
Chin. Ann. Of Math. 
SB (1) 1987

THE ANALYTIC INVARINT SUBSPACE OF THE 
n-TUPLE OF COMMUTING OPERATORS

Z otj C h e n g z t j  L i  L i a n g q i n g  (4^  j M r )  * *

Abstract

In this paper, the authors extend the concept o f analytic invariant subspaee to the case 
o f w-tuple o f commuting operators. The analytic invariant subspace is better than spectral 
maximal space in some aspects. This provides a class o f invariant subspaee, which is helpful 
to the study o f decomposable theory for и-tuple operators.

Let X  be a complex Banach space and a — (aly ••», «„) be a commuting «-tuple 
of bounded linear operators on X . We denote by Lat a the collection of all subspaoes

U

which are invariant under a4 ( i —1 , • ••, «). Obviously, L a ta —P| Lat щ.
i—1

If  # c C "  is an open set, we denote by stf (Gf, X ) and 0 “ (Gf, X ) the spaces of 
X-valued analytic functions and (^“-functions on Gf, respectively. I t  has been 
proved in [1] that 0 “ ((У, X )  =  &(Gf, X ) , where 38 (G, X ) is the space of all 
continuous X -valued functions on Gf being infinitely differentiable with respect to 
Si, •••, z„ in the distribution sense.

I f  <r —(«*, •••, s„) is «-tuple of indeter minates and F  is one of the spaces X , 
j /((? , X ) and Om(Gf, X ) , we shall denote by A p[cr, F ]  the set of all exterior forms 
of degree p  in cr, having coefficients in Y . We define

Лр[сг, F ] =0, when p < 0 .
For g£C", let щ (g) =  gj—щ, ( i = 1 , •••, «) and

a(g) =«i(g)si4----ha»(s)sn,

8 = — —dzi —1— * * * —J— — — dzn. 
dzi 8zn

aP: A*t<r, F ]-» ./lp+1 [(r, F ]  is a homomorphism in the sense that а?ф=а/\ф for 
every ф £ А р [cr,F]. Usually a? is written as a.

Moreover, if Y = ^ ( G ,  X )  or F = 0 “ ((?, X ), then (ai/.)(g) =a(g) At/r(g) V26 
<?, </;6 Лр[о-, F ] .  We define a® 0: ^ [ u l ld g ,  F ]  -»ЛР+1 [ff U dz, F ] , where

dz = (dzi, ••>, di„),
by а©8ф=аф +дф =а/\ф+8/\ф  for Лр[сг U dg, F ] .  A [v,  F ] is a  Koszul complex
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and the cohomology of A[<r, F ]  is the graded module R ( Y , a ) ~ { H p(Y , «)}, 
where H P(Y, « )=  Ker cc®/Im a9-1. By J .  L. Taylor Ca3, the joint spectrum of a is 
defined as

Sp(a, Х )  =  {й(г;€Сй. БР  such that I IP{X , а)Ф 0} 
and the resolvent set of a is r{a, X )  ‘=CA\Sp(a, X ) .  For »G X , S. Frunza1-83 defined 
the looal spectrum of a at ж as Sp(a, со) =  On\r(a, со), where r(a, ж) =  {212 G С", 
there exists an open set Gf~>e suoh that Бф G A ^ 1 [cr \Jdz, 0 °*(Gf, X )]  having the 
property that sconces, Д---Д s„= (а@д)ф on Gf} is the looal resolvent set of a at 
no. ■■■■■'■<

S. Frunza1-33 introduced the decomposable theory of и-tuple of operators too. 
At present stage, it seems to be imperfect because some of the properties in the 
decomposable theory of single operator can not be extended. The property of spectral 
maximal space for «-tuple of operators is not as good as that for Single operator. In 
this paper, we extend the concept of analytic invariant subSpaoe to the case of 
«-tuple a =  (%, •••,.»„)• The analytic invariant sub-space is better than spectral 
maximal space in some aspects. This provides a class of invariant subspaces whioh 
is helpful to the study of decomposable theory for «-tuple operators that will be 
done in another paper.

Definition 1. Y  £Lat a will be called analytic invariant subspace o f a, i f  for 
any polydisc D c C “, integer p, O ^ p ^ n —l  and i|/GAp[cr, sd(I), X )] with аф G A9+1 [cr, 
sA(D, F ) ] ,  there are <pGAp[a, j </(D,Y)] and £ GA p~1[o-,s/(D, X )]  such that

ф=<р+а£.
Definition %. a is said to have the single valued extension property, or a G (A) 

for short, i f  H p(jtf (D, X ) , «) =0  for all polydisc DczC" and eachp, 0 < p < « —1.
It should be noted that if  « —1  then property (A) of a =  (af) and of the single 

operator a± coincides.
Proposition 8. I f  й=  (oh), then the analytic invariant subspace of a is exactly 

the analytic invariant subspace of a±.
Proof Let Gf be an open set in Cn and fQ stf {Gf, X )  suoh that

( •“ «i)/(*) € F ,  V«€<?,
where F  is an analytic invariant subspace of a. Then for every polydiso DcGf,

f€ jt f(D , X )~ A °l< r ,^ (D , X )] 
and a/G  A 1 [cr, F ) ] .  By Definition 1, there exist

<p€A°icr, s t(B , F ) ]  F )
and £ G A0-1 [<r, stf(J), X ) ]  = 0  such that c p ^ f-a g •=/. Hence /(2) G F , V2 G D. Since 

D is arbitrary,/(2) G F , VeGG1. .
Theorem 4 . Let a G (A) and Y  be an analytic invariant subspace of a. Then 

ay G (A) and
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SpO, y ) “ Sp(a*,y), v ^ e r ,
where aY “  («1 | F , - • • , a„ | F ) ..

Proof Choose any ф £ А р[<т, «я/ (D, F ) ]  with аф =0, where 0 < p < n —1  and 
polydiso DczCn. Since a £ (A ), there exists q>£Ap~l [cr, stf(D} X )]  with шр=ф* 
Therefore оир£Ар[<r, ss?(B, F ) ] . Because F  is an analytic invariant subspace of a, 
we can choose 97 £  Лр_1 [o', stf{B, F )]  such that щ=оир=ф. It follows that.

F ) , «) ==0. O ^ p ^ n —1.
That is аг € (А } .

If cc£X  and p(a, а?) =  {г|й€Сп, there exists z £ B  and f b •••, / „ 6 ^  (В, X )
with -----К £ » -0 П)Л (О “ Я, V££.D}, then or (a, sc)=Cn\p(a, a) is said
to be the analytic local spectrum of « at a>. It follows by J .  Eschmeier1ш that

v(a, <c)=»Sp(a,a?), Va?£X.
Therefore we only prove that a (a, y) =<r(ay, y), У/yGzY.

Choose any polydiso B d p (a , y). Then there are f ,  •••, / „ € ^ ( 2), X )  with
(zi—ai)fi(z) H---- 'r(zn- a n) f n(z)^y, Mz£B.

Let ^ = / iS i- / 2S2+—4 - ( - l ) n-1/ nsn, where
s4=s1 A*-As^aAs<+iA’ , ,As»==s1 A--‘ AsiA*--Asn.

Then ф^Л11"1^ ,  stf(B, X )]  and а ф = 8 у£ А п1<х, stf(B, F )] . Since F  is an analytic 
invariant sub-spaoe of a, it follows by Definition 1 that there is a form

V Z A '- 'iv , ^ ( B , Y )1 

with аф—аср. <p can be written as

-----l- (~ :Qn~Wn, < P i€ ^ B ,  F ) , i = 1, •••, n.
Hence

y = (z 1- a 1)<p1(z) +  ' ” +(itn- a n)<pn(z), VsGA 
and B d p (a Y>y ) . It follows that p(a, y )d p (a Y, y), or <j(aY, y )d a (a , y).

On the other hand, it is clear that a {a, y) d(x{aY,y), Vt/£F. Therefore

<r(a,y)'= v{<i'Y) y)} Vg/6F.
Thus the proof is completed.

It can be seen from the following example that Theorem 4 is not generally true 
for any invariant subspace of «. This is one of the differences between commuting 
«-tuple operators aud single operator.

Example. Let Ж* be a Hilbert space and be one of its orthogonal
bases. aa are two operators defined by the following

^Фи^Фи-ы, ^ф{ =  ф{,^ 1} for all i, j .
Clearly «1, «a are all bilateral shifts of infinite multiplicity and a±a2’=a2a1. Thus 
(«i, af) is commuting 2-tuple of normal operators.

aif йа are all identity decomposable and thus (a%, af) is identity decomposable 
2-tuple (see [7]) . Hence (а*, й2) 6 (^0 .
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Let Y  be a subspace of Ж  and {i/»y}{>o U its basis. Define
<p(hi, Яа)

Then <p is analytic in the polydiso

D —{(^a, Яа) | ĵ| i = l ,  2}, <ptfzstf(D,Y)a

But
(Я^—6/1)93 (Я1, Яа)= 2  (tffiAri+1~^2~  |А<+1./ЯГ4Я2’0

-  2  -  2  ! ' ' :4,“ o «ж7<0

*= — 2 / i A " '  €  •

Similarly, we obtain
(Яа—®a) ?> (Я1, Яа) =  — ̂ ^«ЯГ* G F .

Hence
a^=rii93$i+o:a?3$a € ^ [c r , stf(fD, F ) ] .

But if «93 =  <*37 for 37 G Ж {В, X ) , then 93=37. Thus there is no 37 £  л / (D, F )  with «37 
=093. On the other hand, clearly «(093) =  0. It follows that(«i I У> «2 I r) ^  C-̂ .) •

This example shows that the restriction of a commuting и-tuple a haying 
property ( J L )  on its ordinary invariant subspace may not have the property (A), 
even if  a is identity decomposable. It also shows that the difference between the 
property (A) of commuting и-tuple a=  (als a„) and of each d{ is very large. In 
the above example, (a*, af) is identity decomposable and hence decomposable. 
Therefore for every analytic function /  on Sp((«i. af), /(%, af) is
decomposable (see [3]) . Thus f(a±, af) |y G (A), since/ (%, af) is a single operator 
on Ж  and F  GLat (%. af). Bo for every polynomial Р=Р(я i, йа,)

P(®l><*2)|r==P (® l(y j<*2|Y)6(^-)- 
But («11 у, a2 f y) =  («1, a f)IУ (A) •

Corollary 6. I f  a, £ (A) and Y  is an analytic invariant subspace o f a, then
Sp (a, F ) =  U  Sp(«, »)ESp(e, X ).

yeY

Proof Theorem 4 shows that aYG (A) and by the Remark 3.1 of S. FrunzaC31 
we know that if a G (A)then Sp (a, X )  =  ( J  Sp (a,ж). Thus it follows from Theorem1-41

a>eX

that
Sp(«, F )  =Sp(oy, F )  = U  Sp(ay, y) =  U  Sp( а,у)а  у  Sp(®, ж) =Sp(a, X ) .

г/sr 2/ey тех
For F  GLat a, let aY= (af, •••,««)> where dj is the induced operator by a4 on 

X / F ,  6 = 1, 2, •••, и. Since
0—>F—>X —> X /F —>0

is exact,
0-»(Г(<?, Y)-M T(G, Х)->(Г(<?, X /F)->0
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Is also exact. Therefore, for any ip £A p[<r'{Jdz, 0 o0((?, X /F )]  there is a form
<p£A'l<r\J&, < Г ($ , X )]

■ such that ep/Y=ф, where Q is any one of the open sets in C”. Similarly, it can be 
proved that for any ф € А р[сг,л/ [0 , X / F ) ]  there is a form p ^ A p[cr, sY ((?, X )] 
such that ip/Y=  ф.

Theorem 6. I f  Y  GLat a, then Y  is an analytic invariant s/ubspaoe o f a iff  aYG
{A ).

Proof Let a7 G (X). Then for, ever у polydiso B cC ",
H p(jtf(D, X / Y ) , a7) ~ 0,

where
«7(k) =  («i - ^ ) si4-----Ь On-a^s,,,

a7 (ф/Y) (z) -  (афУг 0 ) -«*(*) А (Ф/Г) (•).
Now assume ф ^ А р[<r, J3/(D,X)], 1 and ссф £ А 9+1[сг, sY(D, F ) ] . Then
•a7(t(//Y) =  (atlf)/Y— 0 on D. Beoause a7 G (A), there exists tp£A*-xl<r, sY (D, X )] 
■ such that ф/ Y = a 7(p/Y) =  (mp)/Y on D. Hence ,/)=ф—а<р€Ар[<г, jY(D, F ) ] ,  that 
is ф=г}-\-ар. Therefore F  is an analytic invariant subspaoe of a.

On the other hand, if F  is an analytic invariant subspace of a,
ф £ А 91сг, stf(D, X )]

with a7 (ф/Y )  =  (аф)/У=0 (0< p < n  — 1), then аф^А^^сг, j/ (B , F ) ] .  Hence 
there are (p G A p[<r, jrf (D, F )]  and £ G A p~x (a, jtf(D, F )] such that ф=чр +  a£. 
Thus ijj/Y ~ a 7(g/Y). That is R p(.sY(D, X /F > , a7)== 0, 0< p « n - l .

Proposition 7. I f  D is a polydiso in C" and p is an integer with 1,
then R p(sY(D, X ) , «) =0  iff R p(0 °°(D, X ) , a@d) = 0.

Proof Let R p(0 °°(D, X ) , «©§) — 0 andif j£ A pi<r, л f(D, X )]w ith  ai/f==0 on D. 
;Since дф =0, we may regard ф as a form in Л®[сг U dz, 0 °°(B, X ) ]  and (а©Э) i/r ==0. 
Hence there exists q>€.Ap~x[<x \Jdz, 0 °°(D, X ) ]  with ф=(а@д)(р. q> can be uniquely 
written as where has the degree i  in •••, $«. Since

ф=(а©Ъ)р,
we obtain ф =  oc^.i, a^2,_2+ ^ 3)_i =  0, a^j,_3+ 3^p_2 =  0, •••, о^+дра^О, a<p0+
.^ o —0 . By the Lemma 2.1  of S. Frunza r8], we canfind a form

^ o G ^ -2[dz, 0 ~[Я, X )]
such that 9>o==!̂ o* Replacing this to the equation apo+^Pi—O, we obtain

d(p1-ocio)a=0.
.'Successively we can choose such that

<pt’=cegi-.i+'3£i, » = 1, p — 2,
where £< has degree p —2—i  in dz*,***, dz„. Since — «£„_2 has degree 0 in dzB, 

о^яГа) — 0. Hence 9)J,_a—a^J)_aG^lp~1 [o', sY(D, X )]  and
ф -  =  а(рр- ! -  а£„~2) .



Thus we have H p(s^(J), X ), a) =0. The proof is concluded.
It follows directly from the Proposition 7 that a G (A) iff for any polydisc 

D c C ”,
Я р(Ом(2 ),2 ) , «©d)=rO, 0 < p « « - l .

This, together with the proof of Theorem 2.1  of S. Frunza ш,shows that esG (d) iff 
for any open set (Ус:£",

X ) ,  a© 0) = 0, 0< p < n - l .
For the converse see Proposition 2 .1  of S. Frunza m.
Theorem 8. I f Y £  Lat a, then Y  is'an analytic invariant subspace o f a iff, fo r' 

any open set (У сC” and p  with 1 , the following statement holds: I f
. <й, 0"((У, X )] , aif/^A^lo-Udz, 0 ТО((У, F ) ] , :

there must exist forms <pG Ap[crУ di, 0~((y,,F)] and tjG d p_1[<7 Udz, 0 “ ((У, X )] such- 
that

; ,<p=(p-\- (a@d)rj.
Proof In the same way of proving Theorem 6, we can prove that the Sufficient, 

condition is equavalent to the statement that for any open set (УсС”,
HKO~(G, X / Y ) , a@ d)~ 0, 0< p < n ~ l ,  

and this, according to Proposition 7, is true iff aY G (d). Now the proof can be» 
obtained directly from Theorem 6.

Corollary 9. I f  a G (d) and Y  is an analytic invariant subspace of a, then 
Sp (a, X )~ S p (« , F )  USp(ar, X /Y ).

Proof First of all, from the exactness of
0—>F—>X—> X /F —>0

we have
Sp (a, X )c S p O ,F )U S p (« y, Z jY ) ,

and
Sp(aY, X / F )c S p (a , X )U Sp(a, F ) .

Since »G (A) and F  is an analytic invariant subspace of a, Sp (a, F ) c S p  (a, X/, 
by Corollary 6. Therefore

Sp (a7, X / Y ) cS p O , X )  U 8p(a, F )  cSp(«, X )  
and the proof is completed.

I f F  is an analytic invariant subspaoe of a, then a7 G (d ) . Hence for any a G X,. 
Sp (a7, X JY ')  makes sense, that is, the equation S X / Y  =  (a©0)t/f has a global, 
solution ф on r(a7, X /Y ') , where X / Y  is the equavalent class of ® G X  in X / Y .  

Theorem 10. I /  «G (d) and Y  is an analytic invariant subspace of a, then 
Sp O, ®) =  [Sp(«, ®) П Sp(a, F ) ]  U Sp(oiy, X / Y ) ,  V® G X .

Proof In the first place, for any polydiso D czr(a , x), there exist a form 
^ G Л”-1 [cr, stf(I), X ) ]  such that sx—аф on D. Hence S X / Y  — a? /ф/Y )  on Dv,
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Therefore Sp(«Y, X /F )c :Sp (« , x), Mx£X.  This shows that
Sp(«, оз)=э [Sp(«, x) f| Sp(«, F ) ]  U Sp (ar , X / Y ) .

Conversely, if а0ф [Sp(«, x) f|Sp(«, F ) ]  USp(«Y, X / Y ) ,  then 
z0£ r(a 7, x /Y ) П Cr(a, x)[Jr(a , F ) ] .

I f  Zo $ r(a , x), %о£г(а7, x/Y) f]r(a, F).There exists ф£ An~1 [<т, sd(D, X ) ]  such 
that sx/Y=«Y(t///F) on D, where D is an open polydiso in C",

z0£ D a r ( a ,  F )  Uq(a7, x/Y').
Hence so;—аф£ A”[cr, stfiD, F ) ] .  Since D aria,, F ) ,  Я "  (srf (D, Y),a) = 0. There 
is a form ф £ А п~1[а, sf(D , F ) ]  such that 8х-ссф=ад>. Therefore

$х=а((р+ф)(%), Vz£D.
It follows that z0€:Dar(a, x). This contradicts the assertion z0$r(a, x). And the 
contradiction shows that if и0ф [Sp(«, x) f|Sp(a,F)] U Sp (a7, x jY ) then g0 ̂  Sp («, x). 
Consequently

Sp (a, x) a  [Sp(«, x) П Sp (a, F ) ]  U Sp(«Y x/Y ).
Proposition 1 1 .  Suppose a £  (A), Y is an analytic invariant subspace o f a, and 

suppose that/ = ( / i ,  •••, f m)> where f t is analytic on an open set U, Sp(«, x ) a U  a  C". 
Then F  is an analytic invariant subspace o f f  (a).

Proof Since F  is an analytic invariant subspaee of a and « 6 (A ), a7£ ( A ) .  
"We can apply Theorem 3.2  of J .  Esohmeier C5:I and oonolude that f( a 7) £  (A); since 
every ft  is analytic on U and Ua&p(a, ce)z>Sp(«Y, X / Y ) .  By Theorems, to 
conclude the proof, we need only to prove f f a 7) = f f a ) 7, 0<^<w .

Let x £ X ,  x / Y £ X / Y ,  Suppose ф£ An_1 [cr Udz, 0 °°(TJ, X )]  such

that S x — (<х@д)ф has compact support in U. I f A--, then for every x £ X t
{Anti)

ft(a ) 7 (x/Y) == ( f i (a)x) /Y— cn f x (sx -(a @ d )t/0/«00  Adz/Y
J u

=  c„ f <w(sx—(a®d № )fi(z)/Y A dz  
J u

' =c „f  гг[s X /F -  (а7@ д ) (iJr/F)]/^)^
J u

In the above, we have used the fact that if <p£0 °°(U, X )  and (p(z)->Z, (г-»г0) then 
q> (z) /F -» £/F . But this is true because

||?,(й)/Х -^/Х | =  [К9>(Ю-С)/Х1< | 9»(Ю -а->0 .
Thus the proof is oompteted.
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