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ASYMPTOTIC REPRESENTATION FOR 
REMAINDER OF QUASI-HERMITE-FEJER 

INTERPOLATION POLYNOMIAL

X lE  TlNGEAH (ift Д  ̂ |) *

Abstract

Let Qsn+iCf, ж) be the quasi-Hermite-Fejer interpolation polynomial of function 
f(x )  € 0[_i,i] based on the zeros of the Chebyshev polynomial of the second kind Um(x) —

Йп.( P arc °?s . In this paper, the uniform asymptotic representation for the sm(arccosa;)
quantity | Qin+iif, %) —/(V ) | is given. A similar result for the Hermite-Fejer interpolation 
polynomial based on the zeros of the Chebyshev polynomial of tne first kind is also 
established.

§ 1. Introduction

Let
= cos

гг+1 0 = 1 ,  2, —, n)

be the zeros of the Ohebyshev polynomial of the second kind

U m ^ + l ) a r o o ^ )  
sm. (arc cos ж)

For a function we denote by H n(/ , sc) the Hermite-Fejer interpolation
polynomial based on It is well known that sequence ж)}“=1 converges
to/(ж) pointwise in ( —1 ,  1 )  and uniformly on each closed sub-interval of ( —1 , 1 ) .  
At the end points —1 and 1, however, the sequence may be divergent. For this, 
Szasz P .a:i introduced the quasi-Hermite-Fejer interpolation polynomial

& . « ( / , * ) -  { ( i + » ) / ( i ) + ( i - « ) / ( - i ) >

+  s9  (n + l)> (®-« ,)

and proved that the sequence {Qs»+i(/, ж)}~=1 converges uniformly to /(ж) on 
[ —1, 1] . A quantitative version of Szasz's result was given by Baxena R. B.123, who 
proved that
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№ .« ( / ,  •)  - / ( • )  I < & » ( / , 0 - 2 ,  8, ...),

where a>(f, 8) is the modulus of continuity of f  on [ —1, 1 ] .  This inequality was 
improved by Saxena R. B. and Mathur К . К .ш, They showed that

where e> 0  is an absolute constant. In a recent paper, Goodenough S. L. and Mills 
T. M/43 considered the quantity

Ап(я>) -  sup [Qa„(/ , so) - / (®) | ( - K a K l )
/еЫрД

and Proved that i f  [ —1 , 1 ] ,  then

I |ЬиИ-0(1) }  (1)

as n-»oo. Observe that the formula (1) does not give uniform asymptotio 
representation of An{so) on the interval [ —1, 1] . Thus it is natural to ask what is 
the uniform asymptotic representation for the quantity An(x) on the interval 
[ —1, 1] . In this paper we shall give an answer to this question. The main result is 
the following

Theorem 1. The asymptotic representation

An(a>) =  s j l —a? ln(l+(»+l)arocos|a/|)+ |®|

+  (re+ i ) ' ^ - !Cj| + 0 ( : ' / I = ? ) }
holds umformly on the interval [ —1 ,  1 ] ,  where scf is the zero of Un(®) which is nearest 
to so.

The proof of Theorem 1 will be given in § 2. In § 3 we shall establish similar 
result for the Hermite-Fejer interpolation polynomial based on the zeros of the 
Chebyshev polynomial of the first kind.

§ 2. Proof of the Theorem 1

Let [ —1, 1] . we may assume that so is not a node of interpolation for that 
case d(®)=0 and there is nothing to prove. Since the function f(tf) =  |f—®|(—l < K l )  
belongs to the olass Lip*!, we have

*  о  -  й^ (а)+ §  i v i (2)

Set ®=cos0 (CK0< sf) and Or bit
n+1 ( b = l ,  2, •••, n), we have

s  i» - i (1fc=l (3)

where
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ft=1

' . 0 fc+ 0 . 0 * - 0sm  2
+

sin  2

2jsin \ в  
A

2 s in  6lc+ 9  
A

Now let 0<аз<1. I f  a 6 [cos - ~ } l j ,  then 0 < # < — Hence

1  1  ^ n + 1 ^
tg Оъ-е

о
tg eh+ e  k* r

2 46 2
(4)

where and in later 0 (1) denote the hounded function of аз and n. Since

si n i ^ ± s i n 0 c o s i ^ + c o s 0 s i n A ^  
A A A

we have
A M - n e o s e + ^ l  ' £ { — S -2 ы 1 .  6»fc-

From (4) we obtain

Thug it follows that

A„(9) =9icos0+O{(9i+l)sin#}.

( к ^ Ж М ^  +  0 ( V i - » 2)}

(5)

by (2), (3) and (6).

If аз G [0, c o s  A ] ,  then Choose the node 03;=cos -J ~ j ~ such that

(A - l, 2, —, »),
then

Set

(7)

I* =

. втс +  в
Sin---о---

2 sin V A
■ . \ ■■ A

+
sm 9*-9

2
2am A + i  

A
we have

A»(0) =  2  iie+  2
fe= l к=Я -1

and
n + 1

(b-j)vv (k+j)m;

h -  * W l r P ' { - + 1  ' ™+ 1

Furthermore

+ °(1+-(|r^)} «<*<»).Q - j y
91+1

(8)

(9)

( j - * >  ^ 0 '+й>г + 0 (1 + ( j- A ) 2 ^  (K k < j ) -  СЮ)

J i = -A  °i~\ sign (ж-%).| аз—аз̂ |

Substituting (9), (10) and (11) into (8), we obtain

(1 1 )
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A M  -  |2 1rx i+ ln  - ^ - + 0 ( 1 )  } +  (» + l - 2 j >

1 —0/2j— —- p cc sign (со—Qjj),
I CO — 00 j  I

Since we have
A

A M  -  ■ ^ -(2 In j+ 0 ( l ) )  +  ( n + l - 2 j > +  ^ - ^ 4-a; sign ( s - s , ) .1 — Я/2

Using the following inequalities
In j  == ln( (w+l)aro cos ®) +  О (1), ( ® + 1)  =  0 {  (я + 1)  * J l —a?}t

and

(12)

we see that

А л(0) =  ln( (я+ l)arocos so) 4-Qi+T)so
$V ■

' , 1 —ж2
l® -% |

-0 {(n +  l) s / 1 = ^ } .

Hence
An(so) = —— —со2 ln((n+l)arccossc)-\-a

/2»*T” JL t, Л7

+  ■
i - f l ) a

(n + l)  | a?—а?у| 
Furthermore, it is easy to verify

0 ( v T ^ ) l . (IS)

[ /9 *i
0 , 008 2  J

and

In ( (n+ 1) arc cos so4-1) • V l —»2
(w+l) | a;—®i| 

Hence from (6) and (13) we obtain

0 (1) for { c o s - ^ l j .

A ( ® ) =  — ■ { ~ V 1 ~ ^  ln((H+l)arooosa?+l)+a?

+ (14)

holds for [0, 1 ] .
Similarly we can show

An(so)=-Q ■ la((»+l)arocos|(s[ + 1 )

-----r + 0 ( N / I ^ ) }(гг+ l )  [sD—Xfl 4 ' J

■so

+ (1 6 )

holds for &£ [ —1 , 0].
Finally (16), (14) imply
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A»(a>) = —— 1п-((п+1)агосоз|а;[ + 1 )  +  \a>\ 
П + 1  LiTF

+ 1 1 И И + ( , М  < - « • < «
and Theorem 1  follows.

Rem arks. (X) It is easy to see that 
2 —____
—V l —»a ln((»+l)arocos|a;| + 1) 4- f®| 

lim min —------ :---- :---- !— ----------- ■-------- =  oo.
n-и» \0\<1 <y 1  — £r

In fact, for V I —се2 < — .., we have
V n + 1

and from the inequality .

V l —»a <  arc cos | a; K f V l -ar

we have
ln ((n +l)arocoslfl5[+ l)>-i-ln (»+ l) for V l —a?a> —7-—

V ^ + l
Hence for ® £ [ —1, 1],

—V l  — ®a ln ((»+ l)aro  00s I со I + 1 )  i
iL _ ------------------------------ '------ > 1 ы (п + 1).

V l —& w
(II) Because of

theorem 1  implies

( l-x * )U n(x) 
(n+X)\a>—SDj I = 0 (D ,

4,(0) Ц7,(в) Iln( (я-f 1 ) arc cos | so | + 1 )
n-r 1  {.ЯГ

+  |fl5| V T ^ | l 7n( ® ) | + 0 ( V r ^ ) } .

From this and the estimation

V l —со2 In  ̂arc cos I so | +-^— -^=0(1) 

we obtain immediately the result of Goodnaugh and Mills;

A W  -  ^ r ^ - ( a >l { | ( i - o  № W  I In (» + l)  + 0 ( 1 ) }

holds uniformly on interval [ —1 ,  1 ] .

§ 3. Remainder of H erm ite-Fejdr Interpolation

Let/GO ^i,!]. In this section, we shall consider the Hermite-Fej6r interpolation 
polynomial F n( f ,  so) based on the zeros
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ox._-1
щ =  cos-- —— ЯГ (& =1, 2, •••, w)

of the Ohehyshev polynomial of the first kind Tn (cc) =  cos (n arc cos %). For this case 
we have (see1-53) .

r . ( J ,  а) - - L  2  /0?»){( )* + (_ J E » (£ ± fiL y  1 (16)
2sin—( 0 - ^ ) 2 sin у  (flip»)

2 ib -lwhere a:=cos6 and pfc= —^ — я?. On the asymptotic representation of quantity

At0 ) =  sup , \Fn(J, a) - f  (a>) |,
7 € L lp il

we shall prove the following
Theorem 2. The asymptotic representation

1 —a;34K«) =  {— V l  -»a?3 In (n arc cos | a; | + 1 )  +  Ы , —,--------rП ISF 1 1 / 1 1  —7fy| +  0 ( ч / Г - ^ )  (17)

ôZds wrtiformly on the interval [ —1, 1 ] ,  where % is the zero of T n (®) which is nearest 
to ю. '

Proof Let 0<<e<l and хф щ  (Jc=l, 2, n). It is easy to see that there exists
%(pj <  such that

\<ps- e \ ‘ ! < №
Hence r)j =  oo&<pj is the zero of Tn(x) which is nearest to a;=cos0. Set

t* —■LJC ~
sin 0)

2 s in y (? > fc- 0 )
+

sin

Similar to Theorem 1 we obtain that

th 71c= 1  \  л л * о JL /

2 в т - |- ( ^ - Ь 0 )

+ -
2sin2-i(0-9?fc) 2 sin2 i -  (0+<pk)

T l(x )
/  Па it=i 1Г

and we can show
(18)

for »>/,■  (19)

and
I i =  — W l  — Я2 j --7T

0 ‘- * )  ^ ( * + j )
0 ((I(j-by

Futhermore

■ 1)1 fox i < j .  (20)

(21)
Substiuting (19), (20) and (21) into (18) we have

4 0 ») - M ^ { ^ J T ^ i n j + ( n - % + i ) x + - ^ - ^  

+xsigii(a!—4j) + 0 ( W 1 —Xs )|. (2 2 )
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It is clear that for any 0, cos-—-j

M z L + o(L) = o(
И SF \  !» /

hence (22) implies

^ ( ^ « i ^ l l . V r ^ ' l n C n a r c c o s a j + ^ + a j + ^ ^  +  O CVr11^ ) } .  (23) 

For a?€ [c o s > we have

i ; - e + o ( ^ - > / l = F )  ( * - i ,  2 , »),

hence (18) implies

But in this case

whence

4 К») - S & ( *  +  0 ( V T = ^ ) .

л/ l- ^ fln(narc cos * + 1 )  = 0 (1) ,

J*(a?) V l —as2 ln(raarccosa?+l)+a; + —Ь—^ —r + 0 ( s / l— »2)1. (24)
. гг (.яг n\a>~%| J

Collecting the results (24) and (23) we obtain (17) holds uniformly on the
interval [0, 1 ] .

Similarly we can show that (17) holds uniformly on the interval [ —1 ,  0] . 
Thus Theorem 2 is proved.

Rem ark. The remarks of Theorem 1 hold successively. In particular we have

J*(a>) = — {— V I —a?3 In (гг arc cos | a; | + 1 )  + 1&| 1  +  o l  1 ^  ж.,_1
гг far J L гг J

uniformly on the interval [ —1 ,  1]
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