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THE GENERALIZED ^NORMAL OPERATORS 
AND p-HYPONORMAL OPERATORS 

ON BANACH SPACE

We i  Guoqiang (Ц Щ |& )* * Sh en  Y ouqiang (} £ & # )* *

Abstract

In  this paper, the authors discuss the generalized p-normal and p-hyponormal 
operators on Banach space. Some results in this paper are the generalization of Sen’s result» 
on generalized p-selfadjoint operator and some open questions of Sen’s are answered.

Bor the generalized p-norm&l operator’s, the following formulae are obtained:

г(У) = IIП , II (Г—AZ)-1|| 1
dist(A, cr(T))'

§ 1. Introduction

We recall from NathM;i that a complex Banach space X  is called a complex 
generalized semi-inner product space if correspooding to an arbitrary pair of 
elements x, y £ X ,  there is a complex number [a?, yip which satisfies the following 
properties for any со, у, z£ .X  and AGO (О denotes the complex field):

(1) [®+y, в ] , -  [®, z]p+ ly, zip. [A®, ylp=A[®, yip)
(2) [x, x lv>0, fox хФО;

(3) | [®, y ],|< [® , я1УР\.У, у! р р , l< p < o o.
A generalized semi-inner product (briefly g. s. i. p) [x, yl p which generates

the norm  ||,|| means that for any x £ X ,  |®|| = [x, хЦ.
Sen [7, Corollary 1 and 10, Note 1.1] has proved the following result.
Proposition 1.1. I f  X  is a complex Banach space with norm J«|l, then for 

each p £ ( l ,  + oo)} there exists a g. s. i , p[x, y lP which generates norm J • |,  and in. 
this case we ham

[x, Aylp= |A|1)-2A[®, yip, for any x, y £ X ,  A€ 0 .  (1,1)
Moreover i f  рФр', p, p1 G (1, + ° ° )  and [ , ] s, [ , are respectively the
corresponding g. s, i, p which generates the norm || • ||, then for all x, y £ X ,  уФО
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i®, y\p=\\y\\f y]v- (1-2)
Milici6 [6, Theorem 4] has proved that if X  is a smooth strictly convex and 

reflexive Banach space, then there is a unique g. s. i. p  [ , ] p which generates 
the norm and for each /  £  X* there is a unique у  £  X  such that /  (ж) =  [ж, y \ P for all 
x £  X , and in this case we have

1/1НЫГ1. *
From Milieu’s result and Proposition 1.1, we have
Proposition 1.2. For each /  £ X* m d p ' € ( l ,  +°°), there is a unique y ' £ X  

such that f ( x )  — [ж, y'%> for all ж £ Х , where the g. s. i. p i  , ]p» generates the
norm.

Throughout this paper, we shall always assume that X  is a Banach space which 
is smooth, strictly convex and reflexive. We also assume that the g, s, i, p [  , ] p 
which appears in  this paper always generates the norm.

Sen1-73, by the above result of Milici6, has defined the generalized adjoint 
operator T*p of an operator T  on X .

S upposep£(l, + co ). For T Q B ( X )  and y £ X ,  by g(x) =  \Tx, y]P, we obtain 
a linear continuous functional g £ X * .  From Proposition 1.2 there is a unique 
y * £ X  such that

РЧЙ,- [»,/],. (1-8)
Therefore, T*py=y* well defines a mapping which maps X  into X , T*P is called the 
generalized p-adjoint operator of T.

Generally, T*p is not a linear operator and is depending on p. For any mapping 
A  which maps X  into X, let

Evidently, we have

1Щ =  sup \ M
&Ф0 ж

Proposition 1.3. Let T £ B ( X ) .  p £  (1, +  oo). Then

(1) д е ы г р т
(2) \ r & \ < \ T l \ \ T \ ,
(3) | т ^ к | г ц т ; | .
T  is eclled a generalized p-self-adjoint operator i f  T*9=T.
Senciw has discussed some spectral properties of generalized 2-selfadjoint 

operators and has given some open problems. In  this paper, we shall introduce the 
concept of generalized p-norm al and p-hyponormai operators which extends the 
concept of generalized p-selfadjoint operators and answer the Sen's questions.

Proposition 1.4. Let A, B £ B ( X )  such that Ap, Bp are both linear bouoded 
operators and there are constants Мд, M b such that (А*РУР=M &A, (B l ) l ~ M BB . Then

(1) lAx, y]f -  [ж, A ly \p, lA*px, y } , - \ M A\r-*MAla, Ay]^
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(2) ((А*рУрУр= М 1 ^М аА1;

(3) KM ifAl^UI;
(4) ( . 4 Д ) ; - в д
(5) A is a regular operator i f  and only i f  Jtv is a regular operator» 
Proof We only prove (3). For convenience, write

a * -a *p, A**=(A*pyp, ^"“-((4;););, [as, *]-[», y\r
Since
\Atc\\*= [Ax, A x]  -  { M ^ - ’ tA 'A x ,  as] \ <  \M A | :*-» [4*A x, А * А я]Ч » ,

we also have

Thus
las||9= [as, А*Аяs] < [as, аз] p [A*Ax, A*Ax] p .

so that |̂ а?|а<|М4|“ Щ*̂ .а?||а/||. Hence |Щ|< |Жд|“ (|А*||. 
Similarly, Since

p-im*as||,= [d*as, A*x] ~ [_AA*x, x] < [AA*x, AA*x]p [a?, as] p
and

I d*as || ’ =  [®, A**A*x] -  [as, M aAA*x] -  | i f  Aj ^ |  [as, AA*x] \

<  | [as, x Y iA A 'x , AA*as ] ^ ,  ^

we have |.4*as||a<  \M A\~p~\x\ ||-4J,*as||. From this, we have

\А '\< \М а\*Г\А\.

Hence Щ*[| =  |М а | ~  |) d. [|, this completes the proof of (3).
Dnfinition 1.5. Let as, y€i-5T\{0}. The rector as is said to be generalized p -  

orthogonal to у  i f  [y, as]p—0. I f  N  is a subset o f X , let
N l =*{x| [y, as]P=0 fo r a n y y £ N } .

N x is called the generalized p-orthogonal complement o f N .
Proposition 1.6. Let A £ B ( X ) ,  .4^0 . I f  A*p is a linear bounded operator and 

(Ap)*p—M A, where M  is a constant, then
(1) N (A )= R (A $ ) \
(2) N(A*P) - R ( A ) \
(3) Д (^ ) с Л Г (^ )А,
(4) B ( A l ) c N ( A ) \

where N(A)  and It (A)  denote respectively the nu ll space and the range of A, Q 
denotes the closure of Q.

The proof of Proposition 1.6 is completely analogous to the proof in the Hilbert 
space, so we omit it.
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§ 2. Generalized ^-Normal and p-Hyponormal Operators

D efinition 2.1. Let T £ B ( X )  and let T*9 be a linear bounded operator. I f  there 
is a constant M  (relative to p) such that (T*p) l~ M T  and T*tT=TTp, then T  is said to 
be a generalized p-nortrial operator.

Evidently, generalized ^-selfadjoint operators must be generalized ^-norm al 
operators.

E xam ple  2.2. Let X = P ,  1< р<  + оо, рФ2. Then X  is a smooth, strictly 
convex and reflexive Banach space. For arbitrary x, y £ X ,  x= {x l}Z,i> y = {2/<}T=ij let

oo
[®, 2/3®= Щ ®i\ViI ( 2 • О 

Then [x, y] p is a generalized semi-inner product which generates the norm. For 

a n y / = { / , } £ * ( i + I = = l ) ,  let

(0 t£f j=0,
У ^ \  _J_

Evidently, y £ X  and
/(» )  =  [®. y]p for any x £ X ,

If ® =  W r= i and у  -  i, let

where
К  4 -1 , .  f* . i - 2 .

'  t o  4*1 , * t o  » 2,

Since \T tx. 2/] p= cci 12/i I p_22/i  and [®, Ti2/3®==%|2/i|,1~22/:b 37i is a generalized p -  
selfadjoint operator. Similarly, T s is also a generalized p-selfadjoint operator. Let 
T  == T t+ И \  A = T t~ iT 2. Since

[Tx , 2/3®=®i£i12/iI p~2+ ix2y212/21®_a,
[®, ?ty3 p= ® tfi 12/i | J,_a -  e®s9a 12/a I f-2>

we see that Г  is not a generalized _p-selfadjoint operator. But since

[®, ^2/3®= Я1У112/iГ-2+ &®s#aIУ2]2,-2 =  [Г®, 2/3®= С®, Гй/Зл 
we have T*P= A. Since [Д®, 2/3 ®= # 112/i I p~s2/i— 12/a I Р~2У% =  [ж, 2fy3®, we have (T*f)% 
= 2 ,(Ж =  1). On the other hand, since

ixa, 0, •••} =={«!, ж2, 0, •••},
2727рЖ=2т{%. -ад*, 0, •••} =  {a;1, a2, 0, •••}, 

we have Т%Т=ТТ*р, that is to say that T  is a generalized ̂ -norm al operator. 
D efin ition  2.8. Let T £ B ( X ) ,  p € (  1, + 00).

ж,(гг,) - { с г ® ,® ] , |И - 1 } 1
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•which is called the generalized p-nwmeral range o f T. I f  W P(T) c B 1, where R 1 denotes 
the real field, then T  is said to be a generalized p-Hermidt operator; i f  for any x Q X ,  
[Tx, then T  is said to be a positive operator (briefly writing T X )).

Definition 2.4. Let T £ B ( X ) .  I f  T*p is a linear bounded operator and there is a 
constant M  (relative to p) such that (T*f)p—M T and T*PT —TZ^X), then T  is called a 
generalized p-hyponormal operator.

Evidently, a generalized p-norm al operator must be a generalized p-hyponormal 
operator.

E xam ple 2.5. Let X = l p. Define g, s, i, p [  , ] p as in Example 2.2. Let П 
be the unilateral shift operator, i.e, for any со= {а?4}П=16 X , До;={0, xX) ха, •••}. 
Moreover, let

П 'х—{ха, xS) •••}.
Then W  is a linear bounded operator On X  and since

№ , У] » “  jf[ I t/i+ i I p~2Vi+i = C®> H 'y l  p* 

we have Я£=*#'. On the other hand

[», (Д*р) Ш р^  « /]p=2® <+i[2/il2’" 2̂ =3 IX п у1р‘г~1
Thus But since ЩП=>1) Щ П —ПЩ=Тх  and \T±x, x \p= \x±[p>
0, i.e, Tx is positive, we know

Щ П - П Щ >  0.
So Я  is a generalized p-hyponormal operator, but is not a generalized p-norm al 
operator.

From Definitions 2.1 and 2.3, we obtain easily the following result. 
Proposition 2.6. I f  T  is a generalized p-normal (or p-hyponormal) operator, 

then for any Х £0 ,  XT is also a generalized p-normal (p-hyponormal) operator.
In  what follows, we discuss the constant M  in Definitions 2.1 and 2.3. 
P roposition 2.7. I f  T  is a generalized p-hyponormal operator and ТФ  0, then 

M >  0.
Proof For convenience, write T*=T*P, T**= (T*p)*p, D=T*PT —TT*P. Since 

IT2x\\p = lT 2x, T 2x]p= [T2x, M~2T**2x-]P-  [T*2T \  M~2x]p
=  \T*(TT*+D)Tx, M~2x]p= i(T*T)2x, M~2x]p+ \T*DTx, M~2x]p 
=  [T*Tx, M~1T*Tx2P+ IDTx, M -1Tx2 p 
=  [ M -1 p -25 F T{ [Г Г я , T*Tx] „+ [BTx, Tx] „} 

but D >0, we have Thus M > 0.
From Propositions 1.3 and 1.2, we have
Theorem  2.8. Let T £ В ( Х ) ,  p £  (1, + oo). I f  T*p is a linear bounded operator 

and (T*P)*P=M T, then
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p(2~p)
jf= ||r|(P -i)°„

C orollary  2.9. Let T  be a generalized p-selfadjoint operator and рф  2, then || jP|
- 1 .

C oro llary  2.10. Let T  be a generalized 2-normal operator, then Ж =  1, so that
( n S ) 5 - r .

C o ro l la ry 2 .l l .  Let T  be a generalized p-normal operator. I f  \ T \ —1, then 
(ПУР~ Т , i.e, Ж -1 .

Sen [10, Note 2.6] asked: if f  is a generalized ^h-selfadjoint operator for any 
(1, oo)5 is T  an isometric operator? The above Corollary 2.9 provides a partial 

answer to the problem.

§ 3. The Properties of the Generalized p-Normal Operators

For convenience, in what follows, we always write briefly
T - T '„  y * * -(y ;) ; , i>, у] - [ * ,  у],.

T heorem  3.1. I f  T  is a generalized p-normal operator, then

(1) fo r  any x £ X ,  \Tx\ =  M~v~\T*x\, and from  this, we ham N ( T ) ~ N ( T * ) .
(2) for  an yX €0 ,  N ( T - X l ) = N { ( T ~ X i y ) .
Proof (1) Since

\\Txp -  \Tx, T®] =  [Tx, Ж-1!7**®] = М*~*[Т*Тх, ®] = M ^ \ T T x ,  «] 
= Ж 1-*’[Т*®, TV] - J f 1-®l'2Te®|»’

we have ЦТяЦ ■=ЛГ^£ |27*®||. -
(2) From  Proposition 1.2 and the fact that T  is a generalized ^-norm al oper- 

ator, we have
( T - X i y ( T ~ X I )  =  ( т у т ^ х ^ у м - ' - х у г - и у

==T(T — X i y —X(T — Xiy==(T—Xl) (T — XI) \
If  c c £ N ( T - X l ) ,  then

|(Т-Я1)*®||*’=  [(Г-Я1)*®, (Г-ЯГ)*®] =  [(Т-ЯГХТ-ЯГ)*®, ®]
=  [(■!Г-Я1)*(2, -ЯГ)®, ®] =0,

so that x £ N ( ( T - X i y ) .  Hence N ( T - M ) c z N ( ( T - X i y ) .
Similarly, since

К Т —Я1)®р= [®, ( T - X l ) ( T ~ X i y x ] ,
it follows that N ( ( T ~ X i y ) c : N ( ( T - X I ) ) .  Thus (2) holds.

C oro lla ry  3.2. I f  T  is a generalized p-normal operator, then eigenvectors 
corresponding to distinct eigenvalues o f T  are orthogonal mutually.

T heorem  3.4. Let T  be a generalized p-normal operator for all p £ (  1, +oo) 
and T*p=Tp fo r  all p , p' £  (1, + oo). I f  (Tl)*p—T and N( T )  = {0}, then T  is an
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isometric operator on X .
Proof Since

ЕГ®, id.-C®, T*y]t ~\\T*y\r*X*, T*y\t
and

cp®, » ] , -  M '- u r ® ,  s /]» -  r y u
if у £ В ( Т ) х, then |27*?/1=яIIУII- By Theorem 3.1, it follows that j|2ty|| =  ||г/||. By 
Proposition 1.6, if y ^ I K T ) 1, then y£ N ( T * ) .  Thus, from the assumption and 
Theorem 3.1, it follows that y £ N ( T ) .  But N ( T )  — {0}, so that «/=0, the proof is 
complete.

Corollary 3.0. I f  T  is a generalized p-selfadjoint operctor for all p £  (1, 4-oo) 
and N(T )  =  {0}, then T  *s an isometric operator on X .

The above corollary partially answers the Sen’s question [10, Note 2 .6 ]. 
Theorm 3.6. Let T  be a generalized p-normal operator. Then N (T') UB(T)  

is dense in X .
Proof If  N (T)  U B ( T )  is not dense in X ,  then by Sen’s result [7, Corollary 

3], there is a vector Zo, 2o^O, such that g0€  (N ( T ) U •R(27) )x, From this it follows 
that for any a £  X ,

[со, T*Zol и  [Тж, 20] =0.
Thus T*zo—0. By assumption and Theorem 3.1, Tz0—0, Thus z0£ N ( T ) ,  But since 
z0G (N ( T ) U ^ ( T ) ) 1, we have |г0| р=  [г0, z0] =0, this contradicts «o¥=0.

Lemma 3.8. L e t T ^ B ( X ) ,  Then a n(T)czWp(T),  Particularly, we have да(T)  
c W p(T), where da(T)  denotes the boundary o f a (T ).

The proof is completely analogous to the proof in the Banach space, so we omit 
it.

From Lemma 3.8 and Sen [10, Corollary 2.2], we have 
Theorem 3.9. I f  T  is a generalized p-normal operator, then

ал(Т)=сг(У)сЖ/Т).
From the definition of single-valued extension property of operator and (1.1), 

(1 .2), we obtain easily the following theorem.
Theorem 3.10. I f  T  is a generalized p-normal operator, then T  has the single­

valued extension property.

§ 4. Further Properties of Generalized p-Normal Operators

In  this paragraph, we will prove that for any generalized p-hyponormal 
operator T, the following formula holds:

«•(2’) - | W , ( r ) | - | T (
and for any gneralized ^ n o rm a l operator T, we have
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IK r-M )-1! =l/dist(A , <г(У)> for all k € p (T ) .
The first result is the affirmative answer to Sen’s problem [10, Note 2.19].

On the Hilbert space, Li shaokuan1183 has defined the concept of olass (N )~  
operators, Evidently, his definition may be extended to the case of Banach space. 

Let У £ В (Х ), T  is called a olass (i\Q-operator on X  if for any ж £ Х ,
|г®|*<|г»»|М.

Proposition 4.1. I f  T  is a olass (N)-operator on X , then fo r any p £  (1, +oo)

г ( У ) Н |У М ^ ( У ) |.
Proof The proof of r(T) =  |] У || is completely analogous to the proof in [3], we 

omit it. From Lumer [6, Theorem 4] and Sen [10, Note 2.9], it follows that
' r ( T ) < \ w , ( F ) \ < m ,

which completes the proof.
Theorem 4.2. Let T  be a generalized р-погща1 operator, Then

< r ( T ) - \W ,( T ) \ - t n -
Proof By Proposition 4.1, we only need to prove that У is a class (iV)-operator. 

Without loss of generality, we may assume ТФ0, If В=У*У—УУи> 0  and T**=MTS 
by Proposition 2.6 it follows that M > 0  and

||T2®||P=  [УЧ ТЧ1 =  [У®, М -\Т * У я ]  -  [T*2T 2x, M~2x]
=  [У  (УУ, + D )T x, M~2x] -  [ (У У )Ч  M~2x\ +  [УВУ®, M~2x \} 
> [(T *T )2x, M~2x] =  [(У У > , У*У(Ж-1а>)]=M ;1~3,||У*Уa/||!,.

Moreover, since

IT x ||p=  \Tx, У»] <  [а?, я]* \T*Tx, T*Tx]*ТГ
and

|У®|»- iT*Tx, М~гх\ -Л^-»[У*У®, я] <АГ**|УУ®| |®|*-*,
we have

\Тя\*»<'М*--*\ТТх\9\а\*,
Thus |Уж|2р<  |Уа0/ |р|®|р. It follows that

|T ® 8 * < |2 '4 M .
Theorem 4.3. Let T £ B ( X ) ,  p £  (1, + oo), I f  TT*P=T*PT, then

К У ) - |У |.
Proof For convenience, write У*=У£, [ , ] =  [ , ] p.
Since

ЦУ®|®- [У®, У®] -  [ж, T*Tx] <  \\x\\ \ \Г Т х \У \  
we have ||У|Р<||У*У(|Р_1, Moreover, since

|У У |?-*<  ЦУЦ^ЦУ |*-i,
by Proposition 1.3 it follows that | У*У I I УIp. Thus

||Т||РН|Т*У|Г1- (4.i).
On the other hand, since
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ITT®I» -  [T*T®, Т*Тя\ =  [TTT®, T®] =  [T*T2x, Tx\ < ||T*T2»|| IT®!'"1,
we have

pa-2p+2 1||T*T||®<1TM |T*| ||T2|| -  ||T p -1f|T ||^-[|T 2|  =  [|T|| ~  
By (4.1) and (4.2), it follows that

p 3- ( P 2- 2 p + 2 )

II T||— <

(4.2)

i.e [|T||2< ||T 2|. Henoe ||T||2= |T 2|.
In what follows, we prove that equality ||T"| =  ||T||” holds for any positive 

integral number n. If for any n<-Jo, equality |T n|| =  ||T||" holds, since
ЦЗРвЦ'-ЕЯ*®, T*x] =* [T ^ x , r lfTs®]<flTft-1®||||T,,TR®!!,-;i ?

we have |Tft||1’— |17й_1|| [|Т*Тй||р-:1. By assumption, it follows that

But since
|j | 1 у  * I P-l f] yfe I p-l _  |y || | r jwp-«

we have
цтт»!»-1-! тц*-**1. ’ (4.3)

On the other hand, since
|TT»® |»- [T*Tkx, T*TV] -  [T*T*+1®, Tfca;] <  [|T*|| ||Tft+1®|| |T fc®|p-1, (4.4)

we have
||ТТ?5| р<||Т*|(|Т1!+1| |Т й11,- :1..

From (4.3) and (4.4), it follows that
(4.4)

fcp-fc+i

Then
ITII ~p=r ~ <  IIT* IIII Tk+11 [| 2*1p-1 < IIT II *=r II Tft+111T II fc(p-1>.

P№p“ fe*H)l
.|Tifc+1=||T|r.*-T™ №p Ч||тй+1||.

Thus ||Tfc+1|| =  ||T[|fc+:t. From this, it follows that r(T) — [|T|.
C orollary 4.4. Let T be a generalized p-normal operator and ТФ0. Then for 

any X£0, we have
r (T -X l)  = \\T-XI\\.

Proof Let T**=MT. From Sen [7, Theorem 3], it follows that 
(T-U )*T** =  (T *(T -A I))*=  ((Т -Л 1)Т *)*=T**(T-AI)*.

Thus
(T ■- X I) \T  -  XI) -  M --1 (T -  XI) *T** -  Л(Т -  U )  * -  M-*T"(T — XI)* — X(T—XI) *

. = ( T - X I ) ( T - X I ) \
By Theorem 4.3, the required result holds.
C orollary  4.6. I f  T is a generalized p-normal operator, then for any X(~p(T) 

we have
K ( r - * r ) - 1) - |C F - u ) - » | .

Henoe by spectral mapping theorem, we have
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§ (T —Л1) ~11| == 1/dist (X, cr(T)) .
Proof Under the conditions of the corollary, we can easily prove that equality

( г  -  u) -1 ( ( t  - x iy -1) ; - ( ( t  -  %i) -1) ; ( T  -  и )  -1
io ld s, Hence by Theorem 4.4, it follows that
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