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ON LKUR SPACES
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A b strac t

In this paper it is proved that if  X is an LKUR space, then X has (H) property and 
i f  X * * * is an LKUR space, then X* has RNP. Also, i f  Ж  is a Ohebyshev subspaee of LKUR  
space, then P(M ) is continuous.

§ 1. Introduction

In  [1], F . Sullivan introduced KUR spaces and LKUR spaces. In  this paper we 
study some properties of LKUR spaces. '

D efinition 1.ш A. Banach space is said to be an LKUR space i f  for any e>0, 
x G .8 (X )^ { x - ,x £ X ,  J[a,| ==1}-, 38=8(a;, s )> 0 , such that for <ва, %+i € $ ( X ) ,  i f  
|a»+®a4----- h0 » + i ||> (X + l)  — 8, then

• 1 1 ... 1 «

A (x, a>2, •••, ajfc+i) =sup-
xl(x)

•00

x\(xf)
0• • " 0 •

«CGX*,

K I - 1 ,
\ «!(•) 4 0 a ) i=, 1, •••, k. ■

D efinition S.1-33 A  Banach space is said to have (Л ) property i f  (xn)n=1a 8 ( X )
V)

and xn —> a>£$(X ) imply xn-> x .
D efinition 3.1:4:1 I f  X  is a Banach space, the dual space X* is said to have (**)

VJ** . ■ # ■
property, i f  (cC ,a(~l))czS(X*) and (X*) imply x*a - » со*.

D efinition 4.C5] A  Banach space X  has the Radon-Nikodym property (RNP) i f  
for every finite measurespace (Q, B, jju), each pr-conti/mom vector measure G :B -* X

of bounded variation there exists g t-L ^p ,, X )  such that G(E) =  g dp, for all E £ S .

In  this paper we prove that if X  is an LKUR space, then X  has (H) property, 
and if X*  is an LKUR space, then X* has (**) property and X* has RNP.

In  [1], F. Sullivan proved that if M  is a Ohebyshev subspaee of L2UR space, 
then P (M )  is continuous, where P (M )(x ) = {yGM-, d(x, y)= d(x, M )}. Now we 
generalize this resu lt and prove that if Ж is a Ohebyshev subspaee of LKUR space, 
then P (M ) is continuous.
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§ 2. Theorems

Lemma l .1-® I f  (xa, a £ D ) is a net o f X, for every e>0 there exists ccs£ D , sueh 
that the tail {xa\ » > a e} has a fim te s-net, then (xa) is a relatively compact subset of X . 

Lemma 2.a:i For all vectors x%, •••, xk in X ,
M * i, —, ^ ) > d is t  f a ,  fa ,  —, XjJ)A(x2, fa),

where fa ,  fa\ denotes the affime spam o f the ж-s.
Theorem 1. I fX *  is am LKTJR space, then X * has (**) property, and X * has 

RNP.
on'*

Proof Let (aQ he a net of 8(X *)  such that ж*—> x*£8(X *).
Let y*a=x*a—x*a. I f  ||2/«[|~>0, then, since 0 <  ||^|| < 2 , there exists a subnet (denoted

by ||.2/«| again) Such that |j2/«|| —> <г>0 (o < 2 ), and obviously, yl —» 0.
We shall prove that for this subnet (yl) and for each 8>0, there exists ae such 

that the tail {yl; a > a s{has a finite 8-net. I t  follows from Lemma 1 that the subnet 
(yl) is a relatively compact subset of X*. Therefore there exists a subnet (yls) of

w*
subnet (yl') such that yls~* st* £  X * . On the other hand, 2/«s -> 0, so я*=0, which 
contradicts ||2/« J-> « > 0 . Therefore it  is impossible that j|2/«jj-/>0, hence x*a-^x*.

We divide the proof into three parts.
(I) In  the case of the L2UR spaces:

i
Suppose 8< o /2 . We choose x £  8 (X )  such that x*(x) > 1 — — 8

О

^ is the S corresponding to x* and in the definition of L2UR space. 

Choose «о such that

a£0 » l - i  s ( f , (1)

0 < a - H <,|2/“u < a + H (2)

and
o . 3

Ш  2
(3)

for a>ao.
Let yl*£S(X**), such that yl*(yl) =  \\yl\\, V«.
We have \х*-уЦ  =  \x*~ (x*-x*a) || -  |K | - 1 ,  and b y (l),

8> |**+(**-Й ) +  (» '-Й ) |- |е * + « :+ ® Л > 8 -8 (« '< ~ )

for a,
Since X* is an L2UR space, we have

8 0 * as
8

(x*, where
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я '- y l ,  « * - Й ) - ^ ( 0 , yl, У ^ П Ш - У н Ш у'Л, №

for a, /3>a0, and hence

' о |> |Щ |М -|!«!Д 1М 1- (5)
By Using (6 ) and (2), it is easy to see that

11йМСМ)1<»/4 »)
for a, y8 >a<>'

If « > a 0 and yl*(yl)>0, then by (4), we have

<• ik m h c ii  1л - й1 -  i&i1 д а »  -  ш i,
and, by (3), (6 )

1Л-*С1<8^|-+1й(*»-1Л11<»/а- CO
If a> a0 and y*a*(yl)<0, then by (3), (4), and (6 ) , we have

1 tf+ & l< « /2 . ■ (8)
Now we consider three oases:

( i ) If  for all a>«o, У*а*Ху1)>®, then, by (7), («&) is a net of the tail {j/*; 

a>«o}.
( i i )  I f  for all a> a0} y**(yl)< 0, then, by choosing a1> « 0, (y*a„ 2/«,) is an  e-net 

of the tail {y„-, a>«o}. In  fact, if «a( !j6 ai)>«o, then, by (8)

1Л-Л1<1&+Л1+К+А1<£+!“»- ’
(Ш) If  there exist a* , a2>«o, such that 2/«t(2& )> 0 , у*а*(Уа,)<0, then, (у%„ y%t) 

is an e-net of the tail {$& a>«o}. In  fact, if a>«o, and ylK y^^O , then, by (7), we

have \ \y l -y t . l< - j i  if«> «o , and yT0(y*a)<Q, then, by (8 ), we have |ff£-i/S,fl<e.

In  a word, the tail {«/„•, a>«o} has a finite s-net.
(II) In  the case of the L3UR spaces:

Ohoose 8 corresponding to oa* and a in  the definition of L3UR space.

The notations and method are as above. There exists «о such that

а ( 'Й ‘) > A (0 , &> y*B> y*̂>
for a, 7 > a 0.

By Using Lemma 2

й(тк)а >dist ^  spa3i ŷ  A(-0, y*a> ŷ °
If  for each pair a, /8 > a 0,
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then, by (1 ) , there exists «8> « o  such that the tail {y^  «>«„} has a finite e-net. 
Otherwise there exist a1} a2 > « 0 such that

4 (0 , у1,У1) > а ~ .  .

Let a8>«i, a2. Then if for a > « 8, .

— ->dist (yt, span (j4 , *4 ) ) ,

then there exists 0«€span(2&, ^ J s u e h  that 1%*а-у*а\\ =dist (yl, span (y*ail yt,)). Since

(zl) is bounded, then there exists a—-net (ss*f •••, 2*) of (?„).
■ ' A

Therefore («$, •••, z*f) is an e-net of the tail {4/*; a > o 8}. In  fact, if a > « 8, then 

ls£ -*£I< Is£-*£ | +  for some 4, 1<4<й.

(I l l)  In  the ease of the LKUR spaces (k> 3).

Choose 8  corresponding to 0 * and a (-^q )  1 1 1  definition of LKUR space.

Using the same argument, we get that if ai} •••>, afc> a 0,

3 g-) >-4(0, y*ai, —, 24) > d ist span (3&, - ,  s 4 J ) 4 ( 0 ,  j4 , 24-J 5

If whenever ax, ••*, o^-i^ao,

й(‘ж )  ^4>
. According to an inductive argument, there exists a8> « 0 such that the tail {yl$ 

» > o 8} has a finite s-net. Otherwise, there exist a1} •••, afc_i>ao such that

-4(0, *4, •••, 2/«s-i)>« ( ^ r )  •

Then choose a8>m ax (a*, •••, «*,_!). When а > а 8 we have

^ > d i s t  (yl, span (<4 , - ,  < . , ) ) .

Since dim span («4, •••, 2/«s.1) < ^ —1 and the bounded set in  finite dimensional 
space is a relatively compact set, as the proof of L3UR spaces, we get that there exists 
a tail {j4 a>ae} which has a finite e-net.

In  the end, we have proved that if X* is an LKUR space, then X* has (**) 
property, and, by [4], X * has RNP. Q. E. D.

Theorem 2. I f  X  is an LKUR space, then X  has (H) property.
WProof Suppose (a>n)czS (X )  and ccn-> w £8 (X) .  If  xn -/>®, then there exists a 

subsequence (denoted by (xf) again) such that
sep(a>„)=inf ( ||a?„—asm\ \ \п,Фт)>&>0 for some e > 0 .

As in the proof of Theorem 1, we get a subsequence (ж„() and an integer iV0 such

that the set (xni) has a finite -4-net, which contradicts sep («»„)>s. Q. E. D.
A
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Theorem  3. I f  M  is a Chebyshev subspace o f LKUB space, thm P (  M ) is 
cont'kmous.

Proof (I) If  a? 6  I f  and —» oo, then
\\P(M )a}~P(M )xn\\ =  ||ж—Р(Ж)а5„||<||а! —£Bn||+  ||Р(Ж)а;п—%|

<||a?—«„J+dist (xn, Hf)<2||a?„—ж||—>0.

(П) if . « Jf, then “ d

P (M )xn-* P (M )x  iff Р ( Ж Х - > Р  (.¥ > '•
So we may assume that ||ж|| = 1  and P(ilf)a;=0, and we need prove that if жй-»я, 

then P  —» 0.
Since i f  is a Ohehyshev subspace, if {P(M )x„} is a convergence subsequence of 

(P(Jf)a>n), then we have Р(Ж )жП(-»0. In  fact, if Р (М )хП(->т) the»
M  -  I®—Р(Ж)®|| <  ||®~w|| =  lim  1 a>„t — P ( i f ) < l i m| as„(|| -  |» |, *

therefore m = 0. So if Р (М )хлФ  0, then there exists a subsequence of {P(if)®„} 
(denoted by {P (M )an} again) such that sep (P(M)ccn)> s, for some s> 0 .

Since ||a;|<j|a5~P(if)ajn|< |a?n-P (if)a ;„ ||+ ||a j-^ ||< ||a?„ || +  ||aj-a?n||->|a?||, 
we have |Р(Ж)дая—0 ||-*fas|| and Цв-Ь (%—P  (M)ccn) + (%—P  (М)хт) || ->3  when n, 
m —» o o .

Let 2/n= P (if)a ;n, as in  the proof of Theorem 1, we get a subsequence {P(M)xn}
g

and an integer No such that the set ( P ( i f  ip*N0) has a finite -g—net, which

contradicts sep (P (if)fl/„)> s. Q. E. D.
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