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NORMAL EXTENSIONS OF OPERATORS 
TO KREIN SPACES
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Abstract

In  this paper, it is proved that every bounded linear operator on a Hilbert space has a 
normal extension to a Krein space. Two criteria for J -subnormality are given. In  
particular, in order that T  be subnormal, it suffices that exp ( — Л27* *)ехр (XT) be a positive 
definite operator function on a bounded infinite subset o f complex plane. This improves 
the condition of Bram [4]. Also it is prQved that the local spectral subspaces are closed for 
«/-subnormal operators.

In  [1] we introduced the conoept of /-subnorm ality . A bounded linear ope
rator T  on a Hilbert space H  is called a /-subnorm al operator of order n if on some 
n„-Pontrjagin space Я  containing H,  there exists a buonded /-no rm al operator T  
such that T f = T f  for every /  in JS and Я  is spanned by the vectors of the form 

w here/G  Я  and #=0, 1, 2, •••. Here the H„-Pontrjagin space is a Krein space 
w ith negative rank nw . The /-subnorm ality  of order 0 is equivalent to subnorma- 
lity . In  the first part of the paper, we prove that every bounded linear operator on 
a  H ilbert space has a normal extension to a Krein space. As an application, we 
obtain two criteria for /-subnorm ality . In  the second part of the paper, we 
investigate the local spectral theory for /-subnorm al operators.

Throughout the paper, by an operator we mean a bounded linear transformation 
acting on a space. The inner product on a Hilbert space is denoted by and
the indefinite inner product on a Krein space is denoted by <. , .)>.

T heorem  1. I f  T  is an operator on a Hilbert space H, ,then there is a Krein 
space К  containing H  smh that (f ,g ) for all f  and g in Hand a normal operator
T  on К  smh that T f = T f  for all f  in H  and К  is spanned by the vectors of the form  
T*hf ,  where f ^ H  and & =  0, 1, 2, ••*. In  brief, every operator has a minimal normal 
extension to a Krein space.

Proof W ithout loss of generality, we may assume that 0< [|T ||<1 .
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Let H  — ©  Я . Define T  on H  by (Tx)j=  2  Т пТ*%{! where x = {xi}r=o £  Я . We 

have

II Tx  II2  = ^ 1 2  THT}Xi 1 2  < g ( j |  IIT IIw  II 1 )  a <  I i  1 7  ( 1  -  1 T 2 | | a )

and

(ТВ, ®).= 2  (Г нТ*хь щ) =  (В, ТВ).
4,7=0

Hence Г  is a bounded symmetric operator on H.
Let K q be the set of all sequences of the form f — {/»}£= o, where

h  = J j . r 'T S ,  5= Ы Г = о€  Я .

Define
[ / , » ] - ( |T | i ,  9) (1)

fo r/-{/,}£,<> and j r - te } r .o  in Ж», where </k - ^ T ’V y ,, у -Ь /Л Т -о ^В . Hence
^=0

< /, (2)

I f /= 0 ,  then | T \ B = T x  = Q. I t  is easy to see that the values <(/, g)> and [ / ,  g] are 
uniquely determined by /  and g. If  [ / ,  f ]  — 0, then Tx  =  \T\x  = 0, and s o / = 0 .  
Thus Ко is a pre-H ilbert space with inner product Let К  be the completion of
K 0. Define H_  =  ker T + and U + = H Q 3 ~ .  Let K2. and K+ be sets of all sequences 
of forms f~  =  {/*}£= о and / + =  {/»}£= o, respectively, where

/ *  =  2  T**T\T, «Г -  { a f } ~ =  о  €  Я .

and

;=о
Let if_  and K + be the completions of K i  and K%, repeotively. For 

/ -  =  Ш ”= о€Я а and /* -{ /'* } & . o G n  
it follows from (1) that

[ / " >  / + ]  =  ( 1 5 *  I ж " ,  ж + )  =  ( T~x~ ,  ж + )  =  ( B~ ,  T -x + )  =  0 .
Thus 1Г+_(_.ЙГ_, and so Я  = K +© K _  (with respect to [. , .] ) . Let P + andP_ be the 
orthogonal projections (with respect to [. , .] ) of К  onto K + and K_, respectively. 
Denote P = P +- P _ .  For f ,  g £ K 0, it follows from (1) that

< f , 9 > r V f , g } .
Then К  may be considered to be a Krein space with indefinite inner product <. , ,> 
I t is clear that K +© K -  be a fundamental decomposition of K .

The space H  may be embedded as a subspace in  K .  In  fact, we define

Л = { г Ч “ о
for all a; £  Я  and note that < /e, /j,>= (cc, y) for all x, y £ H .  For / = { / й}Г=0£ Я о,
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define T f —{fic+i}fc=o- Й follows that f Ta= T f a for ® £H .
"We are going now to show that the operator T  is bounded in K q. Define 8  on 

H  by (Sx)j=Tx),  where x={xj}JL0£ H .  We have

I t  follows that

|S * |7 |S £ |< |2 < H 1 Z '|8 £ |- |2 'H 'rS £ j< |2 'H № ;|- |!F |- ||3 '|i |.
By Heinz’s inequality C8:1, we have

(Г |У [Ш ; ^ < ||У ||( |У |® , i ) .
For /  £  K q, this implies that

^ / , y n - ( | 2 ’|S 5 ,S 5 K ||r[( |J !|5 , i ) - I 7 ’i [ / ^ .  (3)
Thus T  may be considered to be a bounded operator on К .
' Let T* be the adjoint of T  with respect to <. , For /£ i f o ,  we have

_  S PX™•L J  — \JbST<l=0,

where

I t  follows that

- * Ч Л В . . - w * / -
Jfc=0

Thus T  is normal with respec to <. ,
tn

For every /= = { /fc}fc=oG^o, l e t / m={/£*}£Lo, where j f y - J j  Т**Т%. Define ®m= 

{coZ}~=0, where ss% — 0 for b<-m and =®й for Jc>m. Since lim|Ja>”*jj =0, we have
m-*oo

lim [ /  — f m, f —f m2 — lim ( | T  \ xm, xm) — 0.
m->o° m~*o°

m ж
I t  is easy to see that Then К  is spanned by the vectors of the form

T*%, where x £ H  and &=0, 1, 2, •••.
This completes the proof of Theorem 1,
Theorem  2. Let T  be an operator on a Hilbert space H  and let Q be a bomded 

infinite subset o f complex plane. A  necessary and sufficient condition fo r T  to be a 
J-subnormal operator o f order n is that the Hermitian form

oo _
(exp (h/F)xt, exp (kf f )  xf)

has at most n negative squares for every choice of a finite number of x±, хт£ Н  and 
%т£ й  and has exactly n negative squares for the least one choice of x1} xm 

and hi, Xm. In  particular, a necessary and sufficient condition for T  to be 
subnormal is that

га
2  (exp (kjT)xi, ехр(Х;Т)®3-) > 0
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for every choice o f a finite n/umber o f x1} <vm£ H  cmd Ai, ■•••, Am££h
Proof Let Ao be a limit point of Q. By Theorem 1, operator T  has a minimal 

normal extension T  to a Krein space K .  For a)ir •••, oam(zH  and X1} •••, we
have

mi _ m _ д* —
^(exp(A/P)® (, exp (AT) xs)а щ = ^ < e x p  (AT)xly ехр(АТ)ж*>а4а* 

=  «i exp (AT*) a?i, ^  cq exp (A/!?*) %>. (4)

Let K '  be the linear closed set spanned by the vectors of the form exp (AT*) ж, 
where AG & and ж £ Л . I t  is clear that exp (А0Т*)ж for ж £ Я , Assume that 
exp (A0T*)Tn co£K' for x £ H  and i= 0 , 1, Ъ—1. I t  follows that for a>£H

exp  ( A0T*) Т*ъх = lim jb! exp (AT*) ж
A€fl*A-»Ao

-  § ^(А-А«Техр(Ао^*)^ж ]

and so exp (Ao-?*) £  A '. This means that exp (А 0Т*)Т**х£К' for all ж£.£Г and &
= 0, 1, 2, •••. Since the extension is minimal, this implies that K ' —K .  The desired 
conclusion follows from (4).

R em ark . Setting xt =  exp ( — AT) yi} Theorem 2 gives an improvement of 
Theorem 2 of [1]. More precisely, in order that T  be a /-subnorm al operator of 
order n, it suffices that exp ( — AT*) exp (AT) be a quasi-positive definite operator 
function of order n on a bounded infinite subset of complex plane. In  particular, in 
order that T  be subnormal, it suffices that exp ( —AT*) exp (AT) be a positive definite 
operator function on a bounded infinite subest of complex plane. The last proposi
tion is an improvement of a theorem of Bvamw .

C orollary . Let T  be a J-subnormal operator o f order n and let 8  be a normal 
operator which commutes with T. Then T + 8  is a J-svbnormal operator of order n and 
T 8  is a J-subnormal operator o f order <»г.

Proof By the Fuglede Theorem, we have $*T=T$*. For complex numbers 
Ai, Am and for xlf •••, e>m£ H ,

2  (exp(Ai(T+/S))®i, exp (Aj (T+ $ )  ж,-) озд
4,7̂ 1

m _ __ _
= ^ ( e x p  (AT) exp ( А{$*) xt, exp (AT) exp (Â #*) ж,-) a ^ .

By Theorem 2, T +$iS  a /-subno rm al operator of order n. For жу £  H,  i, j = 1,
m,

2  ((Tflf)'®*, 2  № щ ) а аа}1.
i,3 ,K l= 0 4,},k,l=0

By Theorem 1 of [1], T $ is a /-subnorm al operator of order < n .
Theorem 3. Let T  be an operator on a Hilbert space H  and let Q be an wnbounded
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subset o f complex plane with |A |> ||'2T|| for every A£ Q. A necessary and sufficient 
condition for T  to be a J-subnormal operator of order n is that the Hermitian form

til _2 (AJ- 2 7) -1av)«<«,-
i,J = 1

has ut most n negative squares for every choice of a finite number of x±, •••, xm £  Л  and 
Ai, hm^ Q  and has exactlyin negative squares for the least one choice of x±, •••, xm 
and %1} •*•, Am. In  particular, a necessary and sufficient condition for T  to be subnormal 
is that

m
2  ( ( \ , - т ) - х  (а, - т ) - Ц ) > о<» Ml

/o r etwj/ choice o f a finite number of x1} •••, жт £  Л  and A*, • • •, A„, £  O.
Proof By Theorem 1, operator T  has a minimal normal extension T  to a 

Krein space AT. By the inequality (3), we have A£ and A £ p(T*) for every 
A £0. For a?!, •••, a?m£  Л  and A*, Am£ 0 , we.have

w _ m _
2  ( f hi  - T ) -  2  (А 1-Т)~\>а,ка,}
i , l=1

= < 2  « ^ - т * Г Ч  J  (б)
Let AT а Ьё the linear closed set spanned by the vectors of the form (А—Т*)~*х, 
where AG Q and x £ Л .  Since s-lim A (A— T*)~1=I ,  we have H a K \  Assume that

T n x £ K '  for # £  Л  and i= 0 , 1, • ••, k —1. I t  follows that for ж£ Л ,

2*%= lim A ^C C A -f*)"1 -  2A£i3* A—>°° /=U
and so Т * * х£ К \ Since the extension is minimal, this means that K ' = K .  Thus the 
desired conclusion follows from (5).

Theorem 4. Suppose that T  is a J-subnormal operator of order n. Then T  has 
the single-valued extension property.

Proof Let T  be a, J -subnormal operator of order n on H. By [5], there exists
П

я polynomial Q(A)= П  (A — [xf) such that 7M Л 0 is a subnormal operator on Л 0=
к=1

[ran Q(T)] ". Suppose that /(A ) is an Л -valued function analytic on an open subset 
Q of complex plane such that

(T  — A)/ (A) =  0, AGO. (6)
Since a subnormal operator has the single-valued extension property, it follows 
from (6) that

П
П (Г -№ ,)/« -(> , Л60. (7)

n—1
From (6) and (7), we have (/in — А) П  (21 —aO /( A ) = 0,and so

s=i

П  (Г - /* * ) /(A) =0, AGO,s=i
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Along this way, we conclude that /(A ) =0, A££A This completes the proof.
Theorem 5. Let T  be a J-subnormal operator o f order n on H  and let as be in H . 

Suppose that the open subset Q o f complex plane contains no eigenvalues o f T  and that 
there is a bounded H-valued function ж (A) andblytic on Q, such that (T — А) ж (A) —x for  
all A£ £2. Then ж (A) is analytic on Q.

ft
Proof By  [5], there is a polynomial Q(A) — JJ (A — (xf) such that T  | JS0 is a

*;=i
Subnormal operator on H 0 = [ran Q(T)'}~. The identity (T — А) ж (А) =  ж(А££2) 
implies that ( T - А)ф(!Г)ж(А) ~Q(T)x(X£Q) .  Directly from a theorem of Putnam

ft
[6] , it follows that П  (T - f i x ) ж (A) is analytic on Q. By the assumption, ж(А) is

ft=s 1
n - 1

weakly continuous on Q. Since (T — А) П  (27-/% ) ж (A) is constant on Qi (A—/rn) ,
*!=iЯ—1 »—1

XI (T — fxjt) ж (A) is analytic on £2 and so is П  (T —/%)ж(А). Along this way, we
fc=i fc-i
conclude that ж (A) is analytic on £2. This completes the proof.

Let 8 be a closed subset of complex plane and let T  be an operator on H,  W© 
define the local spectral subspace as (8) — { x £ H :  cr(x, T ) d8 } ,  where сг(ж, T)  is 
the local spectrum of T  at ж.

Theorem 6. Let Tbe a J-subnormal operator of order non H. Suppose that 8 is, 
a closed subset of complex plane. Then Шт(8) is a closed invariant subspace for T.

Proof I t is clear that 9КТ(8) is invariant undor T. By [5], T  has an invariant 
subspace U 0 with finite codimension in Л  such that V \ H 0 is subnormal. By 
Proposition 1.10 of [7], we have SKj>iH,(8)c:S№r(8). Let ж £ Я 0. By Proposition 2 .9  
and Theorem 2.11 of [7], we have or (ж, T \ H 0) — сr(x, T) .  This implies that

ДО*(8)©а»г,я.(8)]ПЯо-{0}.
By Corollary I. 3.4 of [2], we have dim [S№2.(8)©9KriH.(8)] <oo. Since Шр\Во(8) is 
closed, so is Шт(8). This completes the proof.

Theorem 7. Let T  be a J-subnormal operator of order n and n > 0. Then T 9 is 
not dominant.

Proof By [5], T  has an invariant subspace H 0 with 0<codim H 0^ n  such th a t 
T \ H 0 is subnormal. We may assume that there does not exist another invariant 
subspaoe of T  containing H 0 on which T  is subnormal. Since Hi —H q is invariant 
under T*} there is an eigenvector ж corresponding to the eigenvalue дь of T* | I f  
T* is dominant, thenthere is an such that || (T — g>)x\\ <  || (T* — /x)x\\. This
implies that T x —gx. Let H 3 = Ho@{ax: a£C} .  Thus U 2 is invariant un d er!7 and 
T \ H 2 is subnormal. This gives a contradiction and completes the proof.

Theorem 8. Lei Tbe a J-subnormal operator of order n. I f  [l7] = T*T -  TT*y 
then rank where [T]_ is the negative part of [ l7] .

Proof Since ranCTl-CranC!7]!72, it is sufficient to show that dim ran [l7] i/2<^
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n. If dim ran [У]1/2>та, then there exist ®i, • • • ,  xn+1 £  Я  such that
' c c № 4  m ^ d = 8 ih i, § ~ i ,

Define JEf„ = ker[2,] +. Let P_ be the orthogonal projection of Я  onto Ж_. Therefore
n+1 _ й+1 _ fl+1
Ч^([Т]Р_же, р_^ )а.«.= -  [T] _же, ж,-) |<ty|a.

This is in contradiction with Theorem 4 of [1]. The proof is complete.
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