OF QUASHERMITE-FEJER
INTERPOLATION POLYNOMIAL

XiE TINGFAN G} 2 3%5) *

Abstract

Let Q2n41(f, @) Dbe the quasi—Hermite—Fejer interpolation polynomial of function
f(@) € O_1,1) based on the zeros of the Chebyshev polynomial of the second kind Ua(z)=

sinb( (n+1)arecos m)
sin(are cosx)
quantity |Qa.1(f, ®) —f (z) | is given. A similar result for the Hermite-Fejer mterpolatlon

polynomial based on the zeros of the Chebyshev polynomlal of tne first kind is also
established.

In this paper, the uniform asymptotic representation for the

§ 1. Introduction

Let

— k” == .Olb
By =008 —— (k=1, 2, -, n)

be the zeros of the Chebyshev polynomial of the second kind

Y Sin(n-+1) )
0= SBEDmRD (1cec,

For a functmn fE€O,_1,1, we denote by H,(f, #) the Hermite-Fejer interpolation
polynomial based on {wy}i-1. It is well known that sequence {H,(f, »)}i1 converges
%o f(#) pointwise in (—1, 1) and umformly on each closed sub-interval of (—1,1).
At the end points —1 and 1, however, the sequence may be dlvergent For this,
Szasz P.™ introduced the quasi-Hermite-Fejer interpolation polynomial

Qunsa( S, 8= et D (A D+ G- (-1

' (1—2?) (1 — 22,)U%(w)
+ B @)

and proved that the sequence {Qg,,+1 (f, #)}n=1 converges uniformly to f(x) on
[—1, 1]. A quantitative version of Szasz’s result was given by Saxena-R. B."™, who

proved that -
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Quia(f, ) =F @) | <Bo (£, 52) (=2, 3, ),

where w(f, 8) is the modulus of contmtuty of f on [—1, 1], This inequality was
improved by Saxena R. B. and Mathur K. K.® , They showed that

NQumialf, D =F@) <L N oo (£, T4 ) (-1<e<D),

where ¢>>0 is an absolute constant, In a recent paper, Goodenough 8. L. and Mills
T. M.™ considered the quantity _ -

da(o) = sup, |Qan (S, ) -—f @) (~1<w<1)
and Proved that if s € [—1, 1], then

4= ELLOL 20w p,@meon}  ®

as m—>co. Observe that the formula (1) does not give uniform asymptotio
representation of 4,(#) on the interval [—1, 1]. Thus it is natural to ask what is

the- uniform asymptotic representation for the quantity 4,(#) on the interval
[—1, 1]. In this paper we shall give an answer to this question. The main result is
the following | ’

Theorem 1. The asymptotic frepresenmtfbon

An(w)=w——(@-{ N mﬂ1n(1+(n+1)arecos[m|)+|w|

1eo? o e
+GEDea +0(¢1—m2)}

holds uniformly on the interval [—1, 1], where o, 48 the zero of Ua(x) which is nearest
to @. ' . ' |

The proof of Theorem 1 will be given in § 2. In § 8 we shall establish similar
result for the Hermite-Fejer interpolation polynomial based on -the zeros of the
Chebyshev polynomial of the first kind.

§ 2. Proof of the Theorem 1

Let o€ [— 1 1]. we may assume that # is not a node of interpolation for that
case 4(2)=0 and there is nothing to prove. Since the function ()= [t—o|(—1<i<1)
‘belongs to the class Lips1, we have '
(1—-a)U%(e) , (1- w’) (1 —a2,) U2 (@)
A»(w) __(n+1)2‘“'+ 2 l% l (n+1)2(w wk>2 0 (2)

Set #=c086" (0<0<av) and 0;,— k“ (70 =1, 2 ‘, m), we have"

2 lwk“wl (& (328_2(: wkig:(m) = S%Iz;(—t—i—):g)ﬂ 4,09, 6]

where
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. 015"{—6 N 0;{“0
46— 2"} sin —%5 . sin —5—
¥=111 2sin O 5 —0 2sin 0";0

Now let 0<<o<<1. Ifs€ [cos 13 1], then 0<6<—%1—. Hence

2’ .
1 _ 1 n+1
G0 o Gui0 - 0(%5), @
| S 2
where and in later O(1) denote the bounded function of # and n. Since
sin B0 +sin 6 cos b %0 +cos0sin-ioﬁ£€-,
2 2 2
we have ‘ e . ;
: _ sind & _
A, (6) =ncos 6+ 5 k;l{ - R }
2 €73
From (4) we obtain . ‘ |
A, (8) =ncos 0+0{(n+1)sin 6}. | ®)

Thus it f_olloWs that : :
(&) = L”“_._)U.@{w +O(I=F)}

by (2), (8) and (B).

If z € [O cos 021 ] then —:21—61<0<-.g—. Ohoose the node ;= cos 'ﬁ% such that

lwi_w,<]w—wkl- (k=1, 2, -, n),

then o

-6 < | @
Set i o 4

0k;“0 sin 0k2—0

Iy= ‘+'
ﬂk [ 6,+6 |*
2s1n "9 _ 2sin 4~ 5
we have , .
y:| (0) k_zl Iy +k§1 Ik+Ig, «‘ '_ (®
. and ’

' = 1l n+1 n-+1 o
Ly—o+ T2 {(lo—ﬁw T +0(1+Tk—_:j—>‘§>} (j<k<m), (9

R JW{G’T}SW + (j’;jgw + o(1+-(7”;:,§)_)} (1<b<j). (10)

Furthermore

I~ ll

Substltutmg ), (10) and (11) into (8), we obtain

‘ l+av.sugn(a: mj) » o (11)
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A,,(a)=<”+1),~/1“w {14 2 ;+0<1) b (ur1-20

1—go?
- -E-———-T-i-m mgn(m !Uj)
+1

~ Since j<£§——, we have

4,(0)= LA (a1 j40(1)) + (w12 )0+ 725

22 .
+wsign(z— o).
o

(12)
Using the following inequalities '
Inj=In((n+1)arccosz)+0(1), (s+1) =0{(n+1)~/1—47},
. and

——==0(V1-2%),

we see that

4,(8) = 2("“)“’ 1-o” ln((n—i—l)a.rocosm)—l—(n-l—l)w

+ - —— Iw | +0{(n+1)\/1 —a?}.
Hence

4,(2) = _(1__:_0_:)_117&2{ \/1 w”ln((n+1)arccosm)+w

- |
+ D) Iz—wjl + o(di—mﬂ)}. (13)

Furthermore, it is easy to verify

In((n+1)arccos o) =In((n+1)arccosw+1)+0(1) for wE[O,cos%]

and

; N ' 6
In((n+1)arccoso+1)+ (n+1)|w-fw1|—0(1) for o€ [cos-f—, ]

Hence from (6) and (18) we obtain
4 (w) (1= U.(2) “’Q)U?’@){ 2 A7 In((n+1)arccos w+1) +a

1—o +O(\/——1_—m")} (14)

(n+1) Iw ;|

holds for o€ [o, 1].
Similarly we can show

A,.(x)—-g-—z:l_?——@{ v‘l ~® In((n+1)arccos|s| +1) -2

(n+11) (fv 2] +0W1—w2>} (15)

holds for € [—1, 0].
- Finally (15), (14) imply
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4, () =-<—l-———£92—)—17—’2‘-@{%v 1—27 In((n+-1)arccos|o| +1) + |o]
1—2o?
(n+ 1) |o—w;]
and Theorem 1 follows.
Remarks, (I) It is easy to see that

+O(NI=F )} (—1<o<1)

—2—\/1—w2‘1n((n+1)arbcos|wl +1)+ ||
lim min -2 ‘ =oc0,
a0 |2|<l '\/1—502

In fact, for ~/1—-2?< \/

= we have

%>-—1n(n+1),

N w<a,rccos|w|< Vi—a*,

and from the inequality

we have
i

_ln((n+1)arccos|m|+1)>—%1n(n+1) for /1—2°> =

Henece for s € [—1, 1],

%dl—w“’ In((n+1)arecos|w|+1)

~1—o? 1 ln( +1).

(II) Beoause of T
. 1-2)U, () _
(n+1)[m—w,|~o(1)’

theorem 1 implies

(o) == ”jhlg <-'“>|{ 1- w”)IU(m)lln((n+1)a,rccos|a:|+1)

+ || VI=F |Ua(a) | +O(VI=D)},
From this and the estimation
ﬂln(arocoslwl—}- > o(1)
we obtain immediately the result of Goodnaugh and Mills;

IROPECECAUACIRE TR wﬂ)lm<m>|1n<n+1>+0<1>}

holds uniformly on interval [—1, 1].

§ 3. Remainder of Hermite-Fejér Interpolation

Lot f €0,_1,1,. In this section, we shall consider the Hermite-Fejér interpolation
polynomial F,(f, #) based on the zeros '
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2k—1
2n
of the Chebyshev polynomial of the ﬁrst kind P,(a) =cos(narccose). For this case

g == COS

x (b=1, 2, -, n)

we have (gee™)

) =k ' sinn(@—g@,) \2 snn(8-+oy) \® -
Fulf, @) =< 27 >{(28m%(0_%)) +(2_Sm%(0+¢k)_) } (16)

2k—1
2n

4, (2) = Sup s | Fo(f, @) f(w)l,

we ghall prove the followmg

where o= cos6 and q)k% m. On the asjihptotic Tepresentation of quantity

Theorem 2. The asymptotic representation

4 (@) = T(“’){2\/l__a-;_ln(na,rccoslm|+1)+|w|+ il ca I+0(V1 -o?)  (17)

holds umformly on the interval [—1, 171, where 97; is the zero of T.(w) which is nearest
to @.
Proof Let 0<o<X1and a#n, (k=1,.2, -, n). It is easy to see that there exists

P < -;E such thai
’ 7w
| ' ~f¢!.. 0|§.";{-
Hence %;=cosg; is the zero of T',(«) which is nearest t0 o=cosf. Set

sn 3 (vt 0) | | singput)
L= SSltan e

25in +-(p—0)| | 25im 2 (gu+6)
Similax to Theorem 1 we obtam tha,t

2sm2 ~ '(‘9—%)_ 2 sin? *‘(0'*‘%)

(18)
and we can show

Leatn/T=a s - — At 0 (et o)} e B>j (19)

w(h=3) w43y =) w
‘and , 1 S . _ - . .
] 2 i e — i
I w+n~/1 w{ =G = )—'T.W,(lﬁ+j) -—I-—O((j—lo)ﬁ‘n)} »for._ k<j. (20)
Futhermore
I'= 1—a? ‘. SN . S '21 '
= To=m] —i—wsagn(w—m). : (21)

Substlutlng (19), (20) and (21) into (18) we have

AZ( )_ﬂg)_{.?n\/l w21n9+(n 2y+1)m+|1—£§—|- ‘
i

+asign(o— n,)+0(n¢1—w2)} @
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It is clear that for any € [0, cos—i%],

H=L_2 4 o(L) = ovi=a),
. n a n
hence (22) implies '

dn(w) = T(w){2\/1 a? In(narc cose+1) +o+———— +0(~/1 a:”)} (28)

( )

For mé[ T ,1], we have

I =w+0(
hence (18) implies

NG wﬁ) (h=1, 2, -, 1),

£() =?i£@l<w+0(¢—1~w2>.

_But in this case

.n______[“’ll““’g +In(narccos s+1) =0(1),

T—Ny
whence

A*(w) T (w){2\/1 —a? In(narccosw+1) +2 +——— li —¢ il +O(\/1 — )} (24)

Oollecting the results (24) and (23) we obtain (17) holds umformly on the
interval [0, 1].

Similarly we can show that (17) holds uniformly on the interval [ 1, 0].
Thus Theorem 2 is proved. |

Remark. The remarks of Theorem 1 hold successively. In particular we have

A;(a’)'-“*—al’z‘q%v—)-{%\/l—m’ In(narccos|s| +1) + | 2| }_,_'0{ | T (@) Inx/l—wz:2 }

uniformly on the interval [—1, 1].
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