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NORMAL EXTENSIONS OF OPERATORS
TO KREIN SPACES
 Wu JiNeBo A BiH)*

Abstract

' In this paper, it is proved that every bounded linear operator on a Hilbert space hag.a
normal extension to a Krein space. Two criteria for J-subnormality are given. In
particular, in order that T be subnormal, it suffices that exp (—AZ*)exp (AT) be a positive

_ definite operator function on a bounded infinite subset of complex’ plane. This improves

' the condition of Bram [4]. Also it is ,prqved:tha.t' the local speetral subspaces. are closed for |
J-subnormal operators. ‘

In [1] we introduced the concept of J-subnormality. A bounded linear ope—
rator 7' on a Hilbert space H is called a J-subnormal operator of order = if on some
IT,~Pontrjagin space IT containing H, there exists a buonded J-normal operator 7T
such that Tf =T for every f in H and IT is spanned by the vectors of the form
T*f, where f € H and k=0, 1, 2, ---. Here the II,~Pontrjagin spaoe is a Krein space
with negative rank n™. The J—subnormality of order 0 is equivalent to subnorma-
lity. In the first part of the paper, we prove that every bounded linear operator on
a Hilbert space has a normal extension to a Krein space. As an application, we
obtain two oriteria for J-subnormality. In the second part of the paper, we
investigate the looal spectral theory for J-subnormal operators.

Throughout the paper, by an operator we mean a bounded linear transformation
acting on a space. The inner product on a Hilbert space is denoted by (. , .) and
the indefinite inner product on a Krein space is denoted by <. , .>. “

Theorem 1. If 7T is an operator on a Hilbert space H, ,then there s @ Krein
space K containing H such that {f,g9>= (f,9) for all fand g in H and & normal operator
T on K such thet Tf =Tf for all f in H and K is spanned by ithe weotors of the form
Tvf, where f € H and k=0, 1, 2, «--. In brief, every operator has & minimal normal
extension to ¢ Krein space.

Proof Without loss of generality, we may assume that 0< 7' <1.
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Let H = @‘H. Define T on H by (Tz);= 21’*51%;, Wher95='{w5};";o cH. We
. ( : =0 :
have o B ,
|Tz)? = 22 T T |? <§(§”ﬂ! Hla])?< llf—'f 12/ @ = T2
and
(Ts, 5_0)-?6’%0(7',*"—’"%‘ @) = (z, Tz).

Henoe T is a bounded symmetrio operator on H.

Let K, be the set of all sequences of the form f= {fi}%-0, where

Su 2; Ty, @ {wf}f—o € H.

Define : R
s 9> - (Tz, y), [f, 1=(T|s, 9 . (1)
for f={fi}%=0 and g={gx}io in Ko, where g, =§ T*T%;, y={y;};=0 € H. Hence
Sy =2 (Fs v = 3 (T, T'p). @

 If f=0, then |T|z=Tz=0. It is easy to see that the values {f, g> and [f, y] are

uniquely determmed by f and g. If [f, f1=0, then Tz = |T|z=0, and so f=0.
Thus K, is a pre—Hilbert space with inner product [.,.]. Let K be the completion of
Ko. Define H_=ker T* and H,=HQOH_. Let K and K be sets of all sequences
of forms f~={ fi}v-o and f*={ fi}i0, respectively, where

Ir '*ET”T o, ™= {a; Yo € H-
and
ET*'I’TQ; w -—{w }j 0€H+

Let K a,nd K, be the completions of I{ 9 and K , repectively. qu
C f={fi}r0 €K% and f*= {f',t};;o €K3,
it follows from (1) that ' ‘
[, F1= (T 15, #) = (T%, 5 =G, T3 =0.
Thus K, | K_, and s0o K=K @K _ (with reSpeot %o [.,.]). Let P, andP_ be the
orthogonal projections (with respect to [. , .]) of K onto K, and K _, respectively.
Denote J =P, —P_. For f, g€ K,, it follows from (1) that
<o=1UF, gl .
Then K may be considered o be a Krein space with indefinite inner product ey w?
It is olear that K (K _ be a fundamental decomposition of K. A
The space H may be embedded as a subspace in K. In fact, we define
f = {Tkw};;:o '
for all x € H and note that <f;, fo>= (&, y) for all o, yE€.H. For S={futi=0 €K,
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define Tf ={ fus1}imo. It follows that fro=Tf, for o€ H.
'We are going now to show that the operator T' is bounded in K,. Define S on
H by (Sz);=Tw;, where = {w;};=,C H. We have
|\ T8 ||2=§[|§ i LA =§|]§0 T 2< | Tx |2
It follows that
18*17|8z| <|T) |17 |8z = | 7] |1 T8z| <|
By Heinz’s inequality ), we have
(8" T8z, »)<IT1(|T |3, o).
For f €K, 'l':hlS implies that '
[Tf, Tf1=(|T|8z, 85)<|T|(|T|%, =) = |T|Lf, f1. ®3)
Thus 7 may be considered to be a bounded operator on K. o
Let 7* be the adjoint of T with respect to <. , .>. For f € K, we have :
T = { fiimo | |

Bl =171-117 ).

where .
- Jo =§ Ty,
It follows that : :
PP e = (e | =T =TT,
Thus 7 is normal with respeo 0., ).

For every f=1{ futieo € Ko, lot f™={fr}io, where fi —; T* T%;. Define

{a}i 0, Where o =0 for k<<m and a7 =gy, for ¥>m. Since lim|a™]| =0, we have
Um[f—f", f=1"] =Lm (| T|z", a") =0.
It is easy to see that f”‘ ;;T’*’fw Then K 1s spanned by the vectors of the form

T*f,, where o € H and b= =0, 1, 2,

This completes the proof of TheOrem 1

Theorem 2. Let T be an operator on a Hilbert space H and let Q be a bounded
infinite subset of complew plwne A necessary and sufficient condition for T to be a
‘J~—subnoa~mal operator of order n is that the Herrm@twn form

ig ] (exp (AT )@y, €xp (MT) @) g0t

has at most n negative squares for every choice of & finite number of ®y, <, ©, € H and
M, o, My €EQ and has exactly n negative squares for the least one choice of wq, -+, o
and Ay, +o+, Am. In particular, a necessary and sufficient condition for T to be
subnormal is that | ‘

‘\;__}1 (exp (M), exp(MT)w;) =0
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for every choice of @ finite niymber of 1, -+, ¥ € H and Ay, ==, An EQ.

Proof Let Ay be a limit point of Q. By Theorem 1, operator T has a minimal
normal extension 7' to a Krein space K. For @y, =2, s,€H and Ay, +, ln€Q, Wo
have

‘i | @XP (Kij .% exp (M) m,) &sa; = ﬁ} <exp (?WT) @y, 6XP (7\47’) w;ﬁsaﬂ

_<§;a¢ exP(h;’f Y, ;ja,exp(h,’f’ DR B (4)"

Let K’ be the linear closed set spanned by the vectors of the form exp (hT*)zv

where AEQ and s € H. It is clear that exp (Rel*)w €K’ for s € H, Assume that

exp (MT)T™ o€ K’ for € H and 5=0, 1, +--; k~1. It follows that for s € H |
| exp(ho"lv’*)T*” = lim ——k—————[ exp(M ) |

a€,-n (A= Ag)¥
- g —-—()\, ho)‘exp(%ofﬁ*)fﬁ*‘m]

and so exp(RoT™*) % € K'. This means that exp(RT*)T*s € K’ for all s € H and &
=0, 1, 2, ---. Since the extension is minimal, this implies that KX'=K. The desired
conclusion follows from (4). ' |

Remark. Setting o = exp( — AT)ys, Theorem 2 gives an 1mprovement of
Theorem 2 of [1]. More precisely, in order that 7' be a J-subnormal operator of
order m, it suffices that exp(—AT*)exp(AT) be a quasi-positive definite operator
function of order » on a bounded infinite subset of complex plane. In particular, in
order that 7' be subnormal, it suffices that exp(— A™)exp (AT be a positive definite
operator function on a bounded infinite subest of complex plane. The last proposi—
tion is an improvement of a theorem of Bram™.:

Corollary. Let T be a J—subnormal operator of order n and let 8 be & normal
operator which commutes with T. Then T8 is a J—subnormal operator of order n and
T8 is a J—subnormal operator of order<n.

Proof By the Fuglede Theorem, we have S§*I'=T8*. For complex numbers

7\'1, oee, Am and for Dy, *°°, meH,
,§11<9XP<MT+S)>% oxp (M (T+8) @) ut;

- i$1(exp (T')exp (X“_S Yy, oxp (M) exp(M,8*) ;) oy,

By Theorem 2, T'+8is a J-subnormal operator of order n. For zy€H, 4, j=1, ee,

m,

.2 ((TS ), (T8)‘wy) “ﬂﬁaﬂ— ; 18wy, TS ’wﬂ)aman

83,8, 1=
By Theorem 1 of [1], T8 is a J-subnormal operator of order<(n.

Theorem 8. Let T be an operator on a Hilbert space H and let Q be an unbounded
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subset of comples plane with |A>|T| for every AE Q. A necessary and sufficient
condition. for T to be a J-subnormal operator of order w is that the Hermitian form

Z (=T) s, (—T) ) auety
has ab-most n negative squares for every choice of a finite number of @1, +*, &n € H and
A1, ooy An €2 and has ewactlym negative squwres for the least one choice of 1, *++, T
and M, =+, Am. In particular, a necessary and, sufficient condition for T'to be subnormal
4s that
| 2 ((7‘»} 1)z, (M—T)" “’5) >0

foo every chowe of a finite number of @1, *++, ¥nE H and Ay, +++, Ay EQ.

Proof By Theorem 1, operator T has a minimal normal extension 7 to a
Krein space XK. By the inequality. (3), we have AC p(T) and X € p(T*) for every
AEQ. For @y, «+, 5, € H and Ay, ++, A &0, we have

: 1,21( (?\.y - T—i‘) Q?g, (7\:, - T) ‘1w;) a;a,- = lg].( (?\ag - T} "w‘, (N -_ T) "lw,> a«;,

= Bla-T), Fo(y—T%) ). . ®
§=1 =]
Let K o b the linear closed set spanned by the vectors of the form (A—7*)-%,
where A€ Q2 and o€ H. Since s-lim A(A—7*)"*=1I, we have HCK'. Assume that

AEQ, Ao

_T*‘wEK’ for € H and 4=0, 1, ---, k—1. It follows that for s & H,
k=1
- k — 1 ak+1 #\ -1 __ A —j—171%§
Ry im MR- T~ =§0{ A1 g

AEQ, A0
and so 7% € K. Since the extension is minimal, this means that K’=K Thus the

desired conclusion follows from (5).

Theorem 4. Suppose that T is a J-subnormal operator of order n. Then T has
the single—valued extension property.

Proof Let T be a J-subnormal operator of order n on H. By [5], there exists

a polynomial Q(A) = H (A — uy) such that T'| H, is a subnormal operator on H,y=

[ran Q(T)]~. Suppose that f(A) is an H-valued functlon analytic on an open subset
£ of complex plane such that

(T-M)f(h)=0, AEQ. (6)
Since a subnormal operator has the single-~valued extension property, it follows
from(6) that

I (T-m)f (1) =0, r€Q. )
From (6) and (7), we .have (un—2) ;i:[i (T — ) f (9\) =0,and 50 |

1:11<T—/«ok>f<?»)=0, ACQ.
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Along this way, we conclude that f(A) =0, A€ Q. This completes the proof.
Theorem 8. Lot T be a J-subnormal operator of order n on H and let o be in H.
Suppose that the open subset 2 of complex plane contains no eigenvalues of T and. thai

there is o bounded H-valued fumtfbon (M) anablytw on Q, such that (T— k)w(?\,) = for
all AE Q. Then o(X) 4s analytw on Q.

Proof By [5], there is a polynomial Q(2) = H (A— uy) such that T'|H,is a

subnormal operator on Hy= [ran Q(T")] -. The identity (T — A)az(A) =a(AEQ)
implies that. (T —A)Q(T)=x(A) =Q(T)x(AE Q). Directly from a theorem of Putnam

(6], it follows that f[ (T~ ) @ (A) is analytic on £. By the assumption, #(}) i&

weakly continuous on €. Since (T—A\) II (T - ,u,k) a(?\,) is constant on Q, (A— y,,.),

n-l (T ,u,k)a;(ﬁ.) ig analytio on Q and so is [[ (T — )z (A). Along this way, we
conclude that o()) is analytle on Q. This completes the proof. -
Let & be a closed subset of complex plane and let T be an operator on H. We
define the local spectral subspace as SITET (8) ={wE€H:0(», T)d}, where o'(m, T) is
the local spectrum of 7 at =.
Theorem 6. Let T be a J-subnormal operator of order n on H. Suppose that & is
& closed subset of complex plane. Then My(8) is a closed imvariant subspace for T'.
Progf It is clear that Mp(d) is invariant under 7. By [5], T has an invariant
subspace H, with finite codimension in H such that V' |H, is subnormal. By
Proposition 1.10 of [71, we have Mpygm, (8) M1 (d). Let & H,. By Proposition 2.9
and Theorem 2.11 of [7], we have o (w, T|H,) =0 (%, T'). This implies that
| [ Dz (8) OMyin,(8)1 N Ho={0}.

By Corollary I. 8.4 of [2], we have dim [M;(8) OMyx,(8)]<oo. Since Mg, () is

closed, so is My (3). This completes the proof.

Theorem . Let T be @ J-subnormal operator of order n and n>>0. Then T* is
not dominant. |

Proof By [b], T has an invariant subspace H, with 0<codim H,<n such thak
T|H, is subnormal. We may assume that there does not exist another invariant
subspage of T' containing H, on which 7' is subnormal. Since H,=Hyg is invariant
under T*, there is an eigenvector # corresponding to the eigenvalue w of T*|H,. If
T* is dominant, thenthere is an M, such that (T - wea| <M,| (T — w)o|. This
implies that To=pw. Let Hy=H @{ow: « € 0}. Thus H, is invariant under T' and
T|H,is subnormal. This gives a oontradiction and completes the proof.

Theorem 8. Lei T be o J-subnormal operator of order n. If [T]=T*T-TT*,

then rank [T]_<n, where [T']- is the negative part of [T].
Proof Since ran[T]_cCran[T]Y2 it is sufficient to show that dim ran [T'] ¥2<
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ey

n. If dim ran [T]32>n, then there exist @y, +-, ©,,4 € H such that
((T1%%s, [T10;) =8y, 6, j=1, ++-, n+L
Define H - ker [T],. Let P_ be the orthogonal pro;[eotlon of H onto H .. Therefore

D’; ([T]P Ly P. wi)azo‘y".'" 2 ([T] —wb w?)“i“r" - ; IO‘JIQ

This is in contradiotion with Theorem 4 of [1]. The proof is complete.

- References

f1] Wu Jingbo, On the J-normal extensions of operators, Chin. dnn. Math,, 8:5 (1982), 609—616 (in
Chinese).

{21 Bognar, J., Indefinite inner product spaces, Springer-Verlag, Berlin Heidelberg, 1974.

[3]1 Kato, T., Perturbation theory for linear operators, Springer-Verlag, New York, 1966.

.£4]3 Bram, J., Subnorma) operators, Duke Math. J., 22 (1955), 75—94.

{51 Wud mgbo Invariant subspaces for J~subnormal operators, Chin. Ann. Math., 5A: 6 (1984), 729—T732.
: (in Chinese)

{61 Putnam, d. R. Ranges of normal and subnoxmal operators, Mich. Math. J., 18 (1971) » 33—36.

£7] Erdelyi, 1. and Lange, RB., Spectral decompositions on Banach spaces, Lecture Notes in Math., no. 623,
Sprmger—Velag, Berhn—N ew York, 1977.



