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Abstract

Let К  be an algebraically closed field of characteristic 3. Let Ay, As, As denote all: the 
fundamental dominant weights of GL(4). Then the -dimension of the irreducible GL(4)- 
module V with the highest weight Ay+A3 is equal to 16, and it is denoted , by P(16). In 
this paper, the following results are proved: ,

(1) (GL(4), Ay+ A s,V (16)) is a regular irreducible prehomogeneous vector space.
The degree of its irreducible relative invariant is 8, the associated character is

xig) = (fiet g)6.
(2) There exist only one 6-dimensional GL (4) -Orbit and one 9-dimensional GL(4)- 

orbit in V (16). "When m—7, 8 or l< m < 5 , there are no m-dimensional &L(4)-orbits.

Sato and Kimura C7:| have completed the classification of irreducible prehomoge
neous vector spaces in  characteristic 0. The author investigated the irreducible 
prehomogeneous vector spaces in Characteristic #>0 and found that almost every 
irreducible prehomogeneous vector space could be obtained by reduction mod p  from 
the corresponding one in oharaoteristo 0 (see [2] ). One of the exceptions is (GL (4), 
Ay-bAs, F (16 )) (p = 3). When the characteristic of the base field is 0, the triplet 
(GL(4), Ay+As, F (20)) is not a prehomogeneous vector space. The purpose of this 
paper is to investigate the triplet (G L (4), A y+ A a, F (16 )) (p= S ). This triplet can 
be proved to be a regular irreducible prehomogeneous vector space with the 
irreducible relative invariant of degree 8. Then we can prove that there are no other 
orbits of dimensioh less than 10 in this space except a 9-dimensional one, a 
6-dimensional one and a O-dimensional one {0}.

1. Preliminaries.
Let К  be an algebraically closed field, F  be a finite-dimensional vector space 

over K .  Let G be a connected affine algebraic group over К  and p: G-^>GL(V) be a 
rational representation of G. Then G acts on F  by p. If  there is a Zariski open (?-orbit 
in F , then we call the triplet (Gt, p, F )  a prehomogeneous vector space (abbrev. 
P F ) . All the triplets (G, p, V ) in this paper are assumed to be a P F . If there

Manuscript received May 29, 1984.
* Department of Mathematics, East China Normal University, Shanghai, China.



23No. 1 Chen, Z. J. A PREHOMOGENEOUS VECTOR SPACE OP CHARACTERISTIC) p

exists a nontrivial rational function P £ K  (V )  such that

P (p (0>)=KsO-P(>)> V g £ G , a ...

then P  is called a relative invariant. %: G->K* is a character of G called the chara
cter of P.

Now we denote the dual (^-module of V  by V* with the corresponding eontra- 
gredient representation p*: G^>GL(V*). Taking.a dual basis in V*, we can define a 
morphism

grad P :Q -* V *
/ я р  \

—grad P(a>),

Here О denpte the Zariski open orbit. If the morphism (grad P ) /P :  £ -» F * is  
dominant, then (G, p, F )  is: considered ; to be regular. If the representation p is 
irreducible, then we call the (Gf, p, F )  an irreducible P F .

Please refer to [1, 6] for the detail.
2. The construction.of (G L (4), А г+ А а, F (16)) (p = 3 ).
From now on, we assume that the characteristic of К  is 3. Let Jo=GF (3)be the 

prime field of K .  We are going to construct the irreducible representation A t+ A a 
of G = GL(4) (= (Щ 4 , Ж )).

Take a 4-dimensional vector space over the complex field C;

F i(C ) -{*(»!, a?2, x3, Xi)\xiGC, 1, 2, 3, 4} 

with a canonical basis

/ , - ‘(0, 1 , 0, 0), .
/ а - * ( 0, 0, 1 , 0),
/ * - ’(0, 0, ОД)..

Then the natural representation pi=Ali of GL(4, C) on Fi(C) is defined as

\x h>
dxi

0
8P

(«0

(«0

P i ( g ) .  v=*gv, \/g e G L (4 ,Q , ®'GFi(C).

Thus, F i(C ) is an irreducible (?L(4,C)-module with the highest weight A t.
Put F 2(C) =  {X £  M(4,C) |#X =  — X }  and define a representation ра= А а of 

GL(4,C) on F a(C) as follows: ^

p*(g)X = gX %  V g€(?L (4 ,C ),:X G F 2(C).

Obviously, dime ,Va(C) “"б and Fa(C) is an irreducible GL(4, C)-module with the 
highest weight A a. Denote
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/0 i  \ г
0

0

■

- 1 0 ^ i
г j

2, 3, 4.

Then { e » | l< * < j< 4} form a basis of Fa(C) and eit== — ei}.
The tensor representation Ai(x)Aa of GL(4, C) on Fi(C)® Fa(C) is defined

as

Pi®p2 ($0 (v® X  )= p i (g)v®p2 (g)X  =gv®gXtg,

V g S G Z & C ),  o € F i( C ) , X<EFa(C).

As a GrA(4, C)-module, F i (C )® F 2(€) has a decomposition to direct summands
F a(£ )® F 2(C) - F i ( C )  +TFa(C),

where
TF i (C) =  C/i® ela- fC /i® 0i3+ C /i® e14+ C /2® 6S1+ C /2®  e23

+  С / a® e24+ C / s® бз!+ С/з® e3a+ С/з® 634+C/4® 641

+  £/4® 64a+ C/4® 643+C ( / 2® ei3 + / 8® 0ia)

+  £ ( /1® баз+ 2/a® 613 + / 3® Cja) +C(/a®6i4+ f*®eia)

+ ‘C (/l®  ̂ 34 +  2/a® 014+/4® 6la) +  C (/3® 614+/4® 613)
"h ̂  ( / 1®  034 +  2 /8®  6i4 + / 4®  013 ) +  C ( /  3® 624 + / 4®  баз)
H-C (/a®e84+ 2/ 8®0а4+ / 4®ваз),

Жа(С) =  C (/!®ea3- /a ® e i3+ / 8®eia) +  C ( / i® 624-/a® e i4
+ / 4®eia) +  £  ( fi® e si- fs ® e u + fi® e ls)
+  C  ( / a ®  634 - / 3®  034+ / 4®  б а з ) , 

dime TFi(C) =20,

dime TFa(C) =4.
/

In  fact, IFi(G) is the irreducible GL{4, £ ) -module with the highest weight Д 1+ Л 2. 
Now we take a lattice G\L(4,Z) in 6j\L(4, € )and  take an admissible Z-form of TFi(C) 
as follows:

fFt, 2 =  ̂ /i® 6ia  +  Z /i® 6 13+ I / i® 0 i4 +  Z /a® eai+  Z /2®  еаз
+  Z / 3® 034 +  ̂ /3® 081 +  Z / 3® вза +  Z / 8® 034 +  Z /4® 04J 

+  Z/4® 042+  Z/4®043 +  Z (/a® 013+/3® 0ia)
+  Z(/a®0i4+ / 4®0ia) +  Z (/ 3® 014+ / 4®013)

+  Z ( /3®024+/4®  ваз ) +  Z(/i®023+2/a®0i3+/3®0ia)
+  Z (/ i®024 +  2/a®014+ / 4® 0ia) +  Z (/ i®034+ 2 /8®014 
+/4® 013 ) + Z (/2® 034 +  2/3® 024+/4®ваз) •

Let 6r.L(4, K )= G L (4, Z )® 2F  and TFi,ir=TFi>g® 2A', then TFi>K- is an indecompor 
sable GL(4) -module. In  fact, TFi,# is a Weyl module of CrL (4) with the highest 
weight ali+yla. There exists a unique maximal G.L (4) -submodule Ж in IFi,* as 
follows:
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(/i®023+2/a®6i3+/3®6:t2)®-S"+(/i®e24+2/2® ei4+/4®6ia)®ir
+  (/1® в34+2/з®в14+/4®б1з)®£' +  (/а®б34+2/з®ва4+/4®б2з)®^»

The quotient module W i ,k/M = V  is an irreducible GL (4) -module with the highest 
weight A%+Az. We denote a basis of V  by

е« ;= (/< ® % )® 1 + ^ , 2, 3, 4.
eCfc~ ( / ;® 6«+ /fc® % )® l+ -^ j l<& <j<& <4.

Then dim# V =16. Let p denote the representation of G L(V ) on V ( =  F (16 )).
Let

Then
0 = ® y)6<?L(4).

р(.9)вц} SC9%9o.i 9pi9pi9ii)^iipQ S ( 9 tG ii9 n  9^9<^9п 9ps9Qi'9i‘0.epv> ■ ?
p=£Q[ p<q<r

i ^ b  i>j~ -̂> 2, 3, 4, -
P^\9')e()Tc~'2i(.9pi9p}9g]<iJ r9pi9pic9ai^~9vi9vic9qi)eppti'Jr S ( .9 & 9 a i9 r it9 р 9̂ф 9^

РФ0. p<.q<r

~L d v iffq id rk ^ t ffp s ffq k ffr iL  ffpTeffqiffriL ffp k ffq jffrG G g r'

This representation p: GL (4)-»<7L(F) can induce a representation of the Lie algebra 
fil(4) on the same vector space F  as follows:

dp: gf(4)-»gI(F).
Let

-4=(% ) Ggi(4),
then

d p  ( A ) e i{^ —  ( % — « « ) б д а — % % < +  S  U q fiu q P  2  (  ~  a p l) е Ш)>Q*i,̂  _ P=M.J'
i ^ j ,  Ч?=1, 2, 3, 4, 

d p  ( А )  = й у 0у й + + а ^ е щ +  ( tu em L  сьпРт+ < h fim  +  ® « + % +  Щ к )в щ

+ a pne (pn)

l< i< j< Jo<  4.
In  these formulas, eW)= eiliaia, where (®i, i2, i&) is a.rearrangement of {p, i, j)  

from less to greater.
3. L em m a 1 . (GL{4), Д + аЦ, F )  is a PV.
Proof Let

*0 =  6123 +  6124 +  0134+ e234 ® F .
Then the stabilizer of G =  CrL (4) at ж0 is 

. Qt. . :=,{^GQt|p(flf)'®o“ ,«o}-
=  {.Lj x , i ,  +  P j2 , ia +  L JS, < » +  Д ы 4> — —  E i l t % — P i , ,  3

—-®а.4+-®*и.*+-®«8.л+-®«*.^1 (®1, i%)iz} ii)
is an arrangement of (1,2, 3, 4); ( j 2, f ,  j&) is an arrangement of any 3 numbers 
taken from {1, 2, 3, 4}.},
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where

Thus GXt is a finite subgroup of G, and |6?*0| = 120. Let p(G). ж0 denote the 6r-orbit 
of x0) then ■

dim p(G). <c0=dim  G-dim Ge,= 1 6 = dim F ,
Therefore p(G). x0 must be a Zariski open subset in  the affine space F . This proves 
that (GL(4), Лг+Лэ, V ) is a P F .

4. L em m a 2. There exist relative invariants in the PV (G L(4), A t -\- A 2, V ), 
and all its relative invariants have the form  cpm, where e €  K* m  <£ and P  (~Jc [F] is 
irreducible.

Proof (after [7]) Suppose that G is a reductive algebraic group, И  is its closed 
subgroup, then G /H  is an affine variety i f f j l  is reduotive (see [3]). Now Ga, is a 
reduotive closed subgroup of the reductive group G =G L(4) (Lemma 2), so G/G№o~  
p(G). x0 is an affine variety. Since p(G). x0 is an open subset of F , V -p(G ). x0 is an 
algebraic set of pure oodimension 1 . Since iT [F ] is a unique factorization domain, 
V~p(G). x0= Z (P ), where P G .K [ F ] . If ,Z (P ) = Z (P f)  U *** U (Pr) is a decomposi
tion to irreducible components, then P t, •••, P r can be taken to be irreducible 
polynomials of IT[F] such that P = P 1P 2’--Pr. Hence the relative invariants of the 
PV(G , io, F )  have the form cP f1’--P^r, where F *  and(wj, •••, mr) G H  (see [1] 
or [6] ) .  Since p is irreducible, r = 1  (see [1] or [6] ) .  So P  can be taken to be an 
irreducible polynomial in К  [F] and all the relative invariants of this P F  have 
the form cPm(cGK*, m £ l ) .  Further-m ore, since GL (4) is defined over h, P  can 
betaken to be an irreducible polynomial in A[FJC1'1.

5. Let 0ffl denote the centralizer of the Lie algebra g =  g((4) at xG V . Then

Qe = {AGQ\dp.(A). 05=0}.

If y —p(g). x ,then %y==Ad g. ge. Hence dim ~dim  Qe. Let L(G f) denote the Lie 
algebra of Ge, then

• :0*.
So

dim Gf<c=dim  L(Gte)< d im  ge.
Now we define

Fr =  {» € F |d im d p (g ). a5< r}  =  {a:€F(dim  ge> 1 6 —r}, 0 < r< 1 6 .
Then j< 4 }  is a basis of 0. Hence {dp(Д„-) 1 generates dp(g).
Construct the 16 X16 m atrix , ' ,

M a==(dp(J$L,i). x, •••, dp^Ei.i). x).
Then dim dp(g). a iff all the minors of degree r + 1  of M№ are null. Hence F r is
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closed in F . I t  is not difficult to see that V T is stable under the action of G. Since 

we have
F = F 19= F 1B3 F 143 « - 3 F a3 F o={0}.

Lemma 3. The degree o f the irreducible relative invariant o f the P V  (GL (4) , 
A x-hAa, F )  is 8 and the character associated with P  is %{g) =  (det 'g)\

Proof Since

7 ® 0 0
° \

■
0 a Q o a G K
0 0 a 0

■\o 0 0 aJ ■

а5о==в1аз-Ье124"Ь0184+е234 GFis, Xo(fV  14. Hence F û —V  ~  p(G') ■ Xq, that is, F %4?~A(P ) , 
where, P .£ h [F] is the irreducible relative invariant of the P V ,

If  we take ^ = 6112+ 6334+ 6443, then

Ga

0«i

( . \
t4

t
t \ r ‘ )

! a \
a b

a - ъ

l \ a j

a ,b £ K

As dim
dim p(G). »i=15.

Since X i€ V u , p(G). aqCiFit£=Z(P).. Since p { Q ) . x x and Z (P) are all irreducible 
closed subset, considering the fact that dim p(G). xx =dim  Z ( P ) } we can oonolude
that

p(G). a h - F t t - ^ ( F ) .
As an orbit of a connected algebraic group, p{G').xx must be a locally closed subset, 
Bo p(G). Xi is a relative open subset contained in the irreducible closed subset 

V  r  £ (P 0= F i4 . \
This implies that p(G). x± is the unique 15-dimensional orbit in F .

Now let Q be a nontrivial minor of degree 15 of the matrix M au then
Z(P)  = F i4£ F (Q ).

Hence P  |Q, that is, ч .
deg P < deg  Q=15.

Let deg P = m  and let % denote the character associated with P . Then jj(g) ““
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{deg g)Ti If-we take

f t

g=>t. 1 =

\
then  from the relation below

у
£<?£(4), ьек%

J

P(p(9) ’ я)=*х(д)Р(»), Vg£Gf,ip,€F,
we can get

P ( p(g).  ») = P ( i3. ® )-i»"P (e),
Hence

iSm~ x (g )= t4r-
"So 3w.=4r.

Supposing that G®,,, we have x(g)=  (det £f)r= l .  But we know that there 
•exists some </£G®0 such that det g — — 1 . Hence r  must be an even integer. Therefore 
w = 8, r = 6.

6. Lemma 4. Let (G, p> V)  be a P V  over an algebraically closed field К  o f 
•characteristic p>0, s/uch that V —Q =Z(P'), where P i s a  nontrivial relative invariant. 
I f  deg РфО (mod p), then (G, p, V ) is a regular PV.

Proof See [6].
From this lemma we can obtain immediately the following 
Lemma 5. (GL(4), A i+ A ^ V )  is a regular PV.
7. Using these lemmas, we can obtain the following
Theorem 1. Let К  be an algebraically closed field o f characteristic 3, let GL(4) 

*=GL(4, K ), then (GL(4), A x+ A 2> V ) is a regular irreducible prehomogeneous vector 
space. The degree o f its irreducible relative invariant P  £  &[F] is 8, the associated 
character is x(.g) =  (det д )й. -

We investigated the possible irreducible P V  over an algebraically closed field 
of characteristic p > 2 in  [2].. We found that almost all irreducible P V  could be 
obtained by reduction mod p  from the corresponding ones in characteristic G. But 
there are 3 exceptions, that is: (GL{n), ( l '+ ^ )^ li, V(n2)) (s> 0, №>2), .(GL(n), 
АгЛ-р?Ап_i, V(n2)) (s> 0, n > 3) and (GL(4), А г+ А 2, F(16)) (p = 3 ). The first ones 
can be obtained by twisted modules. The last one is the most interesting. We know 
that the degree of its irreducible relative invariant is 8, but it need a lengthy 
calculation to write it explicitely. The determination of this relative invariant 
must be very interesting.

8. Let {е*т Ah} denote the dual basis in V* with respect to the basis {вщ, ei№}  of 
V . Let
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л , ( ЕацВх) °'°) E a }вг \
det L*\Gi îriSrlltrl

( Kflp(JEa x } . 3), *’*> (dp[Ear}B̂ ) • i)h>lei)̂

(dp(E(tl}ft )̂. 35, ®trlittle?)> ***> dp(^E №г) в?'). 35>&ir>5t>br)
where 35 is a certain fixed point in F , %—уф1с or i<j<& . Obviously, it is a minor of 
degree r of Ж*.

For a permutation сг£йч, define a permutation matrix P CT as follows:

P it ==Pl,<ra)"b-®2.0-(2) +  -E'3.ff(8)d“P4»<r(4) £ $ L  (4).
Then

ff) 'eii]"eo(.i),a(i),<T(i), ъфэ,
p(Pf).  6|№=e(a(i),or(}-),<r(fc)),

Lemma 6. Lei З57=е112+ езз1, foi *«=6112, then
V e- p ( G ) . x 7Up(G).x1o\J{0}.

Proof Suppose that 3; # 0 , 3/6 F» and

1+7 i<j<Te

If 35(fiif) — 0 for all K & #j< 4 ,th en  there must exist some Ф0, say, 35(123) Ф 0. 
In this case

Ец> E n , Lis, Lai, L a3, L 3i, L 32, Е ф  L 42, E i3 \  ^  4.^  ̂ 2 3 )10 ̂ =0 
\  бц2, ец3, ei23, ei24, 6i34, e22i, e223, e234, e33i, e332 /  E

so cotfzVe. This implies that there exists some х(Цу)ф0. Put

' " ( l  2 8 4 j e S *’

and denote 3;r=*p(P„). cc, then 35'(H 2) =х(Иу)фО.  Hence without loss of generality, 
we can assume that з;( 112) #  0.

Take
1

1

j i -  _  4 118>.. 1  e e x w ,
35(112)

\ « (Ц 4 ) . l y
' 35(112) V

and put y=p(g i) .  35. Then

2/(112) =35(112), 2/(113) — 2/(114) =0.

We distinguish two oases:
(1) 2/(331) or 2/(441) is not equal to 0. We can assume «/(331) #0 . Take

/ \
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9%c

' A

2/(334) 0

1

У(184)
7

£GL( 4)

\ ?/(331) ~ .( 2/(331)
and let Then

*(112) ==*/(112),
; i  . *(113) =*(114) =*(334) =*(134) =0, 

*(331)=j/(331).
Since

(  Е ц ,  Е ж , E as , E 31, E 32,  E qs, Е ц , E ia ,  E i3 , Е ц

\  б112, в и г ,  0 Ц 4 , e i 2S, #124, 0134, 0221, 0381, 0441, 0443 ,

-  ±*(112)6*(331)8*(441)a, 
this implies *(441) = 0. Then

/  E a i t E 22, E M ) Ё s i ,  E s s ,  E s s ,  Е ц ,  E ia , Е ц ,  Е ц  1

\  0 Ц 2 , 0113, 0114, 0123, 0124, 0134, 0221, 0234, 0331, 0443 ,

=  ±*(112)6 *(33l)a*(443)a, 
so *(443) =0. In  this case

/  E ai ,  E aa, E as , E s i ,  E s s ,  E s s ,  Е ц ,  E ia , E iS , Е ц '

\  0112, 0 Ц З , 0114, 0123, 0124, 0134, 0221, 0234, 0331, 0334 >

“  ±*(112)X331)4*(124)a,
so *(124)= 0. Similarly, from

E 21,  E 22, E 24, E s i ,  Е 32,  E s s , Е ц , E 42, Е ц ,  Е ц '

\  0112, 0113, 0114, 0123, 0124, 0134, 0221, 0224, 0331* ®441,

-  ±*(112)e*(331)2*(442)a,
we can conclude *(124) =0. Since. . .

/  E 21,  E 22, E s i ,  Е 32,  E s s , E 34,  Е ц ,  E ^ ,  Е ц ,  Е ц

\  0112, 0113, 0114, 0123, 0124, 0134, 0221* 0223, 0224, 0381 ,

-  ±  *(112)6*(331)a*(224) a,
«(224) =0. Furtherm ore

Jp/ —да; — да; —до; — да; — oj.; —од» —oo; — ал.; —ад; -̂ 43

det (

det

/  E21, E22, Еаз, E24, Esi, E3 2. Ess, Ец, Ец,
\  0112, 0113, 0114, 0123, 0124, 0134, 0221, 0223, 0224,
-  ±*(112)®!s(331)a*(234)2,

= 0. At last, we have
(Ец, E:12, Eai, E22, E23, Esi, E32, Ец, Ец,
\ 0112, 0113, 0Ц4, 0123, 0124, 0134, 0221, 0223, 0381,

E.43

±*(112)8*(331) [*(112)*(332)+*(221)*(331) -* (123)2] 8,
this implies that
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z (112) z (382) +  z (221) z (331) — z(123)a=0,

Now we put

i> =  2(112),
w 1=3 (331),

« ! -  -  Ce(221)«(128)+ e (112)«(228)]/ws,
,3  |>(221)г(123)+2(112X 223)] 3 z(221)3
1 2(112)3г(ЗБ1) :zill2)3’

.л _  2(331) [z(22lX l23)+<112)z(223)] z(123)3
Щ г(112)3 2(112)8'

then
e(221)e(123) + < 112X 223) =  -  wfwa,
z(221)=Wi—UiV,
2(123) =  — 10i102 —M30, 
z (223) =  >ш\щ—WtWaUx—UxÛ v,
2(112)2(332) =  2 (123)2—2(221)2(331) ^wluiV^WiWzUzv+UsV*. 

■So
2(332) = 10| mi—101102M2+ mIi;.

Put

Then

This proves that

/ * 0 0 ° \
Ml 1) 101 0

£ G L (  4 ) ,
М2 , 0 102 0

\o 0 0 1 )

2 = Р Ы CCj

&6 |0 ($ ).

(2) Both y(331) and i/(441) are equal to zero. Note that i/(113) —y  (114) =0„ 
Since

Д ц, Д 2 1, -®23, 09 H-

0112, 0113, 0114, 0123,
“  ±2/(112)6y(134)6,

-®32,

0124,

CO00

K| Дз4, Дй, Дй, Д з
0134, 0221, 0331- 0441, 0443

1/(134) = 0. In  this case

det ( - ® n ,  -̂ 21, -E!23, -®24, -®31, Дз2, Д з , Д ц ,  -®42, Д4З \
\ 0112. 0113, 0114, 0123, 0124, 0221, 0234, 0332, 0334, e443 /
=  ±2/(112)6i/(334)4, 

so 2/(334) —0. Similarly, у (443) — 0.
Let ■>
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I 1
*/(221) ,
2/ ( 112)

2/(123)
2/ ( 112)
2/(124)

€<Щ 4),

2/ ( 112)

t - p M - y -
Then

In  this ease

e(118) =2(114) =2 (221) -2(331) = 2(334) =2(441)
=2(443) =2(123) =2(124) =2(134) =0.

^  /  $ 1 1 ,  $ 1 2 ,  $ 2 1 ,  $ 2 2 ,  $ 2 4 ,  $ 3 1 ,  $ 8 2 ,  $ 3 4 ,  $ 4 1 ,  $ 4 2  \

\  ^112, 0113, e 114, 0123, 0124, 0221, 0224, 0234- 0441, 0442 )

= ±2(112)°2(442)4.
I t  follows that 2(442) =0. By symmetry, we can prove that 2(332) = 0. Furthermore*

det
/  $ ц ,  $ 1 2 ,  $ 2 1 ,  $ 2 8 ,  $ 3 1 ,  $ 3 2 ,  $ 3 4 ,  $ 4 1 ,  $ 4 2 ,  $ 4 3

\  0112, 0113, 0114, 0123, 0124, 0184, 0221, 0224, 0332,

=  ±2(112)°2(234)4,
implies г(234) =  0. Finally, if 2(223) =2(224) =  0, then

2= 2(112)0112.
So

co^p(Q). ж*>.
Otherwise, we may suppose that 2 (223) =£0. Let

)

9-o=

1° 1 0 ° \
0 0 1 0

1 0 0 0

1 ° 0 2(224) 1
2(223) 1

€ G L(4),

then

Hence
p(gs). 2= ж7.

<v(zp(G). x7.

9. By calculation, we know that
7  «1 h  b5 bi \

0 Й1 &s
6 ~  " 7 T T— Oe 65 $1 63

•\ 0 0 0 О12 j

Q>i, bi €■ $
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GtCSt

г/ *r2 M4 M5 « i \

0
<

H 0 Ma
k , kG K *, щ е к  -

0 i±Ug к М3

•\ 0 0 0 к I . .  . .

So dim 0̂  =  8 and dim (?e,=7. That implies s ^ V $ and dim p(G). Щ~9.
Moreover.

бвиГ“

б *»"0

■/ «1 
0 
0

A o '
I t  1 

0 
0 

\o

Ъх bs M
ax h h
0 a% h
0 b'l «з 7

M l Us Щ \
t l 1 Щ M6

0 ts M6
.

0 Щ i s /

a{, b i £ K \ ,

t i  e  К * ,  щ  e  К

So dim 00io =  dim (?e.ie= 10, a5i o € F 6E F 7 and dim p(G). ж10= 6.
T heorem  2. There emst only от 6-dimensional G-orbit and one 6-dimensional 

G-orbit in  F . They are p(G). %  and p(G). щ respectively. In  addition, when m —7, 
S  or l< m < 5 , there are no m-dimensional G-orbits.

Proof We have proved that

V r -V e = P(G).mo,
F 6 = F 4 = - = F o = { 0 } .

Supposing that m <9, if ж is a point in  a m-dimensional orbit, then 
dim = dim 6^  =  и-dim p(G ) . x = n —m > n — 9.

T h at is
® e V

’Hence m =  9, 6 or 0 by lemma 6.
10. Other orbits.
By calculation, we can know that there exist following orbits in F %

— вЦ2 "b бзз 4 +  &Ш>

оо3■ф

к
0 Г 8 0 0 t e z *

о•+*оо и е к

(Я1Ч*ОоО

.

/ а Ъ —в 0 \ 
О м 0 0 
0 0 а с  

\0 0 0 а /

а,Ъ, с е к

. ■
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12-dimensional orbit:
*2 £  V is ~  F 12.

«/4 =  6112+ 8334,

/*1
«1 0

° \
«

0 ir1 0 0 h, h £ K *
0 0 ta Щ щ , щ £ К

\ o 0 0 ta1) •

/  «1 bt 0 0 \
0
0

«1 0 0
«1, Й2/ &1/

0 a bs
\  0 0 0 CCi /

11-dimensional orbit:
*4GFi2—F n . 

*6—8114+ 8123#

its

0«s

10-dimensional orbit:
*6^1^11 — VlO-

*6 — 8123/

7  *i — tjtaUs — tiUa Mi \ '
0 ta 0 taUa h, ta£K*
0 0 1̂1 2̂1 Щ u1}Ua,ubG K  *

•\0 0 0 n 1 1 •
7  «1 ~ h -62 4

*

0 й2 0 ba «1, «2,

0 0 - Й1 — Й2 h К ba,bz£K
*•

A 0 0 0 d ll .

/  **
0 0  « Д

0 ta 0  Ua * i, ta , t s £ l £ *

l 0
0 t i H a 1 Щ Ml Ua,  М3 G  -ЙГ

\  0 0 0  <3 /

/  « 1 0 0  S
Л

«

0 й 2 0  й 2 Й1 ,  Й2, Й3

0 0 — « 1  — Й2 Й3 &i, t>a, 63 G  F

\  0 0 0  ЙЗ /

б «в

*e G F m—F 9.
Our conjecture is:
There are no other (?-orbitS. Equivalently, we have a chain of closed subvarieties 

as follows:
F  =  F l6 =  F i 5̂ F l4 5 F l3 ^ F ia ^ F l l5 F l0 ^ F 9 =  F 8̂ F 7



- V t S V s - V * — — F o= { 0}.
All these F j are irreducible.

I t  remains to prove that V%o, V ti, Fia and F 13 are irreducible.
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